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Abstract

In this work, we propose a scheme for the generation of atom—photon entangled
states in a hybrid system comprising a x(?) nonlinear medium and a multilevel
atom, both embedded inside a cavity. Under appropriate tuning of the pump,
cavity modes, and control-pulse frequencies, a pump photon is coherently down-
converted into a single cavity photon while simultaneously exciting the atom,
thereby generating a joint atom—photon excitation. In this setting, it is possible
to generate an entangled state between the photon and the atom. By generat-
ing the excitation directly within the atomic system, importantly, this approach
avoids the fundamental inefficiencies that arise when interfacing single photons
with quantum memories. The nonlinear medium is driven by a pump pulse,



while a control pulse transfers the atomic excitation to long-lived memory states.
The properties of the emitted photon, particularly its central frequency, are
determined by the interplay between the pump, control field, and cavity modes,
providing the flexibility to tailor the emitted photon to existing quantum com-
munication channels. Thus, the proposed scheme offers a promising route toward
the realization of quantum repeater nodes in quantum networks.

Keywords: quantum optics, quantum networks, atom—photon entanglement, cavity
QED

Introduction

Quantum networks [1-4] comprise coherent communication channels that preserve
quantum information during transmission, and quantum nodes that generate, process,
and store it. Optical photons are particularly well suited as carriers of quan-
tum information due to their low propagation losses, compatibility with existing
telecommunication networks, and robust qubit encodings such as polarization [5-7].
Realization of quantum nodes, therefore, requires an efficient interface for coherent
exchange of quantum information between stationary qubits and propagating photonic
modes [7]. In this context, stationary qubits function as quantum memories (QMs),
ensuring high-fidelity storage and retrieval of quantum states. In such photonic net-
works, one of the most widely implemented approaches to quantum nodes relies on
absorptive quantum memories (QMs) [8-10]. In this scheme, a photon-pair source and
a stationary qubit (acting as a QM) are placed at each node. One photon from an
emitted pair is stored locally in the qubit while the other is transmitted. The photons
emitted from neighboring nodes are then interfered in a Bell-state measurement, which
heralds entanglement between the remote QMs [2, 11-14]. The performance of such
node architectures therefore depends crucially on an efficient interface between station-
ary QMs and propagating photonic modes, making this interface a central requirement
for large-scale quantum networks. QMs can be realized in a range of systems with
long coherence times, including trapped atoms or ions, atomic vapours, rare-earth-
ion-doped crystals, and solid-state spin systems [15-20]. Photon-pair sources, on the
other hand, are commonly based on nonlinear processes such as parametric down-
conversion (PDC) [21, 22] and spontaneous four-wave mixing (SFWM) [23, 24]. These
sources offer broad control over the spectral, spatial, and polarization properties of the
generated states [25], and in nondegenerate schemes one photon can be tailored for
transmission while the other is mapped to a particular quantum memory [25-27]. How-
ever, due to the inherent probabilistic nature of photon-pair generation via PDC and
SFWM [28], together with imperfect photon—memory interfacing efficiencies arising
from residual mode mismatch [29, 30], the overall probability of generating a photon
entangled with the internal states of a QM is substantially reduced. Such a proba-
bilistic operation constitutes a major hurdle in the development of scalable quantum
networks.



Another promising route uses single quantum emitters in free space [31], which
can deterministically emit a single photon entangled with the internal state of the
emitter [32]. In free space, however, the light—-matter interaction is typically too weak
to enable efficient and reversible exchange of quantum information between a pho-
tonic channel and a single emitter, as the atomic absorption cross section is much
smaller than the cross-sectional area of the incident optical beam [33]. Cavity-QED-
based schemes address this limitation by strongly coupling an atom to a cavity
mode, enabling deterministic atom—photon entanglement generation, for example via
vSTIRAP [33-37]. However, these schemes usually produce photons in the visible
or near-infrared ranges, and the emission frequency is largely fixed by the atomic
transition, which limits spectral tunability and compatibility with telecommunication
wavelengths. One possible solution is to employ quantum frequency conversion to con-
vert the frequency of single photons from visible or near infrared into the telecom
range suitable for long-distance communication [38, 39]. However, this approach is
limited by conversion efficiency, leading to a reduction in the probability of generating
an atom—photon entangled state.

In this paper, we propose a hybrid system for quantum nodes that combines a
nonlinear PDC source with a multilevel atom inside an optical cavity and enables
the deterministic generation of frequency-tunable atom—photon entangled states, as
depicted in Fig. 1(a). Our approach builds on the concept of atom-mediated spon-
taneous PDC introduced in Ref. [40]. In that proposal, the nonlinear photonic
environment is engineered to suppress down-conversion by eliminating the relevant
final states for one of the generated photons. A resonant two-level emitter then pro-
vides a discrete alternative degree of freedom that can host the missing excitation,
while its fermionic two-level structure suppresses higher-order pair generation. Here,
we extend this idea beyond the spontaneous regime to enable on-demand generation
of atom—photon entanglement, where the polarization of a generated single photon is
entangled with the internal states of an atom.

In our scheme, we consider a multilevel atom coupled to the modes of an optical
cavity containing a nonlinear x(?) medium. Related hybrid architectures combining
nonlinear processes with quantum emitters have recently attracted interest for quan-
tum state engineering and entanglement generation [41-44]. In our configuration, the
cavity resonances are deliberately detuned from the frequencies required for efficient
PDC. As a result, the PDC process is suppressed within the cavity, while the atom
provides the additional degree of freedom necessary to facilitate the down-conversion
process. In this way, pump driving generates a cavity photon together with an atomic
excitation, yielding an entangled state between the polarization of the emitted photon
and the internal excited states of the atom. By operating in the high-gain regime and
shaping the pump pulse appropriately, this atom—photon entangled state can be gen-
erated on demand. We then introduce a control pulse that drives the excited states to
long-lived atomic states, thereby preserving the entanglement by storing it in a long-
lived atomic memory. Since the spectral modes and output spatial modes of nonlinear
optical cavities can be strongly tailored, such a system can, in principle, be engineered
for efficient coupling to optical fibers or free-space channels without the need for extra
postprocessing, such as quantum frequency conversion. Simultaneously, this hybrid



approach overcomes both the problems of the probabilistic nature of photon-pair gen-
eration in nonlinear sources and coupling between photon-pair sources and quantum
memories, altogether by using the hybrid approach. Hence, the proposed hybrid system
provides a promising, versatile building block for quantum node architectures.

The outline of the paper is as follows. In Sec. 1, we introduce the hybrid system
and provide a brief overview of the proposed protocol. In Sec. 2, we present a theoret-
ical description of the operating principle of the hybrid system using a step-by-step
approach, gradually increasing the level of system complexity. We then analyze the
effects of cavity losses and atomic spontaneous emission, and discuss how these pro-
cesses influence the generation probability of the atom—photon entangled state. Finally,
in Sec. 3, we summarize our conclusions.

1 The Hybrid System

In this section, we introduce the proposed hybrid system designed to generate entan-
glement between the polarization degree of freedom of a single photon and the internal
quantum states of an atom. The system comprises of a nonlinear x(?) media embed-
ded in a cavity, as depicted in Fig. 1(a). The cavity supports two frequency-degenerate
idler modes at frequency w; and two degenerate signal modes at frequency w,. For each
frequency manifold, the two modes are mutually orthogonal, corresponding to right-
circular (R) and left-circular (L) polarizations, as shown in Fig. 1(b). For reference,
the nonlinear cavity is engineered such that, in the absence of the atomic system, it
generates a frequency-nondegenerate, polarization-entangled photon-pair state of the
form % (NL,,1r.) + |1gr;,11,)) when operated in the SPDC (low-gain) regime and
pumped with a pump beam of frequency w, = ws + w;. However, in the present work,
the cavity resonances are intentionally detuned from this condition. Here, the idler
photon, with circular polarization states |1z,) or |1g,), is maximally entangled in the
polarization degree of freedom with the signal photon, with states [1_) or [1g,).
The hybrid system then consists of this nonlinear cavity, along with a multilevel
atom serving as a quantum memory embedded in it. The relevant energy levels of the
atom are shown in Fig. 1(c), and comprise a ground state |g), two degenerate excited
states |e1) and |eq) with transition energies fiw. (with respect to |g)), and two degen-
erate long-lived states |m1) and |ms) separated from the ground state by an energy
hw,,. The employed level structure is representative of a class of atomic (or atom-like)
systems commonly used for quantum memories, such as alkali atoms (e.g., rubidium
or cesium) [45, 46]. For concreteness, we consider an atomic-level scheme inspired by
the 8"Rb quantum memory demonstrated in Ref. [47]. An explicit mapping to the
corresponding 8"Rb hyperfine states is provided in the Supplementary Material(see
Sec. S5). The idler modes of the cavity couple to the atomic dipole transitions con-
necting the ground state |g) to the excited states |e;) (j = 1,2). Here we assumed
that the L polarized idler mode drives the transition |g) <> |e;) and R polarized idler
mode drives the transition |g) <> |e2), consistent with angular-momentum selection
rules. Finally, to transfer the excitation from the atomic excited states to the long-
lived states, we drive the atom with a control pulse as shown in Fig. 1(a). The control
pulse has a 7 polarization, enabling the atomic transition from |e;) — |m;) [47, 48].
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Fig. 1: (a) Schematic of the proposed setup. A pump pulse at frequency w,, detuned
from the conventional PDC resonance condition w, = wy 4+ w;, drives a x® nonlinear
cavity. The cavity modes are coupled to an atomic quantum memory through the idler
modes, while a control pulse at w. couples the excited atomic states to long-lived states.
(b) Cavity optical modes spectrum highlighting the signal and idler resonances, each
supporting two frequency-degenerate modes with orthogonal polarizations, where in
our example we choose left- (L) and right-circularly (R) polarized modes. (c) Atomic
level structure of our quantum memory showing the ground state |g), long-lived states
|m1), |m2), and excited states |e1) , |e2), along with relevant transition frequencies wy,
and we.

The system allows for two possible configurations for generating atom-—photon
entangled states. One omits the control pulse and generates a state in which the entan-
glement is shared between the excited states of the atom {|e;)} and the polarization of
the signal photon. Such entangled states can serve as building blocks for the genera-
tion of larger multipartite entangled states, including cluster and GHZ states [49, 50].
The second approach involves a control pulse and generates an atom—photon entangled
state in which the entanglement is shared between the long-lived atomic states {|m;)}
and the polarization of the signal photon. Such states have applications in quantum
node architectures, as discussed in the introduction.



To generate the atom—photon entangled state in which entanglement is shared
between the excited states of the atom and the polarization of the signal photon, the
nonlinear medium is driven by a pump pulse with a carrier frequency w,, while the
cavity idler modes drive the atom. Two main interactions occur in this scheme: (i) An
off-resonant PDC process, where the pump frequency is chosen such that w;, # w; +ws,
resulting in a transient population of the polarization-entangled photon-pair state
within the cavity modes. (ii) An off-resonant atom-field interaction, where the idler-
mode frequency w; is detuned from the atomic transition frequency w., causing the
lg) < |e;) transition to be driven off-resonantly. Although each process is non-resonant,
by carefully choosing the detunings, their combined action can result in an overall
energy-conserving higher-order process if the energy of a single pump photon equals
the combined energy of the signal photon and the atomic excitation, i.e., hw, =
huws~+hwe. This results in the generation of an entangled atom—photon state of the form
% [lg.,e1) — % |11.,e2). The off-resonant driving of the PDC process plays a key
role in suppressing signal and idler photon buildup in the cavity and restricting their
presence to transient excitations. The presence of the atom provides that extra free
state that allows the pump photon to efficiently down-convert into a signal photon and
an atomic excitation [40]. In this way, the scheme avoids the need to load a previously
generated photon into the atom. Since there are no further high-energy states in the
atom with Aw,. energy difference above the excited state, the generation of two or more
excitations in the signal mode is suppressed. Thus, with a carefully selected length
and amplitude for the pump pulse, our system can ensure the generation of a pure
single-photon entangled with the atom.

To generate an atom—photon entangled state in which the entanglement is shared
between the long-lived atomic states and the polarization of the signal photon, the
atom is additionally interacted with a control pulse of carrier frequency w,. In this
scheme, three main interactions occur in a higher-order process. The first two inter-
actions are similar to those described previously, although with a different pump
frequency, while the third process is given by (iii) the control pulse off-resonantly
driving the transition |ej 2) ¢+ |mq 2). The three detunings are chosen such that the
following energy conservation condition is satisfied: Aw, = Aws + hwy, + Aw,.. This con-
dition enables the pump photon to be converted into a signal photon in the cavity while
the remaining excitation is shared between the atomic long-lived state and the control
field. As a result, the overall resonant interaction generates an atom—photon entangled
state in which the entanglement is shared between the long-lived atomic states and the
polarization of the signal photon, generating the state % [1r,,m1)— % [11.,m2), as
depicted in Fig. 1(a).

2 Theoretical Description, Results and Discussion

In this section, we expound on the theoretical description of our system. Since the
overall dynamics involves interaction between multiple off-resonant processes, it will
be instructive to introduce the underlying physics in steps. To that end, we first discuss
on- and off-resonant parametric down-conversion (PDC) processes. We then introduce
the multilevel atom inside the cavity and describe the resulting hybrid platform of



atom and nonlinear cavity, emphasizing its functionality as a source of deterministic
atom—photon entangled states.

2.1 On- and Off-Resonant Parametric Down Conversion
(PDC) in the Nonlinear Cavity

The interaction-picture Hamiltonian governing PDC inside the nonlinear cavity
(without the presence of the atom) is

Hi(t) = RALE() [l b, + afb] | e/ + Hee.

Here, A, denotes the effective nonlinear coupling strength, which has units of a rate,
and determines how rapidly the system evolves under the PDC process. It is propor-
tional to the peak pump electric field amplitude, the x® nonlinearity of the medium,
and the spatial mode overlap between the pump and the cavity-mode fields [51]. In
our numerical simulations, we take A, to be real and time-independent. We express it
in units of €2, the atom—cavity field coupling strength, which serves as a natural scal-
ing parameter for the system. The envelope £(t) is dimensionless and describes the
slowly varying temporal profile of the pump pulse. The operators dTL r and lA)E R are
the creation operators for the idler and signal modes, respectively. The subscripts L
and R denote left-circular and right-circular polarizations, respectively. The detuning
Ay = wp — ws — w; quantifies the mismatch between the pump central frequency w,
and the sum of the signal and idler frequencies w, + w;. When Ay = 0, the process is
on resonant, whereas A; # 0 corresponds to an off-resonant PDC process.

We begin by studying the cavity states under both on-resonant (A; = 0) and
off-resonant (A; # 0) driving conditions. To simplify the analysis of the nonlinear
process, we first consider continuous-wave (CW) driving, setting £(t) = 1 for all ¢ > 0.
The use of a CW pump allows us to develop physical intuition, as the underlying
dynamics are more analytically transparent in this regime. In the pulsed case, the
interaction strengths acquire an explicit time dependence through the pulse envelope.
However, this does not introduce additional dynamical pathways. Consequently, the
qualitative behavior of the system is governed by the same effective processes in both
the CW and pulsed regimes. The initial state is taken to be the vacuum state for
the cavity modes, denoted as |0) = |0,0,0,0). The four-mode Fock basis is ordered
as |nr,, nr,, NL., NR.), corresponding respectively to the left- and right-circularly
polarized idler and signal cavity modes.

When the nonlinear cavity is driven by a pump field of frequency w, on resonance
(A1 = 0), it results in the generation of a time-dependent squeezed vacuum state of the
form [thsq(t)) = Wm oo o V/n+1 tanh™(r(t))|¢y) , inside the cavity as depicted
in Fig. 2a. The parameter r(¢) is the interaction strength (squeezing parameter); in the
CW case, it is given by r(t) = Apt, and more generally by r(t) = fioo AL E(t)dt’ [41].
The squeezing parameter determines the probability of generating the states |¢,).
Here, |¢,) = >0 \/ﬁ |[n —m, m, m, n —m), which corresponds to a 2n-photon
polarization-entangled state [28, 52-54]. The n = 0 term corresponds to the vacuum
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Fig. 2: Investigation of the nonlinear cavity in the absence of the atom. (a) On-
resonant excitation (A1 = w, —ws —w; = 0) leads to a gradual buildup of the higher-
order photon-pair states, or more precisely the 2n-photon polarization-entangled states
|pn) = ﬁ > ol —m,m,m,n —m). This is accompanied by a depletion of the
vacuum state |0) over time. The population of each photon-pair state initially increases,
reaches a maximum, and subsequently decreases as population is transferred to higher-
order states. (b) Off-resonant excitation (A; = 6Q) suppresses the population of the
photon-pair states, with |¢o) and |¢3) remaining negligibly populated, and induces
oscillatory dynamics in the states. In both panels, the nonlinear coupling strength is
fixed at A, = 0.2Q under continuous-wave (CW) pumping.

state, n = 1 to an entangled photon-pair state, and larger values of n describe entan-
gled multi-photon states. The n = 1 state, which will play a central role throughout
the remainder of this work, has the form |¢;) = % 1z, 1r.) + % [1g,, 11.) . Here,
for brevity, we omit modes with zero photon occupation in our notation, which, when
not shown, are implicitly assumed to be in the vacuum state.

Fig. 2a shows the temporal evolution of the occupation probabilities of the lowest
four states, |0) through |¢s). At the beginning of the interaction, the probability of
the vacuum state |0) decreases gradually, while the probability of the state |¢1) begins
to increase. In this regime, the system operates in the low-gain regime, where the
probability of higher-order states |¢,>2) remains negligible. As the interaction time
increases, corresponding to a larger squeezing parameter r(t), the system transitions
to the high-gain regime, characterized by a significant population of multi-pair states
such as |¢o) and |¢3). Thus, the probability of generating the state |¢,) for n > 1
initially increases, reaches a maximum, and then gradually decreases. This behavior
arises from the coherent redistribution of population among different photon-number
states, where higher-order contributions become increasingly significant in the high-
gain regime. The maximum probability of generating the state |¢1) is approximately
0.30 [28, 53]. This value represents a fundamental limit on the probability of generating
an entangled photon pair using PDC, arising from the unavoidable population of
higher-order multi-photon states. This limitation is further exaggerated when one of



the photons (e.g., idler) is to be loaded into a Quantum Memory (QM) to generate a
light—matter entangled state. Since the coupling to the QM also has a limited efficiency,
the overall probability of generating the required atom-photon entangled state will
always be smaller than 0.30. Therefore, a nonlinear cavity with its output sent to a
QM cannot serve as a deterministic source of atom—photon entangled states.

In the remainder of this work, we show how these intrinsic limitations can be
addressed by effectively diverting the idler mode excitations directly into the atom.
The central idea is to suppress the generation of the states |¢,) for n > 1, and
simultaneously facilitate the buildup of the state [te, e,) = % [1gr.,e1)— % [1L.,€e2)
O [Ymy ma) = % 1g., mﬁ—% | 11.,m2) inside the cavity over the interaction period.
To suppress the buildup of states |¢,) for n > 1, we use the PDC process in an off-
resonant pumping regime (A; # 0). In this regime, the pump frequency is detuned
from the condition w, = ws + w;, while still assuming perfect phase matching and
spatial mode overlap between the pump field and the cavity modes. Under this off-
resonant pumping, the population of the |¢,,) states cannot build up consistently, but
rather experiences a repeated constructive and then destructive interference of the
generated states. As a result, the net transition amplitude for generating the state
| ) remains small, and the population of the states |¢,,) exhibits oscillatory behavior.
For detunings much larger than the nonlinear coupling strength (A; > A,), higher-
order contributions |¢,>2) become negligible, while the state |¢1) is populated only
with a very small probability, as shown in Fig. 2b. In this regime, the dynamics
can be accurately described using first-order time-dependent perturbation theory [55].

Within this approximation, the probability of generating the state |¢;) is given by

8A

2
Py (t) = A%” siHZ(%) (see Supplementary Sec. S1 for a first-order perturbative

analysis). As can be seen, the probability is a sinusoidal function with period 2m/Aq,
which matches the behavior observed in Fig. 2b.

In the following, we show that, in this off-resonant regime, hybridizing the nonlinear
source with the atom enables the generated |¢1) excitation to be converted into [1)e, e,)
before destructive interference suppresses the cavity excitation. This, in turn, allows
atom—photon entangled states to build up.

2.2 Hybrid System of Nonlinear Cavity + Atom

In this section, we study the off-resonant PDC configuration in the presence of a
multilevel atom inside the cavity. We consider the atomic transitions |g) <> |e12) to
be off-resonantly coupled to the idler modes of the cavity with detuning As = w, —w;,
as depicted in Fig. 3a. Specifically, the left-hand circularly (L;) polarized idler mode
drives the |g) <> |e1) transition, while the right-hand circularly (R;) polarized idler
mode drives the |g) <+ |es) transition. The new Hamiltonian of the system is Hy 1, (t)+
ﬁeﬁg (t), where the atom-field Hamiltonian under the rotating-wave approximation
and in interaction picture [56] is:

Hewg(t) = 0 ag, |eq) (g] — ar le2) (g]] €22 + H.c.



We assume that the orthogonally polarized idler modes have identical spatial mode
profiles at the atomic position, and the two atomic transitions |e;) <> |g) and |es) <> |g)
have equal and opposite dipole matrix elements, such that the atom-field coupling
strength for both transitions have identical magnitude 2 and opposite signs. In the
Supplementary Material Sec. 5a, we show that equal coupling strengths for both tran-
sitions can be realized using appropriate hyperfine and Zeeman sublevels of 8’Rb. The
initial state of the atom—field system is |0;g) = |0) |g), where all cavity modes are in
the vacuum state, and the atom is in its ground state. We will also refer to this as the
vacuum state when used in the context of the hybrid system.
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Fig. 3: Investigating the generation of the atom-photon entangled state [ie, ¢,) =
% 1R, e1) — % |11.,e2) in the hybrid system of nonlinear cavity plus the atom. (a)

We = Wp — Wy
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Atomic transition scheme: right- and left-handed circularly polarized idler photons
(green spheres) off-resonantly (As; = w, — w;) couple the ground state |g) to excited
states |e1) and |es), respectively. (b) The plot shows temporal evolution of the atom-
photon entangled state [tbe, e,), vacuum state |0;g) = |0) |¢g) and single photon-pair
entangled state |¢1;g) = |#1) |g). The nonlinear coupling strength is set to 4, = 0.2Q
(same as Fig. 2, CW pumping), and detunings are Ay = Ay = 690.

The detuning A; = w, — ws; — w;, associated with the PDC process, and the
detuning As = w, —wj;, governing the atom—idler modes interaction, can be controlled
by tuning the pump frequency w, and the cavity mode frequencies w, and w;. By
appropriately choosing these frequencies, the condition A; = As can be engineered.
This corresponds to an effective energy-matching condition between the pump field
and the joint excitation of the signal mode and the atom, w, = ws; + w.. Under
this condition, the atom-cavity system can be driven from |0;g) into the entangled
state |1e, e,). The underlying process can be understood as a series of higher-order
transitions mediated by intermediate states. The dominant contribution arises from an
effective second-order transition in which the initial state |0; g) couples to |t ,) via
the off-resonant weakly populated intermediate state |¢1; g). Under the condition A; =
A,, the associated transition amplitude varies slowly in time, enabling constructive
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interference and leading to an efficient buildup of population in [, ,), as shown in
Fig. 3b.

Consistent with this understanding, in Fig. 3b, the |¢1;¢g) state is weakly excited
and exhibits fast oscillations with period ~ Z—Ti due to the off-resonant PDC interac-
tion. Furthermore, its direct coupling to |0; g) and |te, ,) induces rapid oscillations in
their populations, with the same characteristic timescale ~ Z— We also see in Fig. 3b
that |te, ,) builds up on a slower time-scale, but eventually reaches a peak value and
decreases again, following an oscillatory behavior, but with a much larger period than
the fast oscillations of |¢1; g). Below, we analyze this effect further and present a way
to take the probability of the ¢, .,) atom-photon entangled state beyond this peak
value and close to the generation probability of 1.

Motivated by the separation of time scales between the main variations in the
off-resonant (|¢1;¢)) and resonant states (|0;g) and [¢e, ¢,)), we derive an effective
two-level description to analytically capture the slow oscillatory dynamics between the
vacuum state |0; g) and the state |, ., ). This is achieved by adiabatically eliminating
the weak and fast dynamics associated with the intermediate state |¢1;g), yielding
coupled differential equations that govern the coherent exchange of population between
|0; gy and |tbe, e,) (see Supplementary Material Sec. S2 for details of the derivation).

iCo,g(t) m 22 Co (1) + Y24 0, (1),

> (1)
i 2 3A
’LCel,ez (t) ~ (%1 + Alp) 061762( ) + fAQAp C(),g( )

Here, C 4 (t) denotes the probability amplitude associated with the vacuum state |0; g),
while C¢, ., (t) corresponds to the probability amplitude of the atom—photon entangled
state |tbe, e,). The diagonal terms in these coupled differential equations (coefficients
of Cp g(t) in the first equation and C, ., (t) in the second equation) represent effective
energy or Stark shifts of the two effective levels, while the off-diagonal terms define

the effective coupling Rabi frequency Qeg = ‘[A 2 between them. The Stark-shift

2
difference is § = % <1 + ( ) ), which remains strictly non-zero, preventing exact

resonance between the two effective levels. As a result, a complete population trans-
fer from the |0; g) to |tbe, e,) is not possible under these conditions, and an oscillatory

back and forth population transfer with an effective period of m takes place,
ff

matching the observation in Fig. 3b. A detailed derivation of the solution of these cou-
pled differential equations can be found in the Supplementary Material Sec. S2.
To fully understand the performance of the hybrid system in generation of the atom-
photon entangled state |t)e, ,) under the CW pumping condition, we show the
maximum probability of generating |i., ,) as a function of A, and A; in Fig. 4b,
together with the corresponding time at which this maximum is attained in Fig. 4a,
which are obtained from the full numerical solution of the system without invoking
adiabatic elimination.

From Fig. 4a, the time to reach maximum probability increases with Ay, consistent
with Qeg, 6 o< 1/A1, which slows the dynamics. As analytically predicted, the increase
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in A, reduces this time. In Fig. 4b, for small values of detuning A; and larger values
of Ap, we see irregular behavior in the maximum probability, as the system lies in a
non-adiabatic regime. As we move to larger detunings compared to A,, the system
gradually enters the adiabatic regime, resulting in a smooth and more regular behavior
of the maximum probability. In Fig. 4c, we plot the maximum probability of generating
the state [tbe, c,) as a function of Ay /Q for a fixed value of A,/Q. As the detuning A,
increases, the maximum probability rises and gradually saturates once A; becomes
sufficiently larger than A,, corresponding to the onset of the adiabatic regime. In
this regime, the analytical theory predicts that the maximum achievable probability
becomes effectively independent of A; and depends only on the ratio A,/€. In Fig. 4d,
we compare the maximum probability obtained from numerical simulations for A; =
1902 with the analytical result derived from Eq. 1 (see Supplementary Material Sec. S2
for the analytical expression). The chosen detuning places the system in the adiabatic
regime across the entire range of A, considered. Specifically, the maximum probability
initially increases with A,, reaches a maximum near A, = €2, and decreases for larger

values A, > Q. This non-monotonic dependence on % originates from the interplay
between the effective coupling Qg and the Stark-shift-induced detuning § arising from
Eq. 1. The ¢ is present for all values of Ap; however, its relative strength compared

to the Qg determines the efficiency of population transfer. While the Q. scales

2
linearly with %, the Stark-shift difference § scales as (%) and therefore grows more

rapidly at larger A,. As a result, for A, < Q, the coupling (Qq) dominates over the
detuning (J), leading to an increase in the maximum probability. In contrast, for A, >
Q, the § becomes dominant, rendering the system effectively more off-resonant and
thereby reducing the maximum probability. Consequently, a continuous-wave (CW)
pump (with a constant phase and amplitude) cannot achieve deterministic excitation
of the state |t)e, ¢,) in our hybrid system. Nevertheless, the maximum probability
achievable in this case is still two times larger than when generating the entangled
state |¢1) via PDC in the absence of the atom, reaching a value of about 0.66.
Interestingly, this maximum probability limit for the generation of the state |t)e, ¢,)
can be overcome by applying a controlled phase modulation to the pump field, as illus-
trated in Fig. 5. In this case, still keeping the pump amplitude constant all along, we
kept the pump phase constant during the initial stage of the evolution, allowing the
population of the target state to grow up to its first maximum. At that instant, the
pump phase is rapidly changed by , corresponding to the transformation 4, — —A4,
(see Supplementary Material Sec. S3 for details of how the phase change was mod-
eled). Since the Stark shifts depend on |A4,|?, they remain unchanged, whereas the
sign of the effective coupling is reversed. As a result, the interference between previ-
ously accumulated and newly generated transition amplitudes is modified, enabling
constructive buildup of the target-state population beyond its initial maximum. In
Fig. 5, the dashed lines indicate the instants at which the pump phase is changed by
m. In our simulations, for the chosen parameters (A; = 0.2Q and A; = Ay = 69),
we implement two phase changes first from 0 to 7, and subsequently from 7 back to
0. These phase changes enable near-complete transfer of population from the vacuum
state to the atom—photon entangled state, with a maximum generation probability of
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Fig. 4: Investigation of the maximum generation probability for the |, ¢,) atom-
photon entangled state. (a) Time Tax required to reach the maximum population
of the state |t)e, e,) as a function of A4,/Q and A;/Q. (b) Corresponding maximum
probability of |t ,) over the same parameter space. (c¢) Maximum probability of
[the, e,) as a function of Ay /€ for a fixed nonlinear coupling strength A, = 0.5982. (d)
Maximum probability of |¢., .,) as a function of A,/ for a fixed detuning A; = 19,
comparing the adiabatic theory (solid line) with numerical results (markers). (a-d) are
all under the CW pumping condition.

0.985 for the state |1)e, e,). In the Supplementary Material Sec. S3, we present a two-
dimensional parameter scan over A, and A;. We observe that, for certain parameter
regimes, a single phase change is sufficient to reach the near-deterministic regime for
generation of the atom-photon entangled state, whereas for other regimes, multiple
phase changes are required to achieve near-unit population transfer.
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Fig. 5: Replacing the CW Pump field with a pump that has a constant amplitude
but has a temporally varying phase profile. Here, the dashed lines indicate times at
which the pump field experiences a smooth phase change from 0 to m and back. The
overall dynamic results in the generation of the atom-photon entangled state |1)e, e,)
with the probability 0.985.

2.3 Deterministic generation of the atom-photon
entanglement with the long-lived atomic states

In practice, excited states of atomic systems, similar to the one considered here, are
prone to spontaneous decay, limiting the preservation of quantum information over
long timescales, an essential requirement for establishing entanglement between distant
quantum nodes. To enable long-lived storage of quantum information, we now extend
the system by introducing long-lived atomic states {|m1),|ms)} with long coherence
times (see Fig 1c). The Hamiltonian of the complete system is Hyp(t) + Heesg(t) +

Heoom (t), where

Heoiom(t) = RAL (L) [Je1) (m1] + |ea) (ma] €23 + H.c.

Here, A. quantifies the coupling strength between the atom and the control field and
is given by Ac. = de, yoom, ., - E.(7)/h. E.(7) denotes the spatial mode profile and
amplitude of the control field at the atomic position. We assume that the dipole tran-
sition matrix elements for the two transitions |e), , — [m), , have equal projections
onto the polarization vector of the control field, given equal coupling strength for both
transitions. A realistic implementation of this assumption using the level structure of
87TRb is discussed in Sec. S5 of the Supplementary Material. £.(t) is the slowly vary-
ing temporal envelope of the control pulse. In this section, we will continue with CW
driving, i.e., £.(t) = 1. To facilitate |e), — |m), transitions, the control field is chosen
to be m-polarized, enabling excitation transfer to the long-lived states with the same
magnetic numbers as those of the corresponding excited states, as depicted in Fig 6a.
The detuning Az = w — w;, —w,. characterizes the mismatch between the control field
and the atomic transition |m;) <> |e;). Here, we engineer the condition A; +Ag = Ay,
which corresponds to an energy-matching relation w, = ws + wp, + w. (see Fig 6a).
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Fig. 6: Investigating the generation of the atom-photon entangled state |¢m,, m,) =
% g, mi1) — % [17.,m2) in the hybrid system of nonlinear cavity plus the atom.

o

(a) Schematic of the atomic level transitions for a quantum memory. (b) Temporal
evolution of state probabilities under continuous-wave (CW) driving of the pump
and control fields simultaneously. The nonlinear coupling strength is A, = 0.2, the
atom—control-field coupling A, = 0.21€), and the detunings are A; = Az = 69 and
Ay = 120

This ensures that the pump field is resonant with the joint excitation of the signal
mode, the atomic long-lived state, and the control field, thereby enabling an effective
coupling between the vacuum state |0; g) and the state |0y, m,). The underlying pro-
cess can be understood as a series of higher-order transitions mediated by intermediate
states. The dominant contribution arises from an effective third-order transition in
which |0; g) couples to ¢, m,) Via the intermediate states |¢1;g) and |, e,), With
the control field inducing the transfer to |, m,). Under the condition Ay +Ag = Ag,
the transition amplitude varies slowly in time, enabling constructive interference and
leading to an efficient buildup of population in |ty m,), as can be seen in Fig. 6b.
In Fig. 6b, we can also see that the populations of the intermediate states |¢1; g) and
[the, e,) remain very small, as they only mediate the effective coupling between |0; g)
and [Ym, m,)- Contrary to the case shown in Fig 3b, here, the population is transferred
almost entirely from the vacuum state |0; g) t0 [, m, ), using only CW pump and con-
trol fields (without the need for having phase changes), indicating near-deterministic
generation of the target state for the chosen parameters.

To gain a more analytical understanding, we once again perform an adiabatic
elimination of the intermediate states, which include |¢1;g) and |, e,)(see Supple-
mentary Material Sec. S4 for the details of the derivation). This approximation once
again reduces the description of the overall system to a pair of differential equations
describing the effective coupling between the vacuum and the long-lived atom-photon
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entangled state [, my)-

L 2A2 V2 A, AN
iCog(t) = A Cog(t) — A, Cmim, (t),

- 342 A2 V2 A, A0
'Lle,mz (t> = ( Alp - As) thﬂ"Lz (t) - TPA% CO,g(t>'

(2)

Cm,y ms (t) is the probability amplitude associated with the atom-photon entangled

2 2
m _ VZA,ALQ _ A A . .
state [V, ,m,). Here, O = =5 and 6, = 32 — 3= denote the effective coupling

and Stark-shift difference, respectively. A key difference from the previous case is that,
in the presence of a control field, the Stark shift difference can be tuned to zero.

This occurs when A, = A4, 2—?, provided that the values of Ay, As, A,, A, ensure

the system operates in the regime where adiabatic elimination is valid. Under this
condition, the effective detuning vanishes, rendering the system resonant and enabling
complete population transfer from |0; g) to |¢, m, ). Moreover, when the two effective
levels are on resonance, the time 7' required for complete population transfer from
|0;g) to the state [t m,) is determined solely by the effective coupling strength
Ql, given by T' = ﬁ;”ff Thus, in the presence of a control field with optimized
amplitude and detuning Ag, the generation of the entangled state |1, m,) becomes
fully deterministic, without requiring any temporal phase modulation of the pump or
control fields. Furthermore, we can see that for ¢, to be zero, Ay and A3 must have

the same signs.

2.4 Pulsed Excitation

So far, both the pump and control fields have been treated in the continuous-wave
(CW) regime to clarify the underlying physics. However, in many quantum applica-
tions, pulsed excitation is used in practice, as it offers a natural way of controlling the
duration and timing of the involved interactions. Furthermore, as will be shown here,
operating the hybrid scheme under pulsed driving offers several advantages over the
CW scheme. Although we have seen that CW pump and control fields can generate
the light-matter entangled state deterministically, the required interaction time is very
long in the case of generating |¢,,, m,) (see Fig 6b), making it challenging to preserve
coherence over the full duration in practice. In principle, this time could be reduced
by increasing the nonlinear coupling strength A, (as can also be seen in Fig. 4a for
generating |1, ¢,)), but doing so degrades the fidelity of the target state [, m,)-
Increasing the value of A, pushes the system away from the adiabatic regime, result-
ing in an appreciable population of the off-resonant states |¢1;¢) and [, e,), Which
in turn seed the population of higher-order states containing additional photons. The
appearance of these unwanted states inevitably reduces the fidelity of the target atom—
photon entangled state |1, m,) (see Sec. S6 of the Supplementary Material for an
example corresponding to larger values of A,). Thus, in the CW driving regime, fully
deterministic generation of the state [¢m,, m,) is achievable only when the system
operates in a regime where the intermediate off-resonant states remains negligibly pop-
ulated, such that the dynamics are governed by an effective direct coupling between
|0; g) and [t ms), i-€., the system is in adiabatic regime.
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Fig. 7: Investigation of pulsed excitation for generating the |y, m,) atom-photon
entangled state. (a) Temporal evolution of state probabilities under pulsed excitation
of the pump and control fields. The nonlinear coupling strength is A, = 10.074Q,
the atom—control-field coupling is A. = 5.5445€), and the detunings are A; = 301,
Az =59, and Ay = 35Q. (b) Maximum probability of generating the state ¢, m,)
as a function of both Ag and A.. The white curve indicates the analytically predicted
optimal values of A. as a function of 4,, A;, and As, for which complete population
transfer from |0; g) t0 [¢m, m,) is achieved in the adiabatic regime under continuous-
wave (CW) pumping.

Interestingly, the use of pulsed drives offers a significant temporal advantage
without compromising the fidelity in generating the target state [t m,). Crucially,
pulsed driving enables a dynamical regime in which the population of the off-resonant
intermediate states are further reduced compared to the CW regime. In the pulsed
regime, the off-resonant excited states |¢n; g) and [¢., ,) are only transiently popu-
lated, as their amplitudes follow the pulse envelope and vanish once the driving field
envelope decays to zero, since no resonant coupling exists to sustain their population
(see Supplementary Material Sec. S7 for Pulsed PDC under off-resonant pumping).
Thus, after the pulse, only the vacuum state |0; g) and the long-lived state |¢m, m,)
retain non-zero occupation probabilities. This permits the use of larger values of A,
and shorter pump and control pulses without populating higher-order photonic states
|én), as these states are only transiently occupied and vanish after the pulse. In Fig. 7a,
we show the state-generation probabilities for Gaussian pump and control pulses of
identical temporal width, chosen as 7, = 7. = 2.545/Q. The corresponding spectral
width of the pulse is approximately Aw ~ 1/7,. We choose the value of A, to be 50
times larger than that used in the adiabatic regime (Fig. 6b), while keeping A; suf-
ficiently large compared to the pulse spectral width, i.e., Ay > Aw ~ %, such that
the states |¢y,;¢) remain off-resonant without operating in the adiabatic regime. For
optimal values of Az (namely Ay + Az = As), A., and pulse length, the timescale for
complete population transfer to |9, m,) is reduced by a factor of 50. Thus, enabling
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near-deterministic generation of the state |t m,) With a probability of 0.995 on a
significantly shorter timescale.

The optimal choices of A. and the pulse duration can be guided by the analyti-
cal results obtained for the adiabatic regimes under CW driving (see the discussion
after Eq. 2). However, the exact optimal values must be determined numerically, since
the present protocol employs pulsed excitation and operates outside the regime where
adiabatic elimination is valid. We illustrate this in Fig. 7b, which shows the depen-
dence of the maximum probability of generating the state |¢,, m,) on A, and As for
pulsed excitation. An optimal region emerges in the (A., A3) parameter space, where
the population of |1, m,) approaches unity. This narrow region can be understood
from the approximate equalization of the Stark shifts, which minimizes the effective
detuning between the states |0;¢) and [, m,). Although this condition is derived
within the adiabatic approximation, it remains a useful guideline in the quasi-adiabatic
regime. The dashed curve corresponds to the analytical prediction for A. obtained in
the previous subsection and closely follows the numerically identified optimal region
despite the system operating outside the strictly adiabatic regime. Furthermore, the
maximum probability decreases with increasing As, consistent with the reduction of
the effective coupling strength 27, which suppresses population transfer for a fixed
pulse duration.

2.5 Impact of loss

1.00 1.00 1.00
Z:‘0.98 2‘0.98 3‘0.90
= 091 < <
S S S
= = 0.85 —~
A A A= 051

08059001 0.01 0.1 0805001 0.01 0.1 0455001 0.01 0.1

L. () 7 (2) ¥s (€2)
(a) (b) (c)

Fig. 8: Maximum generation probability of the light-matter entangled state [t m.,)
as a function of different loss mechanisms. To investigate the effect of dissipation,
we consider the pulsed driving scheme shown in Fig. 7a and use the same system
parameters throughout. (a) Considering only the effect of the atomic spontaneous
decay into the modes outside the cavity, with the rate I'.. Here, 7; = 75 = 0 i.e., the
cavity is ideal. (b) Considering only the effect of the idler-mode cavity decay, with
the rate ;. Here, v = I'c = 0, i.e., the signal cavity mode is lossless and the atomic
spontaneous emission outside the cavity is zero. (¢) Considering only the effect of the
signal-mode cavity decay, with the rate 5. Here, v, = ' = 0.

Thus far, we have analyzed the system under idealized conditions, neglecting spon-
taneous emission into modes outside the cavity as well as cavity losses. In practice,
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however, such dissipative processes are unavoidable. In this section, we investigate
how different values of spontaneous decay rates of the atom outside the cavity mode,
as well as cavity decay rates of the signal and idler modes, affect the maximum prob-
ability of generating the state ¢, m,). We have employed the Quantum Trajectories
methodology [57] to study the impact of losses on our system, and we have described
this methodology in the Method Section. We begin by analyzing the influence of spon-
taneous emission on the maximum probability of generating the state [t m,), under
the assumption of an ideal, lossless cavity. The system under investigation is our pulsed
case scenario, and we choose the system parameters to match those used in Fig. 7a,
corresponding to the ideal lossless case.

In the simulation, we choose the spontaneous decay rates of the excited states
of the atom outside the cavity modes as ' = {0.001€2, 0.01Q2, 0.1Q}. The associ-
ated jump operators employed in the quantum-trajectory formalism are /T, |g) {e1]
and /T, |g) (e2|, corresponding to spontaneous emission from |e;) and |es) to the
ground state |g). From Fig. 8a, we find that for atomic spontaneous emission rates
of I'. = 0.001Q and T', = 0.01€2, the maximum generation probability of the state
[t)m, ,ms) Temains close to the ideal case of 0.995. Specifically, the maximum probabili-
ties are 0.994 for I'. = 0.0012 and 0.985 for ', = 0.01€2, indicating that the generation
process remains near-deterministic. A significant drop occurs only when the sponta-
neous emission rate is increased to I'c = 0.1, for which the maximum probability
drops to 0.91. As shown in Fig. 7a (see the red curve), the atomic excited state is pop-
ulated only transiently over a time interval that is shorter than the total interaction
time. The lifetime of the excited atomic state is given by 1/T.. For ', = 0.001Q and
. = 0.01€, this lifetime is much longer than the transient time window during which
the atom has a non-negligible excitation probability. Consequently, the probability for
a spontaneous emission event to occur during the evolution remains very small. But
for T, = 0.1, spontaneous emission becomes sufficiently strong to noticeably reduce
the probability of generating the target atom—photon entangled state [t ms)-

Next, we analyze the influence of idler-mode cavity losses on the maximum gen-
eration probability of [t m,), assuming a lossless signal mode (y5 = 0) and zero
atomic spontaneous decay outside the cavity (I'e = 0). We choose the idler decay rates
as v; = {0.001€, 0.01Q, 0.1Q}, with the associated jump operators given by \/¥ar
and /7¥;ag, corresponding to photon loss from the left- and right-circularly polarized
idler cavity modes, respectively. From Fig. 8b, we observe that the drop in the max-
imum probability is small and its close to the ideal value of 1 for v; = 0.0012 and
~v; = 0.01. The observed behavior can be understood using the same reasoning as for
spontaneous emission: the idler photons are populated only transiently over a time
interval that is shorter than the total interaction time. For +; < 0.01€2, this transient
population window is much shorter than the idler-mode lifetime 1/;, so the proba-
bility of idler-photon loss during the evolution remains negligible. A significant drop
is obtained in the case when ~; = 0.1€2, since then the idler cavity mode lifetime 'vi is
of the same order as the transient time window during which there is a non-negligible
probability of finding idler photons in the cavity mode.

Finally, we investigate the influence of signal-mode cavity losses on the maxi-
mum generation probability of |, m,), while assuming a lossless idler mode and
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vanishing atomic spontaneous decay. We choose the signal-mode decay rates as
vs = {0.00192, 0.01€2, 0.1}, with the corresponding jump operators given by \/’EZ;L
and \/ﬁf)m describing photon leakage from the left- and right-circularly polarized
signal cavity modes, respectively. From Fig. 8c, we observe that the probability, as
expected, is most sensitive to the signal-mode cavity decay rate ;. This occurs because
the signal-mode excitation maintains a finite population throughout the interaction
time, making the signal photon more susceptible to cavity losses.

As shown above, the individual loss channels are varied separately in order to iso-
late their effect on the generation probability of [t m,). To assess the experimental
relevance of the parameter regimes investigated in this work, we compare them with
experimentally reported cavity-QED parameters[47, 58-65] (see Table S1 in Sec. 8
of the Supplementary Material). Our simulations indicate that the protocol remains
relatively robust against atomic spontaneous emission and idler-mode decay in the
experimentally relevant regime, for example at I'./Q = 0.1 and ~;/Q = 0.1. In con-
trast, the signal-mode decay has a substantially stronger effect; for v,/ = 0.1, the
maximum generation probability is reduced to approximately 0.51. Since experimen-
tally reported normalized cavity decay rates are typically of the order of 10=% (see
Table S1 in Sec. 8 of the Supplementary Material), signal-mode losses remain a signifi-
cant challenge for the experimental realization of the proposed protocol. This motivates
future loss-aware optimization strategies aimed at improving robustness against this
loss channel [66].

3 Conclusion

We proposed and theoretically demonstrated that the hybridization of a nonlinear
x@ cavity with a multilevel atom enables deterministic generation of atom-photon
entangled states of different kinds, an essential building block for scalable quantum
networks. The deterministic nature of the process is particularly significant as it elim-
inates the need for probabilistic heralding or multiplexing strategies that typically
limit the scalability and rate of conventional entanglement-distribution schemes. The
frequency tunability of the system, governed by the conservation of energy conditions,
allows flexible spectral matching across different quantum nodes, enabling a hybrid
interconnectedness between disparate quantum systems.

Moreover, the hybrid systems offers much versatility in engineering the entangled-
light matter state, as the spatial, spectral, and polarization properties of the nonlinear
part of the system can be strongly tailored by carefully shaping the modal properties of
the nonlinear cavity. Hence, we believe that this hybridization concept can be extended
to other types of quantum memories and entanglement in other photonic degrees of
freedom. The main strong requirement is that the quantum memory has to be of an
atom-like property, where a level can only store one quanta of excitation.

Overall, this architecture offers a promising pathway toward high-fidelity, on-
demand quantum network nodes capable of coherent entanglement distribution and
storage across long distances.
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Methods

Numerical framework

The system dynamics were investigated by numerically solving the time-dependent
Schrodinger equation in the interaction picture using the Quantum Toolbox in Python
(QuTiP). The total Hilbert space consisted of the cavity modes together with the
multilevel atomic system, represented within a truncated Hilbert space. For coherent
(unitary) evolution, the dynamics were propagated using the sesolve solver, while
open quantum dynamics including dissipation were simulated using the Monte-Carlo
wavefunction solver mcsolve.

Hilbert-Space truncation

To make the simulations numerically tractable, we adopted a truncated Hilbert space
retaining the relevant photonic and atomic states. Specifically, the photonic Fock basis
of both the signal and idler cavity modes was truncated. The simulations shown in
Fig. 2a, 2b, 3b, 5, 6b and 7a were performed with the signal and idler modes truncated
up to n = 10. The simulation in Fig. 4 is done with truncation n = 30 for signal
and idler modes. The simulation in Fig. 7b is done with truncation up to n = 15 for
signal and idler modes. The truncation parameter n was chosen larger than the value
required to ensure convergence of the numerical results.

Pulse modeling

Time-dependent pump and control fields were implemented through explicit time-
dependent coefficients in the interaction-picture Hamiltonian. Unless otherwise stated,

Gaussian pump and control pulses of identical temporal width were assumed, with

_(t=to)?
pulse duration 7, = 7. = 2.545/Q. The envelope was of the following form: e 27

Open Quantum System Dynamics using Quantum Trajectories

To solve the open quantum dynamics, we have employed the Quantum Monte Carlo
Trajectory Method in QuTiP. The observable over here is the projector of the state
[¥my ms) 1€ 0= [¥my ma) (¥my,ms |- For each trajectory, we calculate the expectation
value of this observable at each instant of time. To calculate the probability, we take
the mean of this expectation value over all the trajectories.

S Ol S :'n m
m17m2 :Z | W Z 1, 2 (3)
i=1 i=1

Where N is the number of trajectories and |;(¢)) is the state of the system. The
variance in the probability at an instant is:

N
(Apmhmz (t Z ml,mg - P77L1,m2 (t))z (4)
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Finally, the standard error of mean P=M (1) is:

PSEM (t) _

v ma ()
The number of Trajectories depends on the value of decay constants. For the largest
decay constant value I'c = ; = vs = 0.1Q2 we have employed 60000 Trajectories to
keep the standard error of the mean of the order 1073 as shown in Figure 9. For
the other two decay constant values, we have used 40000 Trajectories, keeping the
standard error of the mean of the order 1074.

,=0.1Q 7=0.1Q 7,=0.1Q
0.0010 — 10, 4y — ) 0.002
e, e) ey es)
S — Ipn3g) S 0001010 — 159 S
§ 0.00054 ™ Wm.m) % — Wy, ms) é 0.001
a 2, 0.00051 a
0.00004 : : — : 0.00004 . a & : 0.0001 . a :
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Time (1/Q) Time (1/Q) Time (1/Q)

Fig. 9: Standard error of the mean (SEM) obtained from the Monte Carlo simulations
in QuTiP for the populations of the states |0;g), |¥e,.e), |#1;9), and ¥, m,). The
panels correspond to (left) atomic spontaneous emission I'c = 0.1€2, (middle) idler-
mode loss 7; = 0.1, and (right) signal-mode loss 7, = 0.192. The time variable ¢ is
expressed in units of 1/9Q.
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