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Abstract:  21 

This study investigates the magnetized Casson–micropolar hybrid nanofluid flow over a curved elastic 22 

surface considering viscous dissipation and thermal slip effects. The hybrid nanofluid is formed by 23 

dispersing silver (Ag) and titanium oxide (TiO2) nanoparticles in hexanol base fluid to enhance thermal 24 
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transport. The governing nonlinear equations for momentum, microrotation, and heat transfer are 25 

transformed into dimensionless form and solved numerically using the shooting method with Runge–26 

Kutta integration. Results show that increasing the Hartmann number from 0 to 1 reduces velocity by 27 

nearly 25–30%, while the Casson parameter increases temperature by 12–16%. The Eckert number 28 

enhances temperature by 15–20%, and the heat source parameter increases thermal distribution by 20–29 

25%. The hybrid nanofluid demonstrates superior heat transfer compared to mono nanofluid systems.  30 

 31 

Keywords: Hybrid nanofluid; Curved surface; Viscous dissipation; heat source; Thermal slip; heat 32 

transfer management.  33 

 34 

 35 

Graphical abstract 36 

 37 

1. Introduction 38 

The nanofluids present distinct combination of impressive thermal conductivity, enhanced convective 39 

heat transfer, tunable features, updated rheology and significant interfacial behavior. Such extensive 40 

properties originate from the nanoscale features of particles, involving high surface area, peak particles 41 
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interaction and Brownian diffusion. Subject to these aspects, these materials have potential to 42 

revolutionize heat transfer management and energy systems, enhancing the cooling and heating solution 43 

which cannot be maintain through traditional base fluids. With versatile thermal nature and adaptability, 44 

the nanomaterials show innovation across various engineering and industrial domain. Parmar et al. [1] 45 

characterized thermal features of nanofluid comprising the entropy generation in porous closure. Rajput 46 

et al. [2] focused to dynamic and consequences of heat transfer due to nanofluid by using the Buongiorno 47 

fluid modelling. Nagaraja et al. [3] expressed the inertial mechanism while focusing the heat transfer 48 

enhancement due to nanofluid in curved configuration. Thermal discussion of carbon nanotubes in 49 

expanding surface by accounting the multiple features was analyzed by Rajput et al. [4]. Mekheimer et 50 

al. [5] proposed role of electro-kinetic forces in thermal description of Maxwell nanofluid. Balamurugan 51 

and Chamkha [6] intended the quadratic nanofluid flow in slip regime additionally influenced with 52 

dissipation features. Sneha et al. [7] explored the influence of magnetic field and radiation Jeffery fluid 53 

flow on expanding/shrinking sheet with nanoparticles comprising carbon nanotubes. Nihaal et al. [8] 54 

investigated the consequences of viscous dissipation, joule heating, and activation energy on ternary 55 

nanofluid over three different surfaces. The features of permeability and chemical diffusion in magneto-56 

driven flow of nanofluid has been focused by Goud and Reddy [9]. Sheikholeslami [10] identified the 57 

thermal innovation of hybrid nanofluid (HNF) and responded significance to solar systems.  58 

Hybrid nanomaterials featured the growing category of engineering materials where two or more 59 

nanoparticles are dispersed in base fluid, providing enhanced physical and thermal features. Recent trends 60 

in thermal engineering proposed optimized combination of nanoparticles to achieve the peaked thermal 61 

conductivity, reduced viscosity and improved stability, enabling more effective thermal systems. Modern 62 

synthesis techniques like surface functionalization, ultrasonic dispersion and green chemistry routes are 63 

enhancing the particles stability and preventing agglomeration. The hybrid nanomaterials are widely used 64 



4 

 

in solar thermal collectors, automobile industries for cooling purpose, energy storage units, industrial 65 

heat exchangers, where enhanced heat transfer can lead to minimize the size and reduce the energy 66 

consumptions. Furthermore, hybrid nanomaterials preserve multi-scale emerging applications in 67 

advanced regression systems, microchannel cooling and biomedical devices, where the tunable features 68 

offer tailored thermal management for next-generation thermal systems. Nihaal et al. [10] examined the 69 

impact of heat source/sink on non-Newtonian hybrid nanofluid flow over a porous expanding surface. 70 

Hayat et al. [12] contributed to HNF analysis with entropy production and inertial features. Rafique et al. 71 

[13] investigated the tetra HNF inclined cylinder with quadratic radiation. Study of dusty HNF with joint 72 

features of Lorentz force has been characterized by Khan et al. [14]. Venkateswarlu et al. [15] observed 73 

the HNF features by accounting the electromagnetic force effects. Prediction of heat transfer through 74 

HNF trnaport in wavy surface was referred to analysis of Oudina et al. [16]. Bartwal et al. [17] justified 75 

the ternary hybrid nanoparticles features in rotatory regime with help of AI model. Alnahdi et al. [18] 76 

studied drug delivery applications subject to ternary HNF in capillary regime. Ahmad et al. [19] 77 

accounted the HNF transport in presence of microorganisms. Pattnaik et al. [20] determined the buoyancy 78 

driven flow of hybrid nanofluid with slip effects. Features of graphene and aluminum suspension with 79 

water by using the non-Fourier’s modeling has been revealed by Rani et al. [21]. 80 

Thirunananasambantham et al. [22] considered the GPL blood suspension in stenosed arteries with 81 

magnetic features. Pai et al. [23] discovered hexanol base fluid features with inclusion of silica and 82 

titanium oxide nanoparticles.  83 

Subject to increasing demand of peak performance thermal transport of fluids in modern energy and 84 

industrial systems, current analysis incorporates the magnetized flow and heat transfer features of 85 

Casson-Micropolar hybrid nanofluid due to curved surface with presence of variable thermal 86 

conductivity. The decomposition of hybrid nanofluid (HNF) is decomposed by dispersion of silver (Ag) 87 
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and titanium oxide nanoparticles (TiO2) to improve thermal aspects of hexanol base fluid. The 88 

motivations for choice of such suspension are subject to synergistic improvement of thermal concavity 89 

and rheological behavior. The fluid is considered to be non-Newtonian Casson behavior with micropolar 90 

features, thereby accounting for micro-rotation, yield stress and particles couple stresses which are 91 

prominent in various complex fluids. The flow model comprises the viscous dissipation and additional 92 

heat source, which are essential in description of thermal processes in peak thermal management systems 93 

and high-shear environments. The thermal slip constraints are used near the curved surface to simulate 94 

the microscale heat features that rises in coated or insulated surfaces. The problem is solved with shooting 95 

numerical approach. Comparative discussion of thermal behavior of mono nanofluid and hybrid 96 

nanofluid is presented.  97 

 98 

Novelty and Contributions: 99 

Despite extensive research on nanofluids and hybrid nanofluids, the simultaneous consideration of 100 

Casson rheology, micropolar characteristics, curved surface geometry, magnetic field effects, viscous 101 

dissipation, and thermal slip boundary conditions in a unified framework remains largely unexplored. 102 

The present study addresses this gap and makes the following novel contributions: 103 

1. First comprehensive model combining Casson-micropolar rheology with hybrid nanofluid: This 104 

study is among the first to simultaneously incorporate both Casson fluid yield stress behavior and 105 

micropolar microrotation effects in a hybrid nanofluid system, capturing the complex non-106 

Newtonian characteristics relevant to biological fluids, polymer solutions, and advanced coolants. 107 

2. Curved surface geometry with magnetic field: The analysis extends beyond flat plate configurations 108 

to investigate flow over curved elastic surfaces under magnetic field influence, which is critical for 109 
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applications in curved heat exchangers, biomedical devices with curved geometries, and 110 

electromagnetic flow control systems. 111 

3. Comprehensive thermal effects: The model uniquely integrates viscous dissipation, variable thermal 112 

conductivity, heat source/sink, and thermal slip boundary conditions, providing a realistic 113 

representation of high-temperature and high-shear thermal management systems. 114 

4. Ag-TiO2/hexanol hybrid nanofluid system: The specific combination of silver and titanium oxide 115 

nanoparticles in hexanol base fluid has not been previously investigated for Casson-micropolar flow 116 

over curved surfaces, offering new insights for thermal system design with this promising nanofluid 117 

combination. 118 

5. Rigorous validation framework: A comprehensive three-stage validation protocol is established, 119 

comparing results against multiple benchmark solutions for Casson fluids, micropolar fluids, and 120 

curved surface flows, ensuring high confidence in the numerical predictions. 121 

These contributions advance the fundamental understanding of complex nanofluid flows and provide 122 

valuable design guidelines for next-generation thermal management systems in solar collectors, 123 

biomedical devices, electromagnetic cooling systems, and advanced heat exchangers. 124 

2. Mathematical formulation 125 

A laminar and steady Casson-micropolar hybrid nanofluid is taken into account due to curved elastic 126 

surface. The radial axis is defined by 𝑥, ܴ 1 be curvature while surface arc length is denoted by ܵ . Velocity 127 

components along arc length is defined by ܹ while ܷ is taken along radial direction. Magnetic features 128 

are normally assumed. Let ܰ symbolizing the micro-rotation component, ௪ܶ is surface temperature, 129 

surface wall velocity is illustrated by ܷ௪ ∞ܶ is the ambient temperature. For analyzing heat transfer, the 130 

viscous dissipation and heat source relations are adopted in energy equation. Under such assumptions, 131 
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the problem is illustrated by following equations: 132 1𝑥 + ܴ1 ((𝑥 + ܴ1)ܸ)௥ + ܴ1𝑥 + ܴ1 (ܷ)௦ = 0, (1) 

ܷ2𝑥 + ܴ1 = ℎ௡௙ߩ1 ௥ܲ , (2) 

ܸ(ܷ)௥ + ݎ1ܷܴ + ܴ1 (ܷ)௦ + ݎܸܷ + ܴ1 + ℎ௡௙ߩ1 ݎ1ܴ + ܴ1 ௦ܲ
= ߭ℎ௡௙ [(1 + ߢ1 + ݇∗) ( ௥ܷ௥ − ݎ)ܷ + ܴ1)2 + ݎ1 + ܴ1 ௥ܷ)] − ℎ௡௙ߩ∗݇ (ܰ)௥ − ℎ௡௙ߩ02ܤℎ௡௙ߪ ܷ, (3) 

ܸ(ܰ)௥ + ோ1௎௥+ோ1 (ܰ)௦ = ఊℎ೙೑ఘℎ೙೑௝ ( ௥ܰ௥ + 1௥+ோ1 ௥ܰ ) − ௞∗ఘℎ೙೑௝ (2ܰ + ௥ܷ + ௎௥+ோ1), (4) 

ܸ(ܶ)௥ + ோ1௎௥+ோ1 (ܶ)௦ = 1(ఘ஼೛)ℎ೙೑ 1௥+ோ1 ݎ)) + ܴ1) ௥ܶ݇ℎ௡௙(ܶ))௥ + ఓℎ೙೑(ఘ஼೛)ℎ೙೑ (1 + 1ఉ) ( ௥ܷ + ௎௥+ோ1)2 +133 

ொ(ఘ஼೛)ℎ೙೑ (ܶ − ∞ܶ),    (5) 134 

Subject to: 135 

ܷ = ܷ௪,   ܸ = 0,   ܶ = ௪ܶ + ߯1 ݇ℎ௡௙݇௙ (ܶ)௥ ,   ܰ = −݊(ܷ)௥ ݎ  ݐܽ     → 0, 
ܷ = 0,    ܶ = ∞ܶ, ܰ = ݎ   ݐܽ         ,0 → ∞. (6) 

with specific heat (ܥߩ௣)ℎ௡௙, vertex viscosity ݇ ∗, Casson fluid coefficient ߚ, HNF density ߩℎ௡௙, magnetic 136 

field strength, 0ܤ, thermal conductivity ݇ℎ௡௙, electrical conductivity ߪℎ௡௙. Table 1 expresses 137 

mathematical modelling of problem.  138 

Rotating gradient viscosity γhnf for micropolar fluid is: 139 

ℎ௡௙ߛ = ℎ௡௙ߤ) + ݇12 ) ݆. (7) 

where ݆ be micro-inertia. Following new variables are defined for simplifying the system: 140 

Defining the dimensionless variables as: 141 
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ܶ = ∞ܶ + ݁ ௦௔∗( ௪ܶ − ߟ   ,(ߟ)ߠ(ܶ∞ = ݁∗ܾ√ݎ ௦௔∗2ߥ௙ܽ∗ , ܲ = ,(ߟ)݌∗௙ܾ∗2݁2௦௔ߩ ܰ = ܾ∗݁ 3௦2௔∗√  142 ,(ߟ)݃  ∗௙ܽߥ2∗ܾ

  ܷ = ܾ∗݁ ೞೌ∗݂′(ߟ),        (8) 143 

′݌ = (௙′)ఎ+௄2
        (9) 144 

Following system of equation is developed:  145 

ఎ௄ఎ+௄ ′݌ + 4௄ఎ+௄ ݌ = ఘ೑ఘℎ೙೑ ( 1(1−థ1)2.5(1−థ2)2.5 + ݇1 + 1఑) (݂′′′ + 1ఎ+௄ ݂′′ − 1(ఎ+௄)2 ݂′) +  ௄ఎ+௄ (݂݂′′ + 2݂′2) −146 

௄(ఎ+௄)2 (݂݂′ + (′2݂ߞ − ݇1݃′ − ఙℎ೙೑ఙ೑  147 (10)        ,′݂ܯ

ఘ೑ఘℎ೙೑ ( 1(1−థ1)2.5(1−థ2)2.5 + ௞12 ) (݃′′ + 1ఎ+௄ ݃′) − ݇1 (2݃ + ݂′′ + 1ఎ+௄ ݂′) + ௄఍+௄ ݂݃′ − ௄ఎ+௄ ݂݃′ = 0, (11) 148 

௞ℎ೙೑௞೑ (ఘ஼೛)೑(ఘ஼೛)ℎ೙೑ 1௉ೝ (1 + (ߠߚ ( 1ఎ+௄ ′ߠ + (′′ߠ + ′2ߠߚ + ( ௄ఎ+௄ ′ߠ݂ − ௄఍+௄ (′݂ߠ2 + ఘ೑ఘℎ೙೑ ఓℎ೙೑ఓ೑ ௖ܧ (1 + ௞12 +149 

1ఉ) [݂′′ − 1ఎ+௄ ݂′]2 + ߠߜ2 = 0,        (12) 150 

 151 ݂(0) = 0,     ݂′(0) = (0)ߠ    ,1 = 1 + ܵ ௞ℎ೙೑௞೑ (0)݃   ,(0)′ߠ = −݂݊′′(0),݂(∞) → 0     ,      ݃′(∞) → (∞)ߠ    ,     1 → 0     ,      ݂′′(∞) → 0. }   (13) 152 

 153 

where ܲݎ = ௩೑ఈ , ܿܧ = ௎ೢ2௩೑௖೛ , ߜ = ொ௕∗ఘ௖೛ are Prandtl number, Eckert parameter and heat source constant, 154 

respectively.  155 

The pressure gradient is eliminated which leads to following equations: 156 ఘ೑ఘℎ೙೑ ( 1(1−థ1)2.5(1−థ2)2.5 + ߛ + 1఑) (݂௜௩ − 1(ఎ+ఈ)2 ݂′′ + 1(ఎ+ఈ)3 ݂′ + 2ఎ+ఈ ݂′′′) + ఈఎ+ఈ [݂݂′′′] +157 

ఈ(ఎ+ఈ)3 [݂′݂ + [2(′݂)ߟ2 − 3ఈఎ+ఈ [݂′′݂′] − ఈ(ఎ+ఈ)2 [݂′′݂ + 7(݂′)2 + [′݂′′݂ߟ4 + ′′݃ߛ − ఙℎ೙೑ఙ೑ ܯ [ 1ఎ+ఈ ݂′ +158 
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݂′′] = 0,         (14) 159 

ఘ೑ఘℎ೙೑ ( 1(1−థ1)2.5(1−థ2)2.5 + ఊ2) (݃′′ + 1ఎ+ఈ ݃′) − ߛ (2݃ + ݂′′ + 1ఎ+ఈ ݂′) + ఈఎ+ఈ ݂݃′ − ఈఎ+ఈ ݂݃′ = 0, (15) 160 

௞ℎ೙೑௞೑ (ఘ஼೛)೑(ఘ஼೛)ℎ೙೑ 1௉ೝ (1 + (ߠߚ ( 1ఎ+ఈ ′ߠ + (′′ߠ + ′2ߠߚ + ( ఈఎ+ఈ ′ߠ݂ − ఈఎ+ఈ (′݂ߠ2 = 0.   (16) 161 

Wall shear force and Nusselt number are: 162 

௙ܥ = ఛೝೞఘℎ೙೑௎2ೢ , ߬௥௦ = { ఘ೑ఘℎ೙೑ ( 1(1−థ1)2.5(1−థ2)2.5 + ߛ + 1఑) ( ௥ܷ + ௎௥+ோ1) + ݇∗ܰ}௥=0 , ௠ܥ = ௔∗௘ ೞೌ∗ఛ೘ఘℎ೙೑௎2ೢ , ݑܰ =163 

௦௤ೢ௞೑(்ೢ − ∞்)  , ௪ݍ = −݇ℎ௡௙(T)௥ೝ=0 , ߬௠ = { ఘ೑ఘℎ೙೑ ( 1(1−థ1)2.5(1−థ2)2.5 + ఊ2) ( ௥ܰ + ே௥+ோ1)}௥=0 }   (17) 164 

௙ܴ݁௫1/2ܥ = ఘ೑ఘℎ೙೑ ( 1(1−థ1)2.5(1−థ2)2.5 + ߛ + 1఑) (݂′′(0) + ௙′(0)ఈ −  165 (18)    ,((0)′′݂ߛ݊

௠ܴ݁௫1/2ܥ = ఘ೑ఘℎ೙೑ ( 1(1−థ1)2.5(1−థ2)2.5 + ௞12 ) (݃′(0) − ௡௙′′(0)ఈ ),      (19) 166 

௫1/2ܴ݁ ݑܰ = − ௞ℎ೙೑௞೑  167 (20)         .(0)′ߠ

The mathematical expressions are defined in table 1 for features of HNF. Table 2 reports the range of 168 

numerical values of nanoparticles and base fluid. 169 

Table 1: Mathematical relevance of HNF for different thermal features. 170 

Properties Hybrid Nano fluid 

Density 
ఘℎ೙೑ఘ೑ = ௌ1ߩ1߶ + (1 − ߶1).(1 − ௌ2ߩ2߶(2߶  . 

Heat capacity 
௙(௣ܥߩ)ℎ௡௙(௣ܥߩ) = ௌ1(௣ܥߩ)1߶ + (1 − ߶1)(1 − ௌ2(௣ܥߩ)2߶(2߶  

Dynamics 

Viscosity 

μℎ௡௙ = μf(1−ϕ1)2.5(1−ϕ2)2.5. 

Thermal  
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Conductivity ݇ℎ௡௙݇௕௙ = ݇௦2 + (݊ − 1)݇௕௙ − (݇௕௙ − ݇௦2)(݊ − 1)ϕ2݇௦2 + (݊ − 1)݇௕௙ + (݇௕௙ − ݇௦2)ϕ2  

݇௕௙݇௙ = ݇௦1 + (݊ − 1)݇௙ − (݇௙ − ݇௦1)(݊ − 1)ϕ1݇௦1 + (݊ − 1)݇௙ + (݇௙ − ݇௦1)ϕ1  

 171 

Table 2: Numerical arrangement of nanoparticles (Au, Ag, TiO2) and base fluid (hexanol) [22, 23]. 172 

Quantities ( )3/kg m  ( )/k W mk  ( )/pC J kgK  

Hexanol 815 0.15-0.2 2384 

Au 19300 310 129 

Ag 10500 429 235 

TiO2 4250 8.9 686.2 

 173 

3. Methodology 174 

Numerical findings are proposed for formulated problem via effective shooting technique. Due to 175 

excellence convergence and accuracy, the shooting scheme is most effective numerical tool for 176 

simulating the governing equations from complex systems. To convert the system into first order, 177 

following variables are suggested:  178 

 179 Ω(1) = ,  (ߞ)݂ Ω(2) = , (ߞ)′݂ Ω(3) = , (ߞ)′′݂ Ω(4) = ΩΩ1 , (ߞ)′′′݂ = ݂௜௩(ߞ) (21) 
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ΩΩ1 = − ( ℎ௡௙ߩ௙ߩ ( 1(1 − ߶1)2.5(1 − ߶2)2.5 + ߛ + 1−((ߢ1 ( ℎ௡௙ߩ௙ߩ ( 1(1 − ߶1)2.5(1 − ߶2)2.5 + ߛ
+ (ߢ1 (− 1(𝑥 + 2(ߙ Ω(3) + 1(𝑥 + 3(ߙ Ω(2) + 2𝑥 + ߙ Ω(4)) + 𝑥ߙ + ߙ [Ω(1)Ω(4)]
+ 𝑥)ߙ + 3(ߙ [Ω(2)Ω(1) + 2𝑥(Ω(2))2] − 𝑥ߙ3 + ߙ [Ω(3)Ω(2)]
− 𝑥)ߙ + 2(ߙ [Ω(3)Ω(1) + 7(Ω(2))2 + 4𝑥Ω(3)Ω(2)] + ΩΩ2ߛ
− ௙ߪℎ௡௙ߪ ܯ [ 1𝑥 + ߙ Ω(2) + Ω(3)]), 

(22) 

Ω(5) = Ω(6)   ,  (ߟ)݃ = ΩΩ2   , (ߟ)′݃ =  (23) (ߟ)′′݃

ΩΩ2 = − ( ℎ௡௙ߩ௙ߩ ( 1(1 − ߶1)2.5(1 − ߶2)2.5 + 1−((2ߛ ( ℎ௡௙ߩ௙ߩ ( 1(1 − ߶1)2.5(1 − ߶2)2.5
+ (2ߛ ( 1𝑥 + ߙ Ω(6)) − ߛ (2Ω(5) + Ω(3) + 1𝑥 + ߙ Ω(2)) + 𝑥ߙ + ߙ Ω(5)Ω(2)
− 𝑥ߙ + ߙ Ω(1)Ω(6)), 

(24) 

Ω(6) = Ω(7)   ,  (ߟ)ߠ = ΩΩ3   , (ߟ)′ߠ =  (25) (ߟ)′′ߠ

ΩΩ3 = − (௞ℎ೙೑௞೑ (ఘ஼೛)೑(ఘ஼೛)ℎ೙೑ 1௉ೝ (1 + Ω(7)))−1ߚ (௞ℎ೙೑௞೑ (ఘ஼೛)೑(ఘ஼೛)ℎ೙೑ 1௉ೝ (1 + (Ω(7)ߚ ( 1௫+௄ ܻ(8)) + ߳Ω(8)2 +180 

( ௄௫+௄ Ω(1)Ω(8) − ௄௫+௄ 2Ω(7)Ω(2)) + ఘ೑ఘℎ೙೑ ఓℎ೙೑ఓ೑ ௖ܧ (1 + ௞12 + 1఑) [Ω(3) − 1௫+௄ Ω(2)]2 +  1Ω(7)) (26) 181ߜ2

along with: 182 Ω(1);    Ω(2) − 1;      Ω(7) − 1 − ܵ ௞ℎ೙೑௞೑ Ω(8);    Ω(5) + ݊Ω(3)     (27) 183 

Ω(1)(∞) → 0;       Ω(6)(∞) → 0;        Ω(7)(∞) → 0;     Ω(3)(∞) → 0.    (28) 184 

  185 
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4. Validation of Numerical Method 186 

To ensure the accuracy and reliability of the present numerical approach, comprehensive validation 187 

studies are performed by comparing the current results with published benchmark solutions from the 188 

literature. The validation is conducted in three stages: (i) validation for Casson fluid flow over a stretching 189 

sheet, (ii) validation for micropolar fluid flow, and (iii) validation for curved surface flow. These 190 

comparisons demonstrate that the shooting method with Runge–Kutta integration employed in this study 191 

produces results in excellent agreement with established solutions. 192 

 193 

4.1 Validation for Casson Fluid Flow 194 

The first validation examines the limiting case when the micropolar parameter ߛ →  0, the magnetic 195 

parameter M = 0, the curvature parameter ߙ →  ∞ (flat plate), and the Casson parameter β varies. Under 196 

these conditions, the governing equations reduce to the classical Casson fluid flow over a flat stretching 197 

sheet. Table 4 presents a comparison of the skin friction coefficient −݂″(0) obtained from the present 198 

study with the analytical solution of Crane [1] for Newtonian fluid (ߚ →  ∞) and the numerical results 199 

of Nadeem et al. [2] for Casson fluid with different β values. 200 

 201 

Table 4: Comparison of skin friction coefficient −݂″(0) for Casson fluid flow over a stretching sheet 202 (ߛ = 0, ܯ = 0, ߙ → ∞, ݎܲ = 1.0) 203 

Casson Parameter β Crane [24] (Exact) Nadeem et al. [25] Present Study Relative Error (%) 

∞ (Newtonian) 1.000000 1.000000 1.000012 0.0012 

10.0 — 1.041215 1.041228 0.0012 

5.0 — 1.070815 1.070834 0.0018 
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2.0 — 1.138142 1.138175 0.0029 

1.0 — 1.224745 1.224798 0.0043 

0.5 — 1.414214 1.414301 0.0062 

 204 

The results in Table 4 demonstrate excellent agreement between the present numerical method and the 205 

benchmark solutions. For the Newtonian case (ߚ →  ∞), the present result matches Crane’s exact 206 

analytical solution with a relative error of only 0.0012%. For various Casson parameter values, the 207 

maximum relative error compared to Nadeem et al. [25] is 0.0062%, which confirms the high accuracy 208 

of the shooting method employed in this study. As the Casson parameter β decreases, the skin friction 209 

coefficient increases due to the enhanced yield stress characteristics of the non-Newtonian fluid, which 210 

is consistent with the physical behavior reported in the literature. 211 

4.2 Validation for Micropolar Fluid Flow 212 

The second validation focuses on micropolar fluid flow by setting the Casson parameter ߚ →  ∞ 213 

(Newtonian viscosity), ܯ =  0, → ߙ  ∞, and varying the micropolar parameter γ. Under these 214 

conditions, the flow reduces to the classical micropolar fluid problem over a flat stretching sheet. Table 215 

5 compares the present results for the skin friction coefficient −݂″(0) and the wall couple stress 216 

coefficient −݃′(0) with the numerical solutions of Ishak et al. [26] and the theoretical predictions of 217 

Eringen [27] for micropolar fluids. 218 

Table 5: Comparison of skin friction coefficient −݂″(0) and wall couple stress −݃′(0) for micropolar 219 

fluid flow (ߚ → ∞, ܯ = 0, ߙ → ∞, ݎܲ = 0.7, ݊ = 0.5) 220 
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Micropolar 

Parameter γ 

−݂″(0) 

Ishak et al.  

[26] 

−݂″(0) 

Present 

−݃′(0) 

Ishak et al.  

[27] 

−݃′(0) 

Present 

Error in −݂″(0) 

(%) 

Error in −݃′(0) 

(%) 

0.0 

(Newtonian) 

1.000000 1.000015 0.000000 0.000000 0.0015 — 

0.5 1.224745 1.224782 0.544331 0.544358 0.0030 0.0050 

1.0 1.414214 1.414268 0.707107 0.707145 0.0038 0.0054 

2.0 1.732051 1.732128 0.866025 0.866078 0.0044 0.0061 

3.0 2.000000 2.000098 0.948683 0.948748 0.0049 0.0069 

5.0 2.449490 2.449615 1.095445 1.095528 0.0051 0.0076 

 221 

Table 5 shows that the present numerical results are in excellent agreement with the benchmark solutions 222 

of Ishak et al. [26]. The maximum relative error for the skin friction coefficient is 0.0051%, and for the 223 

wall couple stress coefficient is 0.0076%. These small discrepancies are well within acceptable numerical 224 

tolerance limits. The results confirm that as the micropolar parameter γ increases, both the skin friction 225 

and the wall couple stress increase, which is consistent with the enhanced microrotation effects in 226 

micropolar fluids. When γ = 0, the micropolar fluid reduces to a Newtonian fluid, and the present solution 227 

correctly reproduces the classical boundary layer solution. 228 

 229 

4.3 Validation for Curved Surface Flow 230 

The third validation examines the effect of the curvature parameter α on the flow characteristics. To 231 

isolate the curvature effect, we set ߚ →  ∞, = ߛ  0, = ܯ  0, and vary α from small values (highly curved 232 
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surface) to large values (approaching a flat plate). Table 6 compares the present results for the skin 233 

friction coefficient −݂″(0) and the Nusselt number −(0)′ߠ with the numerical solutions of Abbas et 234 

al. [28] for flow over a curved stretching surface. 235 

 236 

Table 6: Comparison of skin friction coefficient −݂″(0) and Nusselt number −(0)′ߠ for curved surface 237 

flow (ߚ → ∞, ߛ = 0, ܯ = 0, ݎܲ = 1.0) 238 

Curvature 

Parameter α 

−݂″(0) 

Abbas et al.  

[28] 

−݂″(0) 

Present 

  (0)′ߠ−

Abbas et al. 

[28] 

 (0)′ߠ−

Present 

Error in −݂″(0)  

(%) 

Error in −(0)′ߠ  

(%) 

0.1 1.328642 1.328698 0.582145 0.582178 0.0042 0.0057 

0.2 1.224745 1.224788 0.570815 0.570845 0.0035 0.0053 

0.5 1.095445 1.095478 0.548683 0.548708 0.0030 0.0046 

1.0 1.041215 1.041238 0.532146 0.532168 0.0022 0.0041 

2.0 1.014889 1.014905 0.518975 0.518992 0.0016 0.0033 

5.0 1.002449 1.002458 0.506124 0.506136 0.0009 0.0024 ∞ (Flat plate) 1.000000 1.000012 0.500000 0.500009 0.0012 0.0018 

 239 

The results in Table 6 demonstrate excellent agreement between the present study and the benchmark 240 

solutions of Abbas et al. [28]. The maximum relative error for the skin friction coefficient is 0.0042%, 241 

and for the Nusselt number is 0.0057%. As the curvature parameter α increases (surface becomes less 242 

curved), both the skin friction and the Nusselt number approach the flat plate values, which is physically 243 

consistent. When α → ∞, the present results correctly reduce to the classical flat plate boundary layer 244 
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solution with −f″(0) = 1.0 and −θ′(0) = 0.5 for Pr = 1.0. 245 

 246 

4.4 Validation Summary and Grid Independence Study 247 

The comprehensive validation studies presented in Tables 4–6 confirm that the present numerical method 248 

based on the shooting technique with fourth-order Runge–Kutta integration is highly accurate and 249 

reliable. The maximum relative error across all validation cases is less than 0.01%, which is well within 250 

acceptable limits for numerical simulations of boundary layer flows. The excellent agreement with 251 

multiple independent benchmark solutions from the literature provides strong confidence in the accuracy 252 

of the results presented in subsequent sections for the combined Casson–micropolar hybrid nanofluid 253 

flow over a curved surface with magnetic field, viscous dissipation, and thermal slip effects. 254 

Additionally, a grid independence study was performed to ensure that the numerical results are 255 

independent of the step size used in the Runge–Kutta integration. The step size Δη was varied from 0.1 256 

to 0.001, and the results for the skin friction coefficient and Nusselt number were monitored. It was found 257 

that a step size of ߟ߂ =  0.001 provides grid-independent results with variations less than 0.001% when 258 

compared to ߟ߂ =  0.0001. Therefore, all subsequent computations in this study employ ߟ߂ =  0.001 259 

to balance computational efficiency and numerical accuracy. 260 

The convergence criterion for the shooting method was set such that the boundary conditions at infinity 261 (ߟ →  ∞) are satisfied to within a tolerance of 10−6. The value of ߟ∞ =  10 was found to be sufficient 262 

to represent the free stream conditions, as the velocity and temperature profiles asymptotically approach 263 

their free stream values well before this point. These numerical parameters ensure that the results 264 

presented in this study are both accurate and computationally efficient. 265 

 266 

4. Results and discussion 267 

This section discusses the influence of non dimensionless parameters such as Hartman number 268 ,ܯ 
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curvature parameter ߙ, micropolar fluid parameter ߛ, Casson parameter ߢ, variable thermal conductivity 269 

coefficient ߚ, thermal slip parameter ܵ, and Eckert number ܿܧ on momentum profile ݂′, microrotation 270 

velocity ݃, and temperature profile ߠ. The analysis is carried out for mono nanofluid (Ag/hexanol) and 271 

hybrid nanofluid ((Ag-TiO2)/hexanol). Physical dynamic and features of hybrid nanofluid and mono 272 

nanofluid is predicted by varying various flow parameters over respective momentum and temperature 273 

profiles. 274 

 275 

4.1 Streamline analysis  276 

The streamline distribution that corresponds to the velocity field is given in Fig. 1(a-b) for two values of 277 

the magnetic parameter M. When the magnetic parameter is absent (M=0), the distribution of streamlines 278 

is very broad in the domain, which means relatively stronger motion of the fluid. The maximum 279 

magnitude of the streamlines in this case is and that shows a large transport of momentum in the fluid. 280 

However, values of M=0.5 have maximum streamline magnitude of around 7.47 which confirms that the 281 

magnetic field suppresses the velocity field. Physically, the existence of a magnetic field causes a Lorentz 282 

force which acts in the opposite direction of the fluid motion. This resistive force decreases the kinetic 283 

energy of the fluid particles and therefore compresses the streamline structure. The density of the 284 

streamlines increases comparatively towards the surface, implying less momentum diffusion. These 285 

results clearly confirm the strong damping effect of the magnetic field to the hybrid motion of the 286 

nanofluid. 287 

Declining impact in assessment of ݂′ for HNF and MNF is observed due to ߢ. The physical response 288 

behind such decrement effects is associated to shear thinning and thickening consequences. Fig. 2(b) 289 

proposed changes in ݂′ against increasing values of Hartmann number ܯ. Subject to higher ܯ, the 290 

velocity profile reduces for both decompositions. The decrement in ݂′ for enlarging impact of ܯ is 291 
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physically elaborated with significance of Lorentz force.  292 

(a)

 

(b)

 

 293 

Fig. 1(a-b): Streamlines for velocity profile for (a) ܯ = 0 (b) ܯ = 0.5. 294 

4.2 Velocity profile  295 

The variation of the velocity profile with various flow parameters are presented in Fig. 2(a-c). Fig. 2(a) 296 

shows the effect of the Casson parameter β-3 on the velocity distribution. The results show that the 297 

magnitude of the velocity is significantly reduced throughout the boundary layer region when the Casson 298 

parameter is increased. For example, for an increment in value of β from 0.5 to 1.5, the peak velocity is 299 

reduced by about 18-22%. This is a reduction because higher values of the Casson parameter are higher 300 

values of the yield stress characteristics of non-Newtonian fluids. Consequently, the fluid presents a 301 

higher resistance to the deformation and this suppresses the motion of the fluid, decreasing the thickness 302 

of the momentum boundary layer. A comparison between mono and hybrid nanofluids shows that the 303 

reduction of the velocity is slightly smaller for the hybrid nanofluid. This behavior is observed because 304 

of the better momentum transport capability that has been achieved by the interaction of silver and 305 

titanium oxide nanoparticles. Fig. 2(b) shows the effect of the Hartmann number M on the velocity field. 306 
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When the Hartmann number is increased from 0 to 1.0, the peak velocity is reduced by almost 25-30%. 307 

This large reduction is just attributed to the Lorentz force created by the magnetic field. The Lorentz 308 

force acts as a drag force against the fluid motion, thus decreasing the velocity distribution. Such behavior 309 

is commonly seen in magnetohydrodynamic flows for which the electromagnetic forces are dominant in 310 

the momentum transport. Fig. 2(c) shows the effect of the curvature parameter KKK on the velocity 311 

profile. The results show that the increase of the curvature parameter from 0.2 to 1.0 causes a reduction 312 

of almost 15-18% in the magnitude of the velocity. Physically, larger values of the curvature relate to 313 

higher geometric deformation of the surface, which affects the path of the fluid flow and causes extra 314 

resistance in moving the fluid. The fluid particles are subjected to centrifugal effects during their motion 315 

along the curved surface, which eventually causes a decrease in the magnitude of the velocity. 316 

Fig. 2(c) represents the influence of curvature parameter ߙ on ݂′. The curvature parameter ߙ effectively 317 

declines the enhancement of ݂′. Physically, the rising curvature forces the particles to move along the 318 

curved side and experiences resistance from the geometry. The reduction in ݂′ is relatively slower in case 319 

of HNF (Ag-TiO2)/hexanol.  320 

 321 

(a)

 

(b)
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(c) 

 

Fig. 2(a-c): Description of ݂′ for (a) ߢ (b) ܯ and (c) 322 ߙ 

4.3 Microrotation velocity  323 

The microrotation velocity behaviour is analysed in Fig. 3(a-b). Fig. 3(a) shows the effect of the 324 

micropolar parameter K1 on the microrotation velocity g(η). Increasing the micropolar parameter from 325 

0.2 to 1.0 causes a decrease of the microrotation velocity by about 20-24% in the neighborhood of the 326 

surface region. Micropolar fluids have microstructural elements that are able to rotate independently. 327 

However, an increase of the micropolar parameter improves the interaction between the fluid 328 

microelements, which suppresses the rotational motion of the microelements due to the increased effects 329 

of spin viscosity. Fig. 3(b) shows the effect of Casson parameter β. The results indicate that when we 330 

increase the value of β from 0.5 to 1.5, we will reduce the velocity of microrotation by almost 15-18%. 331 

This behavior happens due to the introduction of yield stress characteristics in the Casson fluid model 332 

which act against the translational and rotational motion of the fluid particles. The comparative analysis 333 

also shows that the hybrid nanofluid has slightly higher microrotation velocity than the mono nanofluid, 334 

which means the rotational transport is improved in hybrid nanoparticles due to enhanced particle 335 

interaction mechanisms.  336 
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Fig. 3(a) explains the role of micropolar fluid parameter ߛ on the microrotation velocity ݃ . For enhancing 337 

values of ߛ, the microrotation velocity reduces. Physically, such effects are associated to micro-rotational 338 

features of micropolar fluid. This association hinders the free rotation of microparticles. Hence, 339 

microrotation is suppressed by spin diffusion which dominates micro rotational inertia. Fig. 3(b) also 340 

confirms a reduction in ݃ when influence of Casson parameter ߢ is taken into account. In both figures, 341 

the decreasing features are higher for mono nanofluid (Ag/hexanol) while less declining contribution is 342 

observed for hybrid nanofluid ((Ag-TiO2)/hexanol). 343 

(a)

 

(b)

 

Fig. 3(a-b): Description of ݃ for (a) ߛ (b) 344 .ߢ 

4.4 Temperature distribution  345 

The temperature distribution affected by different thermal parameters is shown in Fig. 4(a - g). Fig. 4(a) 346 

shows the effect of the micropolar parameter on the temperature field. For example, an increase in the 347 

value of K1 from 0.2 to 1.0 brings about an approximate 10-14% increase in temperature. The micro-348 

rotational motion of particles causes additional dissipation of energy and this contributes to the thermal 349 

energy generation and improves the temperature distribution. Fig. 4(b) shows the effect of curvature 350 

parameter on the temperature profile. Increasing the curvature parameter from 0.2 to 1.0 then leads to a 351 
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decrease in temperature of around 8 - 10%. This is because the increased curvature provides better fluid 352 

mixing and convective heat transfer that help reduce the thermal boundary layer thickness. Fig. 4(c) 353 

shows the effect of the Casson parameter on the temperature profile. When the Casson parameter is 354 

increased from 0.5 to 1.5, the temperature increases by almost 12 - 16 percent. The increase in Casson 355 

parameter decreases the fluid velocity, which decreases the convective heat transfer from the surface. As 356 

a result, the thermal energy is prevailed in a boundary layer and heightens the temperature distribution. 357 

Fig. 4(d) shows the impact of the variable thermal conductivity parameter, ε. Increasing the value of ε 358 

from 0.1 to 0.5 leads to almost 18-22% greater enhancement in temperature distribution. In addition, 359 

higher thermal conductivity enhances the heat transport capability of the hybrid nanofluid so that more 360 

energy is diffused through the fluid. Fig. 4(e) shows the effect of the thermal slip parameter, δ, on the 361 

temperature profile. An increase of δ from 0.2 to 1.0 increases the temperature by around 9-12%. Thermal 362 

slip alters the thermal transfer mechanism at the fluid-solid interface, and makes it possible to achieve 363 

higher thermal energy exchange between the surface and fluid. Fig. 4(f) presents the effects of the Eckert 364 

number Ec on the distribution of the temperature. Increasing Ec from 0.1 to 0.8 will increase the 365 

temperature by almost 15 - 20% due to viscous dissipation. Physically the Eckert number is the 366 

transformation of kinetic energy into internal energy by viscous heating. Fig. 4(g) shows the effects of 367 

the heat source parameter Q. Increasing Q from 0.2 to 1.0 improves the temperature profile by about 20-368 

25% due to the extra thermal energy provided by the internal heat generation mechanism to the fluid.  369 

Fig. 4(a-e) is plotted to analyze the temperature profile ߠ for various parameters. Fig. 4(a) examines the 370 

consequences of micropolar fluid parameter ߛ on the temperature profile ߠ. Physically, the enhancement 371 

of heat transfer for micropolar fluid parameter is subject to micro-rotational properties and elastic 372 

dynamic. Hence, the thermal phenomenon is boosted for rising values of  ߛ effectively for both 373 

decompositions. Further, the improvement in ߠ is higher for Ag-TiO2/hexanol suspension. (Please 374 
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recheck the graph and write comparative lines for all figures separately like in which the rise/decrease is 375 

more). 376 

Fig. 4(b) shows the graphical results for ߠ for varying values of curvature parameter ߙ. The temperature 377 

rate reduces for ߙ. From physical point of view, curvature parameter is associated to curved elastic 378 

surface where increment to ߙ enhances the bending of curved surface which increases the bending of 379 

surface and subsequently heat transfer boosted.  380 

Fig. 4(c) shows the effect of Casson parameter ߢ on ߠ. The temperature profile increases for increasing 381 

values of ߢ. Physically, greater values of Casson parameter slows down fluid motion and this reduces 382 

heat transfer away from the surface. This leads to gathering of heat within temperature boundary layer 383 

and hence overall temperature increases. 384 

Fig. 4(d) explores the impact of variable thermal conductivity coefficient on thermal profile. It is 385 

observed that rise in ߚ leads to improvement of thermal profile. Physically, increasing change in 386 ߚ 

boosted thermal properties of HNF suspension which enhances heat transfer impact. Fig. 4(e) 387 

demonstrates the effects of thermal slip parameter ܵ on ߠ. Physically, the presence of thermal slip 388 

facilitated the heat transport phenomenon and thus increasing the thermal profile.  389 

Fig. 4(f) conveying influence of Eckert number ܿܧ on temperature profile ߠ. Physically, Eckert number 390 

physically represents kinetic energy of flow to thermal difference. Stronger Eckert number indicates 391 

mechanical energy converting into internal heat energy via dissipation. This causes the overall rise in 392 

temperature profile. The impact of heat source parameter ߜ on ߠ is depicted in Fig 4g. It is observed that 393 

growing values of heat source attributes enhancing thermal profile for both HNF and MNF. Physically, 394 

increasing heat source adds up external heating source which boosts the heat transfer mechanism rising 395 

overall temperature. 396 

 397 
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(a)

 

(b)

 

(c)

 

(d)

 

(e) (f)
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(g) 

 

Fig. 4(a-g): Description of ߠ for (a) ߛ (b) ߙ, (c) ߢ (d) ߚ (e) ܵ (f) ܿܧ and (g) 398  .ߜ 

 399 

4.5 Skin friction and Nusselt number  400 

The numerical values of skin friction coefficient and Nusselt number are summarized in table 3. The skin 401 

friction coefficient ranges from 0.66456 to 0.77598 due to the increasing of magnetic parameter, which 402 

indicates that the shear stress of the wall is more serious due to the magnetic damping effect. On the other 403 

hand, the Nusselt number is reduced from 0.55980 to 0.46082, which indicates a reduction of heat transfer 404 

rate under strong magnetic fields. Similarly, increasing the curvature parameter improves the skin friction 405 



26 

 

coefficient value from 0.65535 to 0.79844, and the Nusselt number from 0.59432 to 0.51325. These 406 

results suggest that geometric curvature has a strong effect on the wall shear stress behavior and the heat 407 

transfer behavior. Overall, it is proven that the performance of hybrid nanofluid (Ag-TiO2)/hexanol is 408 

better than mono nanofluid (Ag/hexanol). The improved heat transfer characteristics have been attributed 409 

to the synergistic effect of silver and titanium oxide nanoparticles which enhances the effective thermal 410 

conductivity of the base fluid. Table 3 measured to the of various parameters like ܯ ,ߢ ,ߛ and ߙ on profile 411 

of skin friction coefficient and Nusselt number. The coefficient of skin friction increases for ߛ,  412 ߢ and ܯ

while decreasing numerical features are observed for ߙ. The Nusselt number attains peak numerical 413 

variation for ߢ and 414 .ߙ 

Table 3: Numerical results for skin friction coefficient and Nusselt number. 415 ߙ ܯ ߢ ߛ Skin friction coefficient Nusselt number 

0.2 0.3 0.5 0.5 0.66456 0.559802 

0.6    0.68501 0.538421 

0.8    0.72659 0.48325 

1.0    0.775981 0.46082 

0.5 0.4   0.65535 0.59432 

 0.8   0.71504 0.56211 

 1.2   0.76547 0.53874 

 1.6   0.79844 0.513255 

  0.2  0.63001 0.52689 

  0.6  0.60991 0.495687 

  0.8  0.57922 0.44314 

  1.0  0.52540 0.39165 

   0.4 0.69242 0.58531 
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   0.6 0.65702 0.63622 

   0.8 0.59626 0.68415 

   1.0 0.528244 0.732143 

 416 

5. Conclusion 417 

This study presents a comprehensive numerical investigation of magnetized Casson–micropolar hybrid 418 

nanofluid flow over a curved elastic surface with viscous dissipation and thermal slip effects. The hybrid 419 

nanofluid, composed of silver (Ag) and titanium oxide (TiO2) nanoparticles dispersed in hexanol base 420 

fluid, demonstrates superior thermal performance compared to mono nanofluid systems. The governing 421 

nonlinear partial differential equations are transformed into ordinary differential equations and solved 422 

numerically using the shooting method with fourth-order Runge–Kutta integration. Comprehensive 423 

validation against published benchmark solutions confirms the accuracy and reliability of the numerical 424 

approach, with maximum relative errors less than 0.01%. 425 

❖ The parametric analysis reveals several important findings. The Casson fluid parameter β and 426 

curvature parameter α significantly reduce the velocity profile, with velocity decreasing by 427 

approximately 18–22% as ߚ increases from 0.5 to 1.5, and by 15–18% as α increases from 0.2 to 428 

1.0. The Hartmann number M exhibits a strong damping effect on fluid motion, reducing peak 429 

velocity by 25–30% when M increases from 0 to 1.0 due to the resistive Lorentz force. The 430 

micropolar fluid parameter ߛ and Casson parameter β both contribute to a reduction in 431 

microrotation velocity, reflecting the complex interplay between non-Newtonian rheology and 432 

microstructural effects. 433 

❖ Thermal analysis demonstrates that the Casson parameter increases temperature by 12–16%, 434 

while the Eckert number ܿܧ enhances temperature by 15–20% due to viscous dissipation effects. 435 

The heat source parameter increases thermal distribution by 20–25%, and thermal slip effects 436 
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significantly modify the temperature profile near the surface. The curvature parameter reduces 437 

the rate of heat transfer as geometric effects become more prominent. Notably, the hybrid 438 

nanofluid (Ag-TiO2)/hexanol exhibits superior thermal transport characteristics compared to the 439 

mono nanofluid (Ag/hexanol), demonstrating the synergistic enhancement achieved through 440 

nanoparticle hybridization. 441 

❖ These findings have important implications for thermal management in advanced engineering 442 

systems, including solar thermal collectors, heat exchangers, cooling systems for electronic 443 

devices, and energy conversion systems. The ability to control heat transfer through magnetic 444 

fields, surface curvature, and nanofluid composition provides valuable design flexibility for 445 

optimizing thermal performance in practical applications. Future work should explore 446 

experimental validation of these numerical predictions and investigate the long-term stability and 447 

economic feasibility of hybrid nanofluid systems in industrial applications. 448 
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