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MixFunn: A Neural Architecture for Differential Equations with Mixed Functions and

Second-Order Interactions
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! Physics Department, Federal University of Sdo Carlos, 13565-905, Sao Carlos, SP, Brazil
2 Physics Department, Federal University of Santa Maria, 97105-900, Santa Maria, RS, Brazil

We introduce MixFunn, a neural network architecture designed for modeling solutions of differ-
ential equations. The proposed architecture combines two main components: (i) mixed-function
neurons, which employ a set of predefined activation functions to enrich the functional represen-
tation, and (ii) second-order neurons, which explicitly incorporate interactions between different
neurons. Together, these elements aim to increase representational flexibility while maintaining
a compact model structure. We evaluate MixFunn on a set of differential equation problems, in-
cluding the damped and forced harmonic oscillator, the one-dimensional viscous Burgers equation,
and the quantum infinite square well. The results indicate that the proposed architecture can
achieve accurate approximations using fewer parameters compared to standard multilayer percep-
trons. Additionally, the structure of the network enables the extraction of analytical expressions
that approximate the learned solutions, providing a degree of interpretability. These findings suggest
that MixFunn offers a viable alternative for neural modeling of differential equations, particularly

in settings where compact representations and interpretability are desirable.

I. INTRODUCTION

Differential equations are central to modeling physical
systems across a wide range of disciplines, from classical
mechanics to quantum dynamics, as well as engineering
applications such as fluid dynamics, structural analysis,
and electrical circuits [I 2]. They provide a fundamen-
tal framework for describing system behavior and for en-
abling predictive modeling in scientific and technological
contexts.

Traditional approaches for solving differential equa-
tions involve a well-known trade-off. Analytical methods
yield exact and interpretable solutions but are typically
restricted to simplified systems [3, [4]. In contrast, nu-
merical methods can address more complex and realistic
scenarios, but they generally produce discrete approxi-
mations that may be computationally expensive and lack
the interpretability of closed-form expressions [5l, [6].

More recently, neural networks have emerged as a third
paradigm for solving differential equations. Owing to
their universal approximation capabilities [7], artificial
neural networks can represent highly complex solution
spaces [8HI0]. This has led to the development of Physics-
Informed Neural Networks (PINNs), which incorporate
physical laws directly into the training process. How-
ever, the effectiveness of these approaches depends crit-
ically on the architecture of the underlying neural net-
work. In particular, the choice of activation functions and
neuron models strongly influences expressivity, optimiza-
tion, and generalization [ITHI3]. Standard architectures,
such as multilayer perceptrons (MLPs), often act as a
bottleneck, limiting performance and requiring substan-
tial over-parameterization to capture complex physical
behavior.
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In this work, we investigate the role of architectural
expressivity in physics-informed learning, and show that
limitations of standard neural network backbones can im-
pact the quality of the learned solutions. To address
this, we introduce the Mixed-Function Neural Network
(MixFunn) and its extension, the Second-Order Mixed-
Function Neural Network (Mix2Funn), as alternative
neural backbones for differential equation modeling. The
proposed architecture combines two key components: (i)
mixed-function neurons, which leverage a set of physi-
cally motivated activation functions to capture diverse
solution behaviors, and (ii) second-order neurons, which
explicitly model multiplicative interactions between in-
puts.

We also show that, when combined with sparsity-
inducing regularization and structural pruning, the pro-
posed architecture enables the extraction of compact an-
alytical expressions from trained models, providing an
interpretable alternative that bridges numerical solvers
and symbolic representations. Together, these compo-
nents provide a more expressive and structured repre-
sentation, enabling compact models that better capture
the underlying physics.

The goal of this work is not to establish a new state-
of-the-art in predictive accuracy, but to propose a neu-
ral architecture that improves parameter efficiency and
interpretability in physics-informed learning. In partic-
ular, the structure of MixFunn enables the extraction
of analytical expressions from trained models, bridging
the gap between numerical approximation and symbolic
representation. As such, the proposed architecture is in-
tended as a general-purpose backbone that can be inte-
grated with existing training methodologies.

The remainder of this article is organized as follows.
Section [[] reviews related work on neural approaches for
differential equations. Section [[TI] presents the proposed
architecture and methodology. Section [[V]reports exper-
imental results on representative benchmark problems.
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Finally, Section [V] concludes the paper and outlines di-
rections for future research.

II. RELATED WORK

Machine learning has emerged as a flexible paradigm
for solving differential equations, complementing tradi-
tional numerical methods. Existing approaches can be
broadly divided into two categories depending on what
the neural network is trained to approximate.

One class of methods, exemplified by Neural Differen-
tial Equations [I4], learns the underlying dynamics func-
tion, which is then integrated using standard numerical
solvers. Variants such as Hamiltonian and Lagrangian
Neural Networks [15] [I6] incorporate physical structure
by learning energy-based representations of the system.

In this work, we focus on Physics-Informed Neural Net-
works [I7HI9], which directly approximate the solution of
a differential equation by embedding the governing equa-
tions into the training loss. A detailed formulation of
the PINN framework used in this work is provided in
Appendix [A]

The effectiveness of PINNs depends strongly on the
choice of neural network architecture. Most implemen-
tations rely on standard multilayer perceptrons [17, 18],
which, despite their versatility, present important limita-
tions. In particular, MLPs exhibit spectral bias, favoring
low-frequency functions and struggling to represent os-
cillatory or sharp features [20]. Additionally, the use of
a single activation function across the network restricts
expressivity, often requiring large models to approximate
complex physical behavior [2IH23].

To address these limitations, recent work has explored
more expressive function approximators. One line of re-
search focuses on improving activation functions. For
example, SIREN [24] employs sinusoidal activations to
better represent oscillatory phenomena, while methods
such as PReLU [25] introduce learnable nonlinearities.
Kolmogorov-Arnold Networks (KANs) [26], inspired by
representation theorems [27H30], replace fixed activations
with learnable spline-based functions, offering a flexi-
ble functional representation. In contrast to these ap-
proaches, which typically rely on a single functional class,
our method combines multiple predefined, physically mo-
tivated functions within each neuron, allowing the model
to adaptively select suitable representations.

A complementary line of work focuses on improving
the ability of neural networks to model interactions be-
tween inputs. Higher-order neurons, such as Sigma-
Pi units [31, B2], explicitly incorporate multiplicative
terms, enabling more efficient representation of corre-
lations compared to standard linear neurons. Similar
interaction-based mechanisms also underlie architectures
such as Transformers [33]. Our approach builds on this
idea by integrating second-order interactions directly into
the neuron structure in a manner suitable for physics-
informed learning.

Finally, our work is conceptually related to symbolic
regression methods such as SINDy [34], which aim to dis-
cover governing equations from data. Rather than identi-
fying the differential equation itself, our approach focuses
on learning compact, interpretable representations of its
solution by combining a predefined functional basis with
sparsity-inducing regularization.

Despite these advances, a gap remains for architec-
tures that simultaneously provide high expressivity, pa-
rameter efficiency, and interpretability. The MixFunn ar-
chitecture addresses this by integrating mixed activation
functions and higher-order interactions within a unified
framework, enabling compact and interpretable solutions
in physics-informed settings.

III. METHODS

We introduce MixFunn and its extension, Mix2Funn,
as neural network backbones for physics-informed learn-
ing. The architecture combines two key elements: (i)
mixed-function neurons, which represent solutions using
a predefined dictionary of nonlinear functions, and (ii)
second-order neurons, which explicitly model multiplica-
tive interactions between inputs. Together, these com-
ponents provide a structured and expressive function ap-
proximator, while additional sparsity mechanisms enable
compact and interpretable representations. Implementa-
tion details are provided in Appendix [B}

A. Neuron models

The design of MixFunn is motivated by two consid-
erations. First, neural networks with mixed activation
functions retain universal approximation properties when
at least one non-polynomial basis function is present [35].
Second, incorporating periodic and exponential functions
introduces an inductive bias aligned with common solu-
tion forms of differential equations, while second-order
terms allow multiplicative interactions to be represented
explicitly.

1. Second-order neuron

Standard neurons compute an affine transformation
s(x) = Wx + b, which limits their ability to represent
interactions between input features. To address this, we
employ a second-order neuron that augments the linear
mapping with quadratic terms. The pre-activation out-
put is defined as

s =b+ Wx +x'Ux, (1)

where x € RN, W € RN and U € RV*V is a sym-
metric matrix. This formulation enables the neuron to
directly model pairwise interactions between input vari-
ables.
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FIG. 1: Schematic of a second-order neuron. The input
contributes both linear terms and quadratic interactions,
which are summed and passed through a nonlinear acti-
vation.

As illustrated in Fig. the neuron combines linear
contributions with quadratic cross-terms before applying
a nonlinear activation.

Compared to standard MLPs, which must approxi-
mate multiplicative interactions through depth, this for-
mulation captures them explicitly within a single layer,
yielding a more compact representation for functions in-
volving feature correlations.

2.  Mized-function neuron

To enhance representational diversity, we introduce the
mixed-function neuron, which replaces a single activation
function with a parallel combination of predefined non-
linear functions. Given an input z, the neuron computes

s; = W,z + by, (2)

for each pathway i = 1, ..., @, followed by application of
a basis function f;. The outputs are combined as

Q
=¥+ 3 wifis), 3)

i=1

where w} and b’ are trainable parameters.

As shown in Fig. [2] each pathway processes the input
through a distinct nonlinear function, and the outputs
are linearly combined.

This construction allows the network to represent so-
lutions as combinations of physically motivated functions
(e.g., trigonometric or exponential), providing an induc-
tive bias toward realistic solution forms. In contrast
to approaches that rely on a single activation type, the
model can adaptively select among multiple functional
components.
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FIG. 2: Mixed-function neuron with @) parallel pathways.
Each pathway applies a distinct nonlinear function, and
the outputs are linearly combined.

The Mix2Funn architecture extends this by feeding the
mixed-function outputs into a second-order combination
layer, explicitly capturing interactions between different
basis functions. Concretely, the pre-activations are first
computed with quadratic input interactions,

s;i =b; + Zwijfﬁj + Z UmniTmTn, (4)
7 m,n

and the final output combines both first- and second-
order terms across the functional pathways:

a:b’+Zw§fi(s1;)+Zu;jfi(8i)fj(3j)- (5)

This combination of functional diversity and multiplica-
tive interactions provides a flexible representation capa-
ble of modeling oscillatory, exponential, and coupled be-
haviors within a compact architecture.

B. Sparsity and interpretability

To promote compact and interpretable solutions, we
incorporate sparsity-inducing mechanisms adapted to the
mixed-function structure.

First, the combination weights w] can be parameter-
ized using a temperature-controlled softmax:

eai/T

(6)

l
w; = ¢

Z Z?:l e /T’

where «; are trainable logits, T" controls the sharpness of
the distribution, and c is a learnable scale. Lower values
of T encourage sparse selection of basis functions [36] 37].



Second, dropout is applied at the level of functional
pathways rather than neuron outputs. During training,
individual terms f;(s;) are randomly masked before the
final combination layer, encouraging robustness and pre-
venting reliance on a single basis function [38].

Finally, we apply magnitude-based structural prun-
ing to the mixing weights wj. Setting small coeffi-
cients to zero removes the corresponding functional path-
ways, simplifying the learned representation. The pruned
model is then fine-tuned to recover performance. This
approach operates at the level of functional components
rather than individual weights [39], enabling direct ex-
traction of compact analytical expressions.

IV. RESULTS

We evaluate MixFunn and Mix2Funn on three bench-
mark problems spanning classical mechanics, fluid
dynamics, and quantum mechanics. All models are
trained using a standard PINN loss with the Adam
optimizer [40], without advanced training schemes
such as causal or curriculum learning, so that per-
formance differences can be attributed directly to
architectural choices. For all MixFunn/Mix2Funn
models, we use a basis set of Q = 7 functions:
{sin(s), cos(s), exp(—|s|), exp(Js|), v/Is] + ¢, log(ls|  +
€),s}. Each experiment is run five times with different
random seeds; shaded regions in plots indicate variance
across runs. No dropout or pruning is applied in the ar-
chitectural comparison experiments; these techniques are
used only for symbolic extraction. Full implementation
and hyperparameter details are provided in Appendix B}

Performance is evaluated against known analytical or
high-fidelity numerical solutions using Mean Squared Er-
ror (MSE). Generalization is assessed on a held-out test
domain outside the training region.

A. Damped harmonic oscillator

The damped harmonic oscillator is a canonical test for
spectral bias, as standard MLPs are known to struggle
with periodic solutions over long time horizons [41]. The
governing equation is:

d*z dx
— — 4+ kr=0 7
m—z +y T kr=0, (7)
with parameters m = 1, k = 1, v = 0.1, and initial

conditions z(0) = 1, ©(0) = 0. The training domain is
t € [0,40] (1024 collocation points); the test domain is
t € (40,80].

Figure 3| compares the three architectures. The base-
line MLP correctly learns the solution for ¢ S 15 but then
collapses to the trivial solution x(¢) = 0. This progressive
failure is characteristic of spectral bias [20]: the network
first captures low-frequency components but cannot sus-
tain the persistent oscillations, eventually finding that

the zero function minimizes the average residual over the
full domain. MixFunn captures the decaying oscillatory
pattern but shows noticeable phase and amplitude errors
at later times. Mix2Funn, by contrast, achieves an accu-
rate fit across both training and test domains, correctly
modeling the frequency and exponential decay envelope
throughout. Quantitative results are given in Table[l]

1. Analytical extraction

A distinctive capability of MixFunn is the extraction of
closed-form analytical expressions from trained models.
Starting from the best Mix2Funn model (77 parameters),
we apply the structural pruning procedure described in
Section III. As shown in Fig. the physics loss does
not degrade with increased sparsity; it reaches its mini-
mum near 100% pruning, indicating that a very simple
functional form is sufficient to describe the underlying
physics.

Pruning reduces the model from 77 to just 5 parame-
ters, a reduction of four orders of magnitude, and only
0.0075% of the size of the baseline MLP. The resulting

analytical expression is:
z(t) = 1.085 sin(1.006t + 1.497) ¢~10-085¢+0-13] - (g)

which closely matches the true solution e (t) = sin(t+
7/2) e 995 The architecture has independently recov-
ered the correct functional form, an exponentially decay-
ing sinusoid, with parameter values close to the ground
truth.

B. Burgers equation

To evaluate performance on a nonlinear PDE, we con-
sider the 1D viscous Burgers’ equation [42H44]:

du ou  u

e Y %l 9

o~ or " Voar ®)
with viscosity k& = 0.01/m, sinusoidal initial condition
u(x,0) = —sin(rz), and periodic boundary conditions

u(=1,t) = wu(l,t). The training domain is (x,t) €
[—1,1] x [0,1] (2048 collocation points); the test domain
is t € (1,2]. A high-fidelity numerical solution obtained
via a fourth-order Runge-Kutta finite-difference scheme
serves as ground truth. We compare Mix2Funn against
the baseline MLP and a Hybrid model that replaces the
first MLP layer with a second-order neuron layer [45].
The Burgers equation results reveal a more nuanced
behavior. As shown in Table [[T, the MLP achieves the
lowest test MSE, while Mix2Funn obtains a lower train-
ing error with fewer parameters. However, the qualita-
tive comparison in Fig. [f] suggests that the MLP solu-
tion is overly smooth and does not accurately reproduce
the wave-front steepening characteristic of Burgers dy-
namics. Therefore, in this case, the average MSE should
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FIG. 3: Predicted solutions for the damped harmonic oscillator using (a) MLP, (b) MixFunn, and (c¢) Mix2Funn. The
vertical dashed line at ¢ = 40 marks the boundary between training and test domains. The MLP collapses to the
trivial zero solution; Mix2Funn accurately tracks both the frequency and decay envelope throughout.

Model Parameters Training error Test error Lowest error
MLP 66433 1.43x 1072 £2.08 x 10~° 243 x107°+£7.74 x 107° 235 x 1077
MLP 193 718 x 1072 £1.47 x 1073 223x1072+1.88x107° 2.34 x 1073
MixFunn 21 429 x10724+1.90 x 1073 1.47 x 1072 +4.94 x 1074 1.42 x 1072
Mix2Funn 7 2.68 x 1073 +2.57x10"% 1.04 x1072+8.86 x 10* 1.37 x 10~*

TABLE I: Training and test errors for the damped harmonic oscillator. Mix2Funn achieves a lower error than both
MLP variants despite using far fewer parameters, with the best run reaching an order of magnitude lower error than

the best MLP.
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FIG. 4: Physics loss as a function of pruning ratio for
the Mix2Funn model on the damped harmonic oscillator.
The minimum loss is achieved near complete pruning,

confirming that the solution is well-described by a single
dominant functional form.

not be interpreted as a complete measure of physical fi-
delity. Since the test domain contains extended regions
where the solution approaches small values, a smooth or
near-zero prediction can obtain a low average error while
failing to capture localized structures.

The Hybrid model achieves consistently competitive

lModel [Parameters[Residual error[Train error[Test errorl
MLP 353 0.123 0.202 0.089
Mix2Funn 56 0.155 0.218 0.215
Hybrid 73 0.182 0.171 0.185
Pruned 4 0.727 0.144 0.410

TABLE II: Quantitative comparison for the Burgers
equation. The pruned Mix2Funn achieves the lowest
training error with only 4 parameters. The Hybrid model
offers a strong balance of accuracy and compactness.

performance in both domains, confirming that even a
single second-order layer provides a meaningful boost in
representational capability. Mix2Funn achieves this with
only 56 parameters compared to 353 for the MLP.

Applying the iterative pruning procedure (detailed in
Appendix yields a 4-parameter model with the ex-
tracted expression:

u(z,t) = 0.971 cos(—1.123 sin(mwx) t + 3.160x + 1.572).
(10)
While this cosine-based form differs from the Cole-Hopf
series solution, it approximates the solution’s shape
within the training domain.
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FIG. 5: Training (a) and test (b) errors for the Burg-
ers equation across varying parameter counts. Mix2Funn
achieves lower training error than the MLP; the Hy-
brid model achieves competitive performance in both do-
mains.

C. Quantum infinite square well

To demonstrate applicability beyond initial-value
problems, we apply Mix2Funn to the time-independent
Schrodinger equation for the infinite square well [46]:

wey

o a2 x € [-1,1], (11)

with boundary conditions (1) = 0. Rather than solv-
ing for a single eigenstate, we train a general model that
accepts both position 2 and v/E as inputs, enabling pre-
diction across multiple energy levels from a single net-
work.

Eigenvalues are identified by scanning candidate val-

ues of VE and selecting those that minimize the PINN
residual loss, as shown in Fig. [7] The model is trained
on the first two excited states only, and generalization is
evaluated on the ground state and third excited state.

Figure [§shows predicted wavefunctions for all four en-
ergy levels. The MLP provides reasonable approxima-
tions for the training states but produces phase-shifted
predictions for the unseen states. Mix2Funn delivers ac-
curate predictions for all four levels, including those not
seen during training. This generalization is further con-
firmed in Fig. [0} the MLP shows low loss only at the
training energies, while Mix2Funn identifies sharp min-
ima at all true eigenvalues across the spectrum.

Applying structural pruning to the trained Mix2Funn
yields the compact analytical expression:

Y(x, E) =1.38 sin(0.9998\/E x4+ 8.01VE + 9.359) ,
(12)
which  closely approximates the true solution
Yorue(z, B) = 2sin(v/Ex), up to a constant phase
shift.

V. CONCLUSIONS

In this work, we introduced MixFunn and Mix2Funn,
novel neural network architectures designed to serve as
highly expressive and efficient backbones within physics-
informed learning frameworks. We argued that the
standard Multi-Layer Perceptron used in most Physics-
Informed Neural Networks acts as a bottleneck due to
its limited representational power and spectral bias. Our
architectures address these limitations through two key
components: the mixed-function neuron, which uses a
parallel structure with a basis of physically-motivated
functions, and the second-order neuron, which explicitly
models input cross-combinations.

The design of this architecture is inspired by the
common forms of solutions to differential equations en-
countered in physics, where trigonometric and exponen-
tial functions, often coupled with cross-combined terms,
frequently appear. By embedding this inductive bias
through carefully selecting nonlinear functions, the model
structure is aligned with the expected solution space, pro-
moting efficiency and accuracy.

We evaluated MixFunn on three benchmark problems:
the damped harmonic oscillator, Burgers’ equation, and
the quantum infinite well. An additional experiment on
the forced damped harmonic oscillator is presented in the
Appendix. All models were trained in a fully unsuper-
vised manner using only residual, boundary-condition,
and initial-condition losses. Despite the challenges asso-
ciated with training without supervised data, MixFunn
achieved consistent performance across all benchmark
problems.

To further enhance generalization, we incorporated
a suite of regularization techniques, including dropout,
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FIG. 6: Solutions for Burgers’ equation: (a) numerical reference, (b) MLP, (c) Mix2Funn, (d) Hybrid. The MLP
produces an overly smooth solution that misses the wave-front steepening. Mix2Funn and the Hybrid model align

more closely with the reference.

pruning, and function normalization. These methods en-
courage competition among different nonlinear functions
and neurons, effectively reducing loss while simplifying
the resulting models. Notably, our approach drastically
reduced the number of parameters, up to four orders of
magnitude fewer than the standard MLP architecture,
without compromising performance. This significant re-
duction in model complexity decreases computational
overhead and facilitates the extraction of interpretable
analytical expressions from the trained models.

Furthermore, we demonstrated that the interpretabil-
ity of our architecture is one of its key advantages. By
combining the mixed-function basis with targeted, struc-
tural regularization techniques, we were able to distill
trained networks into concise, human-readable analytical
expressions. This unique capability bridges the gap be-
tween numerical solvers and symbolic methods, offering
deeper insight into the structure of the learned solutions.

Rather than competing directly with specialized state-

of-the-art architectures, our contribution is to provide a
general-purpose backbone that prioritizes compactness,
interpretability, and physical plausibility. This makes
MixFunn particularly well-suited as a modular compo-
nent: it can be integrated into existing frameworks or
combined with advanced training strategies to enhance
their efficiency and transparency. By focusing on archi-
tecture rather than optimization heuristics, we demon-
strate that substantial gains in generalization and inter-
pretability can be achieved independently of the training
protocol.

DATA AVAILABILITY

The code for the MixFunn architecture, along with the
examples shown in this article, can be found at https:
//github.com/tiago939/MixFunn.
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Appendix A: Physics-Informed Neural Networks
formulation

For completeness, we provide a detailed overview of
the PINN framework used throughout this work.

We consider a differential equation written in operator
form as:

Dlutruel(v) =0, (A1)
where e 18 an unknown function defined on the do-
main e : Q € F¢ — K™, with F and K denoting
either R or C, d the number of independent variables,
and m the number of dependent variables. Here v € ()
denotes the set of independent variables.

To ensure a unique and physically meaningful solu-
tion, the differential equation is supplemented with ini-
tial and/or boundary conditions (IC/BCs) imposed on
the boundary of the domain 9€:

B[utrue](v) = g(V), for v € 89, (A2)
where B is a boundary operator and g(v) is a known
function.

In the PINN framework, the solution ¢ ye iS approx-
imated by a neural network ug with parameters 6. The
residual of the differential equation is defined as

r(v) = Dlug)(v), (A3)
which is generally non-zero for an untrained network.
The residual loss is computed as the mean squared error
over a set of Ny collocation points {vi, }Ne sampled
from the domain Q:

£res =

1 Niyes ) 9
Nres Z |D[u9](v§es)| °

(A4)

Collocation points are typically sampled randomly
from the domain at each training iteration.

Minimizing the residual loss alone is insufficient to
guarantee a unique solution. To enforce the initial and
boundary conditions, additional loss terms are intro-
duced. The boundary loss is defined as

1 Npc i ; 2
Lpc = Noc ; ‘B[ue](VBc) = 9(vpo)| - (A5)

where {V{Bc };lec are points sampled from the boundary
o0

Similarly, the initial condition loss is given by

Nic

1
Lic=— A6
10= N ; (A6)

. o2
UG(VfC)_UtrUE(V{C) )

where {v{c }é\leg are the points at which initial conditions
are specified.
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The total loss function minimized during training is a
weighted sum of these components:

Ltotal = )\rescres + /\IC[/IC + )\BC‘CBCa (A7)

where A5, A1, and Apc are hyperparameters controlling
the relative importance of each term.

By minimizing Liotal, the neural network learns an ap-
proximate solution that satisfies both the governing dif-
ferential equation and the associated boundary and ini-
tial conditions, leading to a physically consistent approx-
imation of the true solution.

When evaluating generalization outside the training
domain (e.g., extrapolation in time), it is typically as-
sumed that the governing equations and boundary /initial
conditions remain valid, such that the extended problem
remains well-posed.

Appendix B: Implementation details

1. Efficient implementation of the second-order
neuron

The quadratic form of the second-order neuron,

s =b+ Wx +xUx, (B1)

can be implemented efficiently by expanding the input
into an extended feature vector:

(B2)

Xext = concat (x, vech(xx")),

where vech(-) extracts the lower triangular elements (ex-
cluding the diagonal) of xx”', yielding a vector of dimen-
sion N + Y%=D " The neuron output then reduces to a
single linear transformation:

S(X) =b+ Wcomp Xext (B?))

where Weomp € R ™5 contains both linear and
quadratic coefficients. This formulation is mathemati-
cally equivalent to the quadratic form and is suitable for
efficient GPU implementation.

2. Initialization strategy

Training second-order neurons presents a stability
challenge: quadratic features can have significantly larger
variance than linear features, potentially causing gradi-
ent explosion if a single initialization scheme is applied
uniformly.

To address this, we adopt a hybrid initialization strat-
egy. The linear weights are initialized using Glorot ini-
tialization [47], while the quadratic weights are initialized
from a zero-mean normal distribution with small vari-
ance. This ensures the network behaves approximately
linearly at the start of training, promoting stability dur-
ing early optimization. We found this strategy to be
consistently stable across all experiments reported in this
work.



3. Regularization procedures
a. Softmaz-based functional selection

To encourage sparse selection of basis functions, the
mixing weights w, are parameterized through logits «;
and a temperature-controlled softmax:

w;=c e/ (B4)
i — &0 .
Z?:l e/ T

where c is a learnable scaling factor and T is the tempera-
ture parameter. During training, 7" can be gradually de-
creased (annealed), causing the distribution to sharpen.
In the limit T — 0, the softmax approaches a one-hot
selection, effectively activating a single dominant basis
function and promoting interpretability [36, [37].

b. Dropout on functional pathways

We apply dropout directly to the outputs of the func-
tional pathways rather than to neuron outputs. For a
given input z:

1. Compute s; = W,z + b; and evaluate f;(s;) for all
7.

2. Sample a binary mask m € {0,1}%, where each
m; ~ Bernoulli(1 — p).

3. Apply the mask: fi(s;) = m;fi(s;).

4. Compute the neuron output:
Q ~
a=b+3 w fi(s:). (B5)
i=1

This targeted form of dropout prevents the network from
relying on a single functional component, encouraging
more robust and distributed representations across the
basis.

c. Structural pruning

To obtain compact and interpretable models, we per-
form magnitude-based pruning on the mixing weights wj:

1. Train the full model to convergence.

2. Identify mixing weights w] with the smallest abso-
lute values.

3. Set these weights to zero, permanently removing
the corresponding functional pathways.

4. Fine-tune the pruned model to recover any lost per-
formance.
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Unlike standard weight pruning, which removes indi-
vidual parameters, this approach eliminates entire func-
tional components. As a result, the learned represen-
tation is simplified at the level of symbolic terms, en-
abling direct extraction of concise analytical expressions
[39]. When softmax parameterization is used, pruning
is equivalently implemented by assigning large negative
values to the corresponding logits «;.

Appendix C: Additional results
1. Forced harmonic oscillator

To assess performance under an external driving force,
we consider the forced harmonic oscillator with F(t) =
Fysin(wt), in the near-resonance regime with m = 1,
k=1 v=0.1, Fp = 1, and w = 0.9. The training
domain is t € [0, 40]; the test domain is ¢ € (40, 80].

Figure [10] compares the predicted solutions. The base-
line MLP collapses to a constant value immediately upon
leaving the training domain. Mix2Funn correctly extrap-
olates the oscillatory behavior but exhibits a slight un-
physical amplitude growth, indicating minor instability.
This trade-off is quantified in Fig. Mix2Funn main-
tains substantially lower cumulative error throughout the
evaluated domain, though its error accelerates for ¢t > 80
due to the mild instability.

2. Impact of training domain size on generalization

We investigate how the size of the training domain af-
fects generalization for Mix2Funn on the damped har-
monic oscillator. The training interval ¢ € [0, Tiax] is
varied with Ty,ax € {10, 20,40, 60,80}, using 1024 collo-
cation points in each case. Generalization is evaluated
on a fixed test domain ¢ € (80, 150].

As shown in Fig. generalization error decreases
monotonically with Ty,c. A larger training domain
forces the network to find a parameterization valid over
a longer time horizon, which naturally improves extrap-
olation. This supports the interpretation that Mix2Funn
learns the underlying dynamics rather than simply inter-
polating.

3. Basis function ablation

To assess the sensitivity of MixFunn to ba-
sis function selection, we compare the full basis
{sin, cos, exp, log, v/-, s} against a restricted basis with
the periodic functions (sin, cos) removed, on the damped
harmonic oscillator.

Figure [I3] shows a clear performance gap. The full-
basis model converges rapidly to a low residual error,
while the restricted model converges more slowly and
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FIG. 10: Predicted solutions for the forced harmonic oscillator. The MLP (a,c) collapses to a constant value in the test

domain. The best Mix2Funn run (d) correctly extrapolates frequency and phase but shows mild amplitude growth.
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FIG. 11: Cumulative error for the forced harmonic oscil-
lator. Mix2Funn maintains lower total error throughout
the evaluated domain; the accelerating growth for ¢ > 80

reflects the mild instability visible in Figure 10}

consistently yield lower error on the held-out test domain.

plateaus at a higher error, behaving similarly to a stan-

efficiency, while the architecture remains functional even

with a suboptimal basis.

dard MLP. This confirms that including basis functions

aligned with the expected solution form is important for
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FIG. 13: Convergence comparison between the full-basis
MixFunn (including sin, cos) and a restricted-basis vari-
ant (monotonic functions only). Shaded regions indicate
one standard deviation over five runs. The restricted ba-
sis leads to slower convergence and higher final error.
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4. Iterative pruning procedure for Burgers
equation

The analytical expression for the Burgers equation re-
quired an iterative pruning process. Starting from the
best-performing Mix2Funn model (0% pruning, 56 pa-
rameters), we identified secondary loss minima at 20%
and 80% pruning ratios. We selected the 80% pruned
model and fine-tuned it for 1000 additional epochs, re-
taining the checkpoint with the lowest training loss. This
was followed by a second fine-tuning phase at 90% prun-
ing under the same protocol, yielding a final model with
4 parameters. The extracted expression is reported in
the main text.
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