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S1. TIME-DEPENDENT PERTURBATION THEORY FOR |¢1)

In this section, we analyze off-resonant parametric down-conversion(PDC) processes using time-dependent pertur-
bation theory. For the PDC process in the regime A; > A,, higher-order cavity states are negligibly occupied, and
only the state |¢1) is weakly populated. Therefore, the probability amplitude for |¢1) can be obtained using first-order
time-dependent perturbation theory:
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The term (¢;| Hnp(t1) |0) represents the transition amplitude per unit time at time #; for the cavity to be in the state
|¢1). The total transition amplitude for the cavity state to evolve from |0) to |¢1) within time ¢ is given by Cy, (¢),
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which is obtained as an integral over the (¢ | ﬂNL(tl) |0). The absolute square gives the total transition probability
for the cavity state to go from |0) to |¢1) within time t.

A? A
P gn2 21 (S2)

P

=
<=

y

The transition amplitude per unit time acquires a time-dependent phase due to the presence of detuning A;. These
phases vary on a time scale Ail. Since A, sets the characteristic time scale for the generation of the cavity states |¢,,),
in the regime A; > A,, the phases vary rapidly over this time scale. As a result, the rapidly varying phases cause
the time-dependent probability amplitude contributions to the total transition amplitude arising from different times
to become out of phase resulting in partial constructive and destructive interference over the integration interval,
thereby preventing their coherent accumulation and leading to a very small net amplitude for the transition of the
cavity state from vacuum |0) to |¢1).

S2. COUPLED DIFFERENTIAL EQUATION B/W VACUUM STATE [0) AND THE STATE [, c,)
OBTAINED AFTER ADIABATIC ELIMINATION

In this section, we will derive the coupled differential Eq. (1) in the manuscript. The Hamiltonian of the system in
the interaction picture is:

H(t) = Hyp(t) + Heesg(t)

. . . . . S3

A(t) = hA, |al bl + bl | €2 + K fas |ex) (9] — anles) (gl €2 + Hee )
The initial state of the system is |0,0,0,0, g) = |0; g), where the cavity modes are in the vacuum state, and the atom
is in the ground state. The Schrédinger equation describing the temporal dynamics of the system is:

9 [p(t))

ih 5

— A (). (84)
We adopt the following ansatz for the system state |1(t)) at an arbitrary time ¢:
[¥(t)) = Cog(t)[0; 9) + C1(t) [p159) + Co(t) [$2; 9) + Cey o5 (1) [ey e0) + Ca(t) [1h1) (S5)

where [0;9), |61;9), |¢2;9), and |e, e,) are the same as defined in the manuscript, and |¢1) = \/g( [1,0,0,2,e1) —
10,1,2,0,2) ) + = (10,1, 1, 1, e1) — [1,0,1, 1, e2) ).

The above ansatz is motivated by our numerical simulations, which show that the maximum probability of generating
the target state |1, .,) is achieved in the regime A, < A; (see Fig 4(b) and 4 (c) of the manuscript). In this
large-detuning regime, the nonlinear coupling strength is much weaker than the detuning, strongly suppressing the
population of higher-order excited states. As a result, the system dynamics are well described by the truncated basis
above, allowing us to derive an effective description of the temporal evolution of the atom-photon entangled state
[the, e, ). The differential equations governing the dynamics of these states are:

Z% = V24, C(1)

z% = \/ﬁApe*iAltC’o,g(t) + \/éApeiAltCZ(t) +QC,, ., (t)(mgt

’L% = \/éApefiAﬂOl (t) + \/§QC3(t)6*iA2t (86)
ac’e es i ;
ZTZ = Qe Athl(t) + Ap\/§C3(t)e Aqt

Z% = \/5902(15)61'A2t + Ap\/gcel,ez (t)efiAlt

Next, we transform to a rotating frame by redefining the probability amplitudes so as to remove the rapidly oscillating
phase factors from the coupled differential equations. The transformed amplitudes are given by

Ci (t) =C; (1})61'A1t7 Cé(t) _ 02(t>ei2A1t7
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Gty er (1) = Ceyey (D) 317890 Cy(t) = Ca(t)e! P2,
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After substituting these transformed probability amplitudes into the above set of differential equations, we obtain:

.0Co,

pr = V2A4,C4(t)
.00
i = ~AICH) + V24,0, (1) + VBA,Cy(t) + OC, o, (1)
,aac; = —2A,C5(t) + V6A,CL (1) + V2005(t) (S7)
0C .
5 = (A1 = 89)CE L, +QOY(1) + ApVECS(1)
L9k
i == (201 = 82)Cy(1) + V20C5(t) + ApV3C, , (1)

We now impose the condition A; = Ay and assume A; > ), while maintaining the condition A; > A,,.

Under these conditions, the intermediate states |¢1), |¢2), and |1p1) evolve on a fast timescale set by 1/A;, whereas
the amplitudes of the slow states |0; g) and |te, ,) vary on much longer timescales set by 1/4, and 1/Q. As a result,
the intermediate states can be treated as fast variables and adiabatically eliminated, since they rapidly reach their
quasi-steady-state values and become functions of the slow variables [S1].

Note: after imposing the condition Ay = Ag, we get Cp ., (t) = Ce, e, (1).

The first step in adiabatically eliminating these intermediate states is to set the time derivatives of C},C} and C} to
zero and obtain their quasi-steady-state expressions.

aco v

= V24,0 (t)
0 = — Q101 () + V24,Co,4(t) + VBA,Ch(t) + QCL, ., (¢)
0= —2A,05(t) + V6A,C; (1) + V20C4(t) (S8)
i% = QO (t) + ApV3C3(t)

0= —ACh(t) + V2QC4(t) + ApV3Ce, e, (1)
The quasi-steady state expression for Cj(t) is:

V2A
CL(t) = Y2 Co, () +

Yo 0ht) 4 2, 0 (59)
1

€1,€2

Since the slowly varying amplitude Cj 4(t) is of order unity, i.e., Cp 4(t) = O(1) because in the limit 4,/A; — 0 the

minimum value of Cy 4 takes a finite value, it follows that C{(t) = O 2—’1’). Under the adiabatic approximation, we

neglect all terms of third and higher order in the parameters A,/A and Q/A.
The quasi-steady state expression for C4(¢t) and C%(t) is

\f A f 0
Cy(t) = pC1() Cs()
(S10)
A
O4(1) = VI -C4(1) + ch (®)
1
Substitute the equation of C4(¢) into the equation for C4(t),
V6A V20 V3A
! _ 14 / P
CQ(t) - 2A1 Cl(t) 2A1 f 02( ) Al CV€1’€2 (t)
\/éAp / QZ / \/614 Q (Sll)
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Rearranging the above equation gives

1
Coll) = 1oz
iy

oA, JBA0
2A1 Cl(t)+WCE1,ez(t) : (812)

Since /A1 < 1, we expand the prefactor using the binomial expansion,

1 02 04
_22_1+A%+0(A%>. (S13)

Substituting this expansion, we obtain

Co(t) = ( + Zz +(9(A4>>

The term proportional to 22 /A? generates corrections of order O(A,Q%/AY) and O(A20?/Af). Since our perturbative
treatment retains terms only up to second order in the small parameters A4,/A; and ©/A;, these higher-order
contributions are neglected. As a result,

V64, , V6A,Q
20, Gilt) + 202

Ceyes (1) (S14)

V6A V64,9
Cy(t) ~ 2Alp01(t)+ Mé’ Ceyes(2). (S15)
1

Note: The slowly varying amplitude C., .,(t) is also assumed to be of order unity, i.e., Ce, ,(t) = O(1). This is
justified by our numerical simulations, which show that as the small parameter A, /A; is decreased, the maximum
value attained by Ce, ,(t) remains approximately unchanged (see Fig 4b and 4c in the manuscript). Thus, C, ., (t)
does not scale with A,/A; and should be regarded as an O(1) quantity. Since Cf(¢) is of first order, C4(t) is of second
order in the small parameters A,/A; and Q/A;.
Now substitute this C4(t) into the C}(t) we get,

C3(t) ~ \[2%(\/7 ECi(t) + \/7 Ceyes (1) + AZ\l/gcel,ez (t) (S16)

Now, according to the rule we have defined above, the first term is neglected because C1(t) is of the order O(A4,/A1).
As a result, the product (A4,Q/A?)C{(t) is of order O(A2Q/A?), which is a third-order contribution. The second
term is neglected because it is explicitly proportional to A,02?/A%, which is also of third order. Since our perturbative
treatment retains terms only up to second order in the small parameters A,/A; and /A, both terms are neglected.
As a result, we get,

A3
Ay

Cy(t) =~ Ce,es (1) (S17)

Finally, we obtain the quasi-steady-state expression for C%(t) solely in terms of the slowly varying amplitude Ce, e, (t).
After substituting this expression into the differential equation for Ce, ., (%)

z’% = QC(t) + A,V/3C4(t) (S18)
we get,

.8061,62 ! 3A12)

1 81‘; ~ ch (t) -+ Tl061762 (t) (Slg)

In Eq. S9, the term \[AA” C4(t) is neglected since C%(t) is of second order. The additional factor A,/A; makes the
entire term third order, ‘and it is therefore omitted within our second-order perturbative treatment.

C1(t) % VEZECoy{t) + 3 Cly () (520
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Now that we have obtained the quasi-steady state expression for C1(¢) in terms of the slow variable, we can substitute
this expression into the differential equations for Cp 4(t) and Ce, ¢, (¢):

6(]0,9 ~ V24, (\@AP Co.4(t) + AﬂlCel,eZ(t))

2.80079 247 V2A,0

__ P 7p
ot ~ Al C(),g(t) + Al C'61762 (t)

(S21)

If we substitute Eq.520 into Eq.519 we get the differential equation for the Ce, ., state:

3A2
p
Al Cel ,€2 (t)

CO,g(t)

.8061,62 ~ ﬂ !
ZT ~ Q(\@A Covg( ) A 061752( )) +

0C,, o, QQ+3A§ V2A,0
"ot A, Cee®+—x

(S22)

Putting the above results together, we obtain the effective coupled equations for the slowly varying amplitudes,

242 24,0
%0 Py )+ fipcem ®),
= A AL (S23)
,8061,62 N 02 + 3A12) C (t) \/>A QC (t)
o T ay Canlt TR TG00

Equation (S23) is accurate to second order in the perturbative parameters A,/A; and /A;, with all terms of third
order and higher consistently neglected.

We compare the populations obtained from the full Hamiltonian in Eq. (S3), numerically solved using QuTiP,
with those obtained from the effective coupled differential equations in Eq. (S23). We have taken the same value of
Ap = 0.2Q and A = 6, which are used in the manuscript, so A; = 304,. The maximum population of the state
[the, e,) Was obtained to be 0.225 for the full numerical simulation, while the coupled differential equation yields 0.228.
The error is 0.003 for 2—? = 0.033. The close agreement between these values confirms the validity of the adiabatic

elimination for the chosen parameter. The period of the oscillation obtained after solving Eq. (S23) is also very close
to the value obtained using numerical simulation.

Effective Two-Level Hamiltonian

In this section, we rewrite the coupled differential equations derived in Eq. S23 in a Schrodinger-like form, which
allows us to identify the effective Hamiltonian governing the reduced two-state dynamics.

i (o) =B (aom) - (eomo) = (o) (524)

g1 242 V24,0 (525)
A \V24,0 02 4342)°
The solution for the excited-state amplitude is
Qe (a 02
Copey(t) = —i ———el =15 gip [ [(Qeg)2 + St ), (S26)
| ()2 + 5 o
where
240 . V24,9 g 0 + 347
A M TA T A 327
2 2 2 2 2 (527)
5 0 +34; 247 Q°+ A

AL A A



The population in the state |tbe, ,) is therefore

|Ce . (t)|2 — (QEH)Q _ sin2( (Qeﬁ)2 + gt)’ (828)
1,€2 (QZH)Q + % € 4
and finally
8A20? ¢
2 = P in2 2 4 104202 4
|Ceye0 (1) AT 104207 O sin (2A1\/Ap+ 04202 4+ Q ) (S29)

The population oscillates with the generalized Rabi frequency

1
— 4 202 4
Op = 55 \/Ap +10A4202 + Q4 (S30)

and therefore the oscillation period is

T_ o 2w\

O\ [as+ 104202 40

($31)

The period of oscillation 7" is directly proportional to A7, implying the larger the detuning in the system, the longer
it takes for the population to move from the vacuum into the state |, ¢, ), it happens because the PDC process and
atom-coupling process becomes more inefficient as we increase the value of A;. Further, the expression also shows
that for a fixed value of Ay, increasing the value of A, shortens the period of oscillation. Remember, this expression
is only valid under the adiabatic regime.



S-7

S3. DETERMINISTIC GENERATION OF THE STATE [¢.,,.,) BY INTRODUCING PHASE CHANGE
IN THE PUMP FIELD

The difficulty in achieving deterministic population transfer to the state |1, c,) can be overcome by applying a
controlled time-dependent phase modulation to the pump field. To illustrate this protocol explicitly, we consider
phase profiles consisting of two sequential = phase flips, as shown in Fig. S1. This is the same pump-field phase profile
engineered to generate the state |1, ¢,) with unit probability in Fig. 5 of the manuscript. Each phase flip corresponds
to a rapid transformation A, — —A,, implemented using a smooth hyperbolic tangent function. The time-dependent

27
2 e
Il al
01 : :
0 10 20 30 40 50 60
Time (1/Q)

Figure S1: Time-dependent phase profile of the pump field illustrating two controlled 7 phase flips used to engineer
constructive interference in the system dynamics. This phase profile with ¢ = 0.1€) is employed to achieve
near-deterministic generation of the state |, .,) in Fig. 5 of the manuscript.

phase modulation of the pump field is modeled as

o iw 1 +tanh<t;ta‘> -

2 )

where t; denotes the time of the j-th phase flip and o determines how fast the phase change has been implemented.
The corresponding effective nonlinear coupling strength is therefore written as

Ap(t) = Ape0®), (S33)

Figure S2a(a) shows the maximum probability Ppax of the target state |t)e, .,) as a function of the nonlinear
coupling strength A,/ and detuning A;/Q (A1 = Ag). The integers overlaid on the heatmap indicate the number
of phase flips required to reach the corresponding maximum probability. For A4, < 0.25, two phase flips are required
to reach the near-deterministic regime. In contrast, for 0.36 < A, < 0.5, a single phase flip is sufficient to achieve
a near-deterministic generation probability. For larger values of A, and smaller values of A;, the behavior becomes
irregular: in some regions, up to three phase flips are required, and the maximum achievable probability is generally
reduced. This is reflected in the non-smooth structure of the heatmap in this parameter regime. The irregular features
observed at larger A, and smaller A; can be attributed to the breakdown of the adiabatic approximation, where the
higher-order states play a role in the dynamics and can not be neglected.

There exist parameter regimes in which the system remains in the adiabatic regime, yet the application of phase flips
does not lead to near-deterministic generation probability of [te, ¢,). Thus, the effectiveness of the phase-flip protocol
depends on the value of A,/ even within the adiabatic regime. For smaller values of A, < 0.25, the first maximum is
relatively low (e.g., for A, = 0.2Q and Ay = 642, Pnax ~ 0.22), and a single phase flip is insufficient to reach the near-
deterministic regime. In this case, successive phase flips enhance constructive interference, allowing the probability
to gradually approach unity. In contrast, for 0.38Q2 < A, < 0.5Q, the first maximum is already sufficiently large
such that a single phase flip drives the system into the near-deterministic regime. A different behavior is observed
for 0.25Q < A, < 0.38Q2. In this regime, one or two phase flips increase the target-state probability to above 0.90,
but the probability remains well below the near-deterministic regime. Subsequent phase flips produce no appreciable
increase in the generation probability of |1, .,), indicating that the protocol has reached its maximum achievable
probability for these parameters. A similar saturation is also observed for larger values of A, within the adiabatic
regime. Here, the first maximum is already high (typically P 2 0.5), and a single phase flip brings the system close
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Figure 82: (a) Maximum probability of generating the state |t., ,) as a function of A; and A,. The integers
overlaid on the heatmap indicate the number of phase flips required to reach the corresponding maximum
probability. (b) Time required for the ¢, .,) state to reach its maximum probability when the pump amplitude is

modulated as A,e~"0(®).

to its maximal achievable population (see Fig. S2a). As a result, additional phase flips do not significantly improve
the generation probability.

These observations indicate that the present protocol, where phase flips are applied precisely at the population maxima
with a fixed transition width, is not necessarily optimal. Improved performance may be achieved by applying the
phase shifts at earlier times, before the population reaches its maximum, or by tuning the width of the phase-flip
transition to better match the system dynamics.

Figure S2b shows the corresponding time Ti,.x required to reach the maximum population. As expected, Tax
decreases with increasing A,, reflecting the increase in the effective coupling strength. However, for small A,, the
timescale becomes significantly larger, consistent with the slower dynamics in the weak-driving regime.
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S4. COUPLED DIFFERENTIAL EQUATION B/W VACUUM STATE |0) AND THE STATE |¢,,m,)
OBTAINED AFTER ADIABATIC ELIMINATION

In this section, we derive the differential Eq. (2) in the manuscript, describing the evolution of the state |0, 0,0,0, g) =
|0; g) and the atom-photon entangled state |¢m, m,). The Hamiltonian of the system is:

H(t) = Hyp(t) + Hoesg(t) + Hoesm(t)

. e a1 ) ) . N (S34)
H(t) = hAy |afbl, + abb] | e 724 + nQan lex) (gl — an lea) (gl] € + hAL[lex) {ma] + [ez) (mal] €2 + HL

We will take an ansatz for our |¢)) at any time ¢ as:

[¥(8)) = Co,g(8) 05 9) + C1(8) [159) + Ca(t) 925 9) + Cey e (1) [theye0) + C3(8) 1) + Crny s (E) [Py ms) + 04(t)(|§b32g)

All the states are the same as described in the manuscript and in the previous section (see Eq.S5). The new state [i)2)
is: |¢e) = \/g(|1,0,0, 2,m1)—10,1,2,0,m2)) + %(K}, 1,1,1,mq) —11,0,1,1,m2)). Following the same argument as in
Sec. 52, we have neglected higher-order states since their impact is negligible in the regime A, < A;. The differential
equations for the amplitudes are:

i aa,eniey
Z% = V24,71 Cy 4 (1) + VAP Co(t) + QC., o, (t)e 02
Z'% = V6A,eTRIC (1) + V2005 (t)e A2
i% — Q2280 (1) + ApV/3Cs (1)1 4+ A.Crpy sy (1)€25 (S36)
l% = V200, (t)e 22t + ApV3C., o, (H)e A1 4 A Cy(t)e'™st
i% = AcCey ey (t)e 2% + ApV/3Cy(t)e' ™!
i% = ACC3(t)e—z’A3t +Ap\/§cm1,m2 (t)e—iAlt

Here, we will again transform the amplitudes in the rotating frame picture to remove the fast exponentially oscillating

terms. Cf(t) = Cy(t)e1t,Cy(t) = Ca(t)e™A1!,CL () = e P1=82IC, . (t) and C4(t) = e!PA1=22C5(1), C), 0 (E) =

€1,€2
elBi=tetta)te () and C)(t) = e'(?A1=R2483)L 0, (1), The differential equation after removing the fast-oscillating
terms is:

20— VA, i)
/
iaail = —A107 (1) + V24, Co,4(t) + V6A,Cy(t) + QC, , (1)
/
iaa(? = —2A,05(t) + V64,01 (1) + V2QC5(t)
aC!
ZT = (A1 = A)CL o, + Q) + ApV3C4(t) + AcCly, iy (1) (S37)
/
Z'aac;?’ = — (24 — £)C4(t) + V205 (t) + ApV3CY, ., () + AC(1)
ac!
i = —(Ag = Dy + Ag) Ol (1) + AL, o, (1) + ApVECH (D)
/
iaa% = —(2A1 — Ao + A3)C) + ALC5(t) + ApV3Cl, 1y (t)

Now, we impose the resonance condition A; + Az = Ay and assume the large-detuning regime, where Aj, Ag, and
|A1 — Ag| are all much larger than A,, 2, and A.. After imposing this condition, we can categorize the probability
amplitude Cp 4(t) and Cp,, m, (t) as slow variables and others as fast variables. As a result, the fast variables can be



S-10

adiabatically eliminated from the dynamics, and the complete description of the system can be reduced to an effective
coupled differential equation between the vacuum and the light-matter entangled state |9, m,). Let us repeat the
procedure for adiabatically eliminating the fast variables by first setting their derivatives to zero. Note: when we
impose the condition Ay + Az = Ay we get O}, .. (1) = Cry imy (1)

8Co7g

o = V24,04 (1)

0= —A0](t) + V24,00 4(t) + VEA,CY(t) + QCL .. (1)

0= —2A,C%(t) + V6A,C} (1) + V2Q04(t)

0= A3C,, ., + QCL(E) + A VBC5(8) + AcCl, o, (B) (838)
— (A1 — A3)C4(t) + V2QC5(t) + ApV3CL, ., (1) + AcLCh(t)

ACL () + A3yt

0= —A1CY + AC4(t) + ApV3C,, 1y (1)

i@thmz
ot

Although the derivation below assumes Aq, Ag, and |A; — Ag| are much larger than A,, Q, and A., our numerical
simulations indicate that the perturbative treatment remains accurate even when A; = Ajz. This suggests that the
condition |A; — Ag| > A,,Q, A, is sufficient but not necessary for the validity of the adiabatic elimination in the
parameter regime considered.

Let us write an expression for the quasi-steady-state value of C}(t):

A V3 A
Ci(t) = A—i Ci(t) + A L Cony o (1) (S39)
As in the previous section, the same perturbative order is employed throughout this derivation. In particular, Cy ,4(¢)
3
and Cy,, ., (t) are treated as quantities of order unity, and terms of order (%) and higher are neglected. Insert

Eq. (S39) into quasi steady state equation for C%(¢):

A2 3A,A.
(30— 20— £5) 050 = VAL +VBACL 0+ Yo, ) (s10)
1
The inverse prefactor is expanded perturbatively as
1 1 A? Al
= 1+ = +0 < . S41
Ay — 4 A Ay [ Ai(Ar - As) (A%(Al - AB)QH (541)

Since the correction proportional to A2 generates third- and higher-order contributions when multiplied by the terms
on the right-hand side, it is neglected within our second-order perturbative treatment. Therefore,

v2e V34p V3A:A,

Cy(t) = mcz(t) + By = Ag) Cere: (t) + mcml,mg (t) (S42)

2
From the above expression, C4(t) is of second order, i.e., C4(t) = O((AP’X’A“) ), since its leading contribution is

proportional to AZC ! (t), where C/ (t) is of order unity. Since C4(t) is a second-order quantity, the term

mi,ma mi,ma
21 C%(t) in the expression for C(t) (Eq.S39) is third order and can be neglected within our second-order perturbative

treatment. Thus, the quasi steady state value of C(t) now approximate to:

pr

1

04( ) Cm1,m2 (t) (843)

The steady state expression of C . (t) is:

€1,€2

Q A f
C(/il,ez - EC]{( ) AS 3( ) A Orlnl,mz( ) (344)
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Since the order of C4(t) is of second order, the term AZ‘B/gCé(t) can be dropped since it is a term of third order.
Q0 A,
Cél,ez ~ KSC{ (t> - Kg 7In1,m2 (t) (845)

From the above expression we can deduce that Cy ., is of first order, i.e., C; ., (t) = (’)( ﬁ; ) . The quasi-steady value
for C4(t) is

can = Wreyn + Yy (s16)

Again we can neglect the term ‘{%?Cé(t) from the above expression resulting in:

Ca(t) =~ 7E Ci(t) (547)
Finally we write the quasi-steady-state value of C1:
A A
CH0) = VERE Coy (1) + VERECHD) + 1-CL, 0, (1) (545)
1 1

C1(1) = VERLCo0) + V652 (fﬁ”cﬂn) A Clal®

) A (S49)
3520, (8) + 3RECHE) + 5-Cl ()
Further we substitute the value of Eq. S45 into the Eq. S53 we get:
A A? Q19
/ _ “p “p v R B ’
C1(0) = VERZ oy (1) + 335010 — 5 | 3 CHO+ 5 Clyom ) -
S50
— AP A12) QQ ! QAC !
= \/iA—lCO,g(t) + <3A% ~ a4, ) G0 = 3 A O (0
A2 02 A QA
v () = V2 iE _ e o . 1
3A2 + AlAS Cl (t) fAl OO,g(t) A1A3 mi,msa (t) (85 )
c V2320 4(t) — A2 2Oy ma (1)
1( ) A2 02
- (a5 - A1A3) (852)
A2 0?2 A, QA. _,
1 +3P - AL, {\@Alco,g(t) - A Clma ()] -

Since the correction factor in the square brackets is already of second order, its product with the first term on the
right-hand side generates third-order contributions, while its product with the second term generates fourth-order
contributions. Therefore, within our second-order perturbative treatment, these higher-order terms are neglected,
resulting

QA,
A1A3 mi,ms2 (t>

Cl(t) ~ \/iﬁco,g(t) -

~ (S53)

The amplitude C1 () is of first order i.e., O(i—’;). Finally, we insert the value of C}(¢) from Eq. S53 into the differential
equation for the vacuum state |0; g):

.9C, A QA,
O’g ~ V24,(vV2 pCO,g() Ecml,mz(t))
S54
9Co, _ 247 0 - V2AQA. @ (S54)
ot T A AN,
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Now, to obtain the differential equation for C7,, ,,.(t) in terms of slow variables, we substitute Eq.S543 and Eq.545
into the differential equation for Ci,, m,:

6Cm1 ma Q 3 A
i2mms ALyt + A2l 0) + AVEC G (0)
ot As Ag M2 A (855)
.0Cm, ms A, A2 342
Now, we insert the value of C{(¢) from the Eq. S53, and then neglecting the terms of the order (’)(%)3 we get,
. 8Om1 ;Mo 3A12) AE \@APACQ
a7 (Tl - E)leﬂnz (t) — Wco,g(f) (S56)
Putting the two differential equations together, we get,
0Cy, 247 V2A,A0
ot ® R, Cos) = —K A, Cmma (D),
(S57)

OCm, s 3A2 A2 V24,A.Q
— T = ( ) Crmym, () — $00,g(t)~

ot Ay Ag A1A
Although the above derivation assumes |A; — Az| > A,,Q, A., our numerical simulations show that the effective
two-state description remains accurate even when

Ay = As.

This indicates that the condition |A; — Ag| > A,,Q, A, is sufficient but not necessary for the validity of the adiabatic
elimination in the parameter regime considered. This is because C%(t), which is the only amplitude whose quasi-
steady-state expression explicitly depends on the condition |A; — Ag| > A4,,Q, A, is itself a second-order quantity.
Moreover, whenever C%(t) is substituted into the remaining probability amplitudes, its contribution appears only at
third and higher orders in the perturbative expansion. As a result, its effect on the relevant probability amplitudes
is negligible within the second-order perturbative treatment adopted here.

On solving the above differential equation, we obtain the probability amplitude for the Cy,, m, (t) as:

Qm
O7r117m2 (t) = ZQL: 671(a+d)t/2 Sin(QTt), (858)
where
247 m o V2A,A0 342 A2 A2 L2
=% W= Txa 0 TR ay MTdTeTR TR (559)
1 143 1 3 1 3
and
2424202 Ll A2 A2\?
G + (QU)? = = c—p) : S60
cir) \/ ATAZ T <A3 A (S60)
Hence,
V2 A AQ
T AA; (-2 2A2A202 1 (A2 AZ)?
_ 1A3 —1 2A ] T 2A3 . p“ic e i . ) 1
Crnyoms (t) =i e sin |t 7A%A§ + 1 <A3 A1> (S61)

2424202 ( A2 A ) ’

ATAZ A, A



S5. COUPLING STRENGTH 2 AND A,
A. The Case for 0 = —€s

The multilevel atom considered in this work can be physically realized using a single 8’Rb atom. The atom is
prepared in the ground hyperfine state |g) = [F=1,mp=0) of the 525} /» manifold (J=1/2, L=0), excited on the D
line (52512 — 52P;)2) to the hyperfine levels |e; o 2) = |F'=1,m/z=%1) using LHC and RHC-polarized light. The
coupling strength €2 is defined as:

_ dieyyoriq) BE(r)

Q, !
n (S62)
q, = diex)olg) B (r)
2T h

EL(r) and ER(r) are the Electric field profiles of the idler modes of the cavity for Left and Right circular polarizations.
The circularly polarized idler modes are taken to be frequency-degenerate with the same spatial variation at the
atomic position, i.e. EFX(r) = £(r)er, and Eff(r) = £(r) er, where |E(r)] is identical for both polarizations (up to
a controllable global phase). The relevant dipole transitions obey the selection rules mp = 0 — m/x = +£1, hence
d\el><—>|g) xX er, and d|eg)<—>\g) X €eRr, SO that d\el><—>|g) ~EiL X dLS(I‘) and d|e2><_>‘g> . EiR X dRE(I‘) For the symmetric
pair of transitions the Clebsch-Gordan coefficients satisfy |dr| = |dg| with opposite sign, which leads to Q; = —s
[S2].

B. The case for equal coupling strength for the processes |e1) <> [m1) and |e2) ¢ |m2)

The atom is driven by a m-polarized control field that couples the excited states |e1 2) = |F' = 1,m}z = £1) to the
long-lived hyperfine states |mi 2) = |F = 2,mp = £1). The corresponding coupling strengths are

_ derom, Be(r)

Al =
C h )
S63
A2 — deyeom, - Ee(r) ( )
¢ h

Since the control field is 7-polarized, it drives only Ampg = 0 transitions. Both transitions, therefore, involve the
same change in magnetic quantum number, i.e., zero, and connect symmetric Zeeman sublevels (mp = £1) within the
same hyperfine manifolds. According to the Wigner-Eckart theorem, the reduced dipole matrix for both transitions
will be identical since both transitions involve the same F' = 1 and F' = 2 hyperfine levels. The reduced dipole
matrix does not depend on magnetic quantum numbers. All the mpr dependencies sit in Clebsch-Gordan coefficients
(F'' =1,mp; 1,0 | F = 2,mp). Clebsch-Gordan coeflicients always satisfy [(F' =1,m =1; 1,0 | F=2,mp = 1)| =
(F' =1,ms=-1;1,0| F =2,mp = —1)|, hence the dipole matrix element for both transitions will be equal. Since
only m-polarized transitions are possible (preserving the magnetic quantum number), both dipole matrix elements
will be parallel to the control field. This implies:

Al = A% = A, (S64)
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S6. WHY DOES INCREASING A, EVENTUALLY DEGRADE THE FIDELITY OF GENERATING
[ty .my) IN THE CONTINUOUS-WAVE PUMPING REGIME?

|0; g)
[p158)
- Wer,e2)

— Wy, ms)

Probability
=
()]
<
Probability

0.251
0.00+ : . 1 .
0 25 50 75
Time (1/Q2) Time (1/Q)
(a) Ap = Q, Al = GQ = Ag. (b) Ap = 15Q, A1 = GQ = Ag.

Figure S3: Temporal evolution of the cavity-atom states for two different pump strengths while A; = Az = 6f).

In Fig. S3, the nonlinear coupling strengths are chosen as A, = Q and A, = 1.5Q, which are respectively 5 and
7.5 times larger than the value A, = 0.2Q used in Fig. 6(b) of the manuscript. The values A, = 1.05Q in Fig. S3a
and A, = 1.7Q in Fig. S3b were determined numerically such that the vacuum state |0; g) is completely depleted. For
these parameter values, the timescale for generating the state |1, m,) is significantly reduced from approximately
1000/ in Fig. 6(b) of the manuscript to 38.6/2 in Fig. S3a and 14.4/Q) in Fig. S3b. However, this speedup comes
at the expense of a reduced probability of generation. The maximum probability of generating the state |¥m, m.,)
decreases to 0.862 for A, = Q and 0.84 for A, = 1.5Q0, compared to the near-deterministic generation achieved in
Fig. 6(b) of the manuscript. This reduction occurs because the off-resonant intermediate states |¢1;g) and [1e, e,)
acquire finite population, indicating the system is not strictly in an adiabatic regime. Nevertheless, the generation
times of 38.6/€ and 14.4/Q remain in good agreement with the adiabatic-elimination prediction, T = ﬁ:&, which

yields T'= 38.06/Q for A, = Q and T = 15.7/Q for A, = 1.5Q), suggesting that the system continues to operate in a
quasi-adiabatic regime. Another indication of quasi-adiabatic behavior is that choosing A, = ) from the adiabatic-

elimination condition A, = A4, ﬁ—iy does not maximize the generation probability. Instead, numerical optimization

yields A, = 1.0512, for which the maximum probability increases to 0.86, whereas the adiabatic value A. = Q) results
in a lower probability of 0.78. This deviation from the adiabatic prediction further supports the interpretation that
the system operates in a quasi-adiabatic regime. Likewise, for A, = 1.5(), the adiabatic prediction is A, = 1.5Q,
whereas the optimal value shifts further to A, = 1.7Q. The increasing deviation of the A, from the adiabatic
prediction as A, increases indicates that the system gradually moves farther away from the ideal adiabatic regime,
while still retaining the essential characteristics of quasi-adiabatic dynamics. In the continuous-wave (CW) regime,
there exists a trade-off between generation efficiency and generation time. Achieving deterministic generation of
the state [¥u,,,m,) requires operating in the adiabatic regime, which necessitates A, < A;. While this condition
suppresses off-resonant intermediate-state populations and enables complete population transfer, it also reduces the
effective coupling strength, thereby increasing the generation time.
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S7. PDC PROCESS USING A PUMP PULSE UNDER OFF-RESONANT DRIVING

In this section, we will describe the PDC process by operating the pump in the pulse mode. The detunings and
the value of 4, will be set to the same values as those used in Fig. 7(a) in the manuscript. Here, we will only study
the off-resonant PDC process, as on-resonant pulsed PDC is a well-studied problem, and also, it is the off-resonant
PDC process that leads to the generation of the light-matter entangled state. The pump slowly varying envelope is

_ (t—tg)?
chosen Gaussian, and it is defined as £(t) = e > . 7, is the length of the pulse. The full width at half maximum

(FWHM) of the pulse bandwidth is

2.355
AwpwaM = .
Tp

For the case shown in Fig. 7(a), the pump frequency w, is detuned by 302 from the resonance condition w, = ws + w;,
ie., Ay = 30Q. The length of the pulse is 7, = 2'?245 in Fig. 7(a), the spectral width of the pulse is Awpwnn = 0.93€2,
such that even half of the spectral bandwidth, Awpwmnm/2, remains much smaller than the detuning A;. This means
that the entire spectral components of the pulse lie far away from the energy-conserving condition. Consequently, none
of the frequency components of the pump pulse can efficiently satisfy energy conservation for the PDC process, and
the down-conversion interaction remains strongly off-resonant throughout the pulse duration. For the current case, if

we pumped the nonlinear cavity, we get the output state of the form shown in the Fig S4: The photonic states |¢y,)

1.0

0.8
2
= 0.6 — |0}
£ - g1}
.-g - |g2)
S 0.4 —¢3)
S
a8

0.2_ /\

0.0 ——

0 10 20
Time (%}

Figure S4: Temporal evolution of photonic states |¢,,) under off-resonant pulsed PDC process.

exhibit transient behavior; they are populated only during the temporal window in which the pump pulse interacts
with the nonlinear medium. Since the PDC process is far off-resonant, these states do not accumulate population
permanently. As the pump amplitude decays to zero, the excitation amplitudes of these photonic states also vanish,
leaving no residual population. Next, we will derive the mathematical expression for the probability amplitude of
the state |¢1) and show the expression matches the behaviour shown in Fig S4. The probability amplitude for the
generation of the state |¢;) is calculated using the perturbative approach by keeping only the first-order term because
the probabilities of higher-order excitation processes are vanishingly small and can therefore be neglected. We again
consider the nonlinear interaction Hamiltonian Hyy (¢) introduced in the manuscript and also above. We assume the
system starts in the multimode vacuum |0,0,0,0) = |0) and work in the low-gain (first-order) regime, so only the
pair-creation terms contribute.

a. First-order state. The first-order Dyson expansion gives |w(1)(t)> = |0) — %ffoodt’ Hyi(t') 0). Since the

annihilation terms in the Hamiltonian Hy 1(t) annihilate the vacuum, only the creation terms survive, yielding the
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single-pair amplitudes

t

er(t) = (1,0,0, 1M (1)) ~ —z’Ap/ dt’ Bo(t') =M (S65)

— 00

t
ea(t) = (0,1,1, 000D (7)) ~ —iA, / dt’ By(t') e 18" (S66)

It is convenient to define the common pump integral Z(t) = [*__dr’ Eg(t') e=*1*'. Such that ¢ (t) = ea(t) = —iA,Z(1)
b.  Projection onto the |¢1) state. The state |¢1) has the form:

1
91 = 5 (1L0.0.1)+10,1,1,0)). (367)
Its overlap with |1/)(1)(t)> is
Wy — L ¢, eo(8)) = —i
(oM (1) = ﬂ( 1(t) + c2(t)) I(t)V2A,. (S68)

Therefore, the probability to be in |¢1) at time ¢ is Py, (£) o< 2|Ap[? ’I(t)|2. The smooth, non-oscillatory behav-
ior of the curve without the characteristic oscillations of period ﬁ arises from the presence of the pump integral
Z(t). In a given time interval, the probability of exciting the |¢;) state is proportional to |Z(t)|?> = Z(t)Z*(t) =
fioodt’ fioodt” Eo(t')Eo(t") e~ ~t") " This double integral contributes significantly only when ¢’ = t; for t’ # t”,
the rapidly oscillating phase factor causes destructive interference, canceling out the contributions. As a result, the
fast oscillations are effectively averaged out, leading to a smooth, slowly varying probability that follows the envelope
of the pump pulse.

S8. EXPERIMENTAL CAVITY-QED PARAMETERS

In Table S1, we summarize experimentally reported cavity-QED parameters from representative state-of-the-art
optical cavity-QED experiments. The experimentally reported parameters (g, k,7) are identified with (Q,7;/2,T./2)
in our notation. Here, ! = g denotes the atom—field coupling strength, x is the half-linewidth (field decay rate) of
the cavity mode, whereas ; ; denotes the corresponding full cavity linewidth (photon-number decay rate). Likewise,
«v is the atomic polarization (dipole) decay rate, whereas I'. is the atomic spontaneous-emission (population) decay
rate. The idler-mode decay rate ; is used since the idler cavity modes are directly coupled to the atomic transitions.
The selected works span a variety of optical cavity-QED platforms, including neutral atoms and trapped ions, and
provide benchmarks for currently achievable atom—cavity coupling strengths and decay rates.

Table S1: Comparison of experimentally reported cavity-QED parameters with the notation used in this work.
Here, g = Q, 2k = ~;, and 2y = T'..

g K ¥ 28 ,_ v, 2v ,_ T
Reference o (MHz) o (MHz) 5 (MHz) ;G Q) 7 (= Q)
Wang el al. (2025) [S3] 2.62 1 26 0.84 1.08
Grinkemeyer et al. (2025) [S4] 100 32.5 3 0.65 0.06
Liu et al. (2023) [S5] 3.2 1.0 2.6 0.62 1.62
Thomas et al. (2022) [S6] 5.4 2.7 3.0 1.0 1.12
Deist et al. (2022) [ST7] 2.7 0.53 3.0 0.39 2.22
Specht et al. (2011) [S8] 5.0 2.5 3.0 1.0 1.2
Maunz et al. (2004) [S9] 16.0 1.4 3.0 0.175 0.375
Kimble et al. (1999) [S10] 32.0 4.0 2.6 0.25 0.16
Kimble et al. (1998) [S11] 120.0 40.0 2.6 0.67 0.043
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