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Abstract 

 

Torsion is a critical structural demand in thin-walled steel systems, where restricted warping induces 

complex non-uniform torsional kinematics and longitudinal normal stresses. While Vlasov’s theory 
mathematically governs these sectorial-based mechanics, its transition into 7-degree-of-freedom (7-DOF) finite 

element formulations often remains obscured within the "black-box" environments of commercial software. This 

opacity limits structural engineers' ability to intuitively understand and accurately validate warping-induced 

behaviors. To address this gap, this study proposes a rigorous analytical framework and a dedicated MATLAB 

solver designed to transparently compute and benchmark Vlasov’s fourth-order differential equations. 

Consequently, the perfect correlation between the two independent platforms not only validates the analytical 

solver as a robust theoretical baseline but also confirms the accuracy of the open-source numerical element named 

“elasticBeamColumnWarping” in capturing complex bi-moment distributions. Ultimately, this study provides 

researchers and practicing engineers with a transparent, verifiable framework for the advanced analysis of non-

uniform elastic torsion. 

 

Keywords, Non-uniform torsion; Vlasov theory; OpenSeesPy; 7-DOF beam element; Analytical validation; 

Bi-moment kinematics 

 

1. Introduction 
 

The structural efficiency of thin-walled steel members is frequently exploited in modern civil engineering 

due to their high strength-to-weight ratio. However, their open cross-sectional nature renders them highly 

susceptible to the torsional effects. In conventional structural analysis, the torsion is often treated using St. Venant’s 
theory [1], which assumes that cross-sections remain plane and free to warp. St. Venant’s formulation is based on 
the assumption of "uniform torsion," where the rate of twist is constant along the beam's axis. Under this 

assumption, the cross-sections of a beam undergo out-of-plane displacements, known as warping, but are 

considered "free". Consequently, St. Venant’s theory assumes that no longitudinal normal stresses are generated 

due to torsion, and the torque is resisted solely by circulating shear stresses. This approach remains highly accurate 

for solid or thick-walled closed sections. 

However, for thin-walled open sections frequently used in steel structures, St. Venant’s theory becomes 

insufficient. The transition from uniform to non-uniform torsion occurs when warping is hindered—either by 

boundary conditions (e.g., fixed supports) or by variations in the applied torque along the span. This restriction of 

warping introduces “longitudinal normal stresses” and additional "warping shear stresses". The mathematical 

governance of this phenomenon was established by Vasily Z. Vlasov [2]. This is the seminal work that defined the 

kinematics of thin-walled sections. Vlasov established the equilibrium equations and the concept of the "shear 

center," proving that for open sections, warping rigidity often dominates over St. Venant rigidity [2]. Vlasov’s 
theory of thin-walled beams introduced the concept of “sectorial-based computation method”, which acts as a 
fundamental basis for calculating warping-induced effects, because it is the natural coordinate system of a thin-

walled sections. Unlike the classical Euler-Bernoulli or Timoshenko theories, Vlasov’s governing differential 
equation for torsion is of the fourth order. In fact, this step causes to emerge 7th DOF at each node [3].  

Before Vlasov's work became widely translated, it is noted that Benscoter provided an alternative approach 

to non-uniform torsion, particularly focusing on how warping is distributed across the section. His work laid the 

groundwork for the numerical integration of warping in early finite element methods [4].  

Particularly, the first details in calculating torsional constants for various industrial steel sections and 

translating complex theoretical derivations into practical engineering applications was handled by Kollbrunner and 

Basler [5]. Kollbrunner and Basler [5] provided comprehensive tables for the solutions of this fourth-order equation 

under various boundary conditions, simplifying the task for practicing engineers. They emphasized that for open 

sections, the torsional rigidity term often dominates the torsional response, especially near supports. 
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Bažant and El Nimeiri [6] were among the first to translate this fourth-order governance into a finite element 

framework. Their work highlighted that standard 6-DOF beam elements fail to satisfy the boundary conditions 

required by Vlasov’s theory. It was laid down that the derivative of twisting angle was required for the introduction 

of the 7th degree of freedom (warping). 

Yoo and Lee [7] demonstrated that the fourth-order nature of the equation allows for the capture of 

"boundary layer" effects—where warping stresses decay rapidly away from the point of restraint. 

Gjelsvik [8] refined Vlasov’s assumptions and provided a more rigorous mechanical derivation. This work 
is crucial for understanding the interaction between axial forces and non-uniform torsion, which is a cornerstone 

of modern steel design codes. 

Trahair [9] extended the Vlasov theory to the stability of steel structures. He demonstrated that ignoring 

warping restraints leads to a significant underestimation of the lateral-torsional buckling capacity of beams, which 

is vital for the safety of steel structural systems. 

The transition from Vlasov’s analytical fourth-order differential equations to the Finite Element Method 

(FEM) represents a major milestone in structural mechanics, as it allowed for the analysis of complex, multi-span 

systems that were previously unsolvable by hand. The integration of warping into FEM was driven by the necessity 

to satisfy the boundary conditions of Vlasov’s theory at the element level—specifically the requirement to enforce 

or release the first derivative of the twist angle, which represents the warping deformation. In a standard 3D beam 

element, the torsional response is governed by a second-order equation, however, Vlasov’s fourth-order 

governance both the twist angle and the rate of twist angle (derivative of twist angle) must be continuous across 

element nodes. Early researchers focused on developing Hermitian shape functions to interpolate the torsional 

rotation, similar to those used for transverse displacements in Euler-Bernoulli beams. they were among the first to 

develop a finite element capable of capturing warping. Barsoum and Gallagher [10] introduced the 7th DOF at 

each node.  

Mohri and et. al. [11] provided the theoretical basis for elements that can undergo large rotations while 

maintaining the accuracy of the warping restraint effects. 

The recent studies have demonstrated that utilizing 7-DOF beam elements—which introduce the derivative 

of the twist angle as an active nodal degree of freedom—provides a highly efficient alternative to computationally 

expensive solid element models for capturing non-uniform torsional stresses [12-14].  

The integration of non-uniform torsion into global structural analysis has historically been a challenge due 

to the disconnect between complex analytical formulations and user-friendly numerical tools. However, the 

traditional commercial finite element software often operates as a "black box," where the internal handling of the 

7th degree of freedom (warping) and its interaction with other axial and flexural demands is not fully transparent. 

At this point, due to the need for a deeper understanding of the theoretical background within the 'black box,' open-

source software has become invaluable to the scientific community Although there exist a number of open-source 

oded software, OpenSees [15], which is an open-source computational platform that has revolutionized earthquake 

and structural engineering research, provides a unique advantage by its being open for peer review and continuous 

refinement by the global academic community and its flexibility of being implementation for one of the most 

updated platforms, phyton (OpenSeesPy) [16]. 

In this framework, the primary objective of this study is to provide a rigorous numerical validation of the 

“elasticBeamColumnWarping” element utilized in OpenSeesPy. Despite its widespread use, direct benchmarking 

revealing its basic computing fundamentals in detail against a pure analytical Vlasov solution is sparse in current 

literature. By developing a dedicated MATLAB analytical solver, this work aims to actually simplify the 

mathematical complexity arisen form transforming the abstract fourth-order differential equations of Vlasov theory 

into a tangible and verifiable one. Furthermore, the validation of dedicated MATLAB analytical solver is controlled 

by solving a simple structural performing test which constructed by the ready profiles with symmetric, semi-

symmetric, asymmetric cross-sections. It should be explicitly noted that this study strictly limits its scope to the 

behavior of a single element; the structural behavior of frame systems is intentionally excluded. The compelling 

justification is that transferring seventh-degree warping kinematics (i.e., bi-moments and warping deformations) 

across multi-element nodes requires highly complex, joint-specific boundary assumptions. Introducing such joint 

interactions would inevitably obscure the pure mathematical benchmarking of the element's core formulation, 

thereby preventing a transparent validation of its foundational accuracy. 

Thus, the first sub-section is reserved for the introduction. Then, the methodology section which contains 

the mathematical basis of both St. Venant&Vlasov theories and “elasticBeamColumnWarping” element utilized 
in OpenSeesPy is given as second sub section. In the application section, a typical cantilever beam with Symmetric, 

Semi-symmetric and Asymmetric type cross-sections is considered. A discussion of results obtained from the 

application is also presented in this sub-section. The last sub-section is concluded with a summarization of 

discussed results.  
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2. Methodology 

 

2.1. Motivation 

 

The structural behavior of thin-walled open sections is governed by the interaction of Saint-Venant torsion and 

warping torsion [3]. Unlike Euler-Bernoulli beam theory, Vlasov’s theory introduces a fourth-order differential 

equation to account for the resistance to warping. To solve this effectively, researchers frequently employ a 

mechanical analogy, most notably the "beam on elastic foundation" analogy (“Winkler hypothesis”). The primary 

reason for utilizing an analogy is the mathematical isomorphism between the governing equations of different 

physical systems. By mapping the warping torsion problem onto the well-understood behavior of a beam resting 

on an elastic (Winkler) foundation, engineers can leverage existing closed-form solutions and intuitive structural 

models (such as bending moments, flexural rigidity representing bi-moments, warping rigidity) to predict complex 

torsional deformations. Vlasov explicitly highlights that this equation is mathematically identical (isomorphic) to 

the equation of a beam on an elastic foundation subjected to axial force and lateral load. Also, Vlasov explains that 

the term Saint-Venant rigidity GJ acts like a "restoring force" or a "distributed spring support". This allows the 

designer to visualize the warping of the section as the bending of a beam where the "foundation" is provided by 

the torsional shear resistance of the material itself. 
 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The primary limitation of classical Euler-Bernoulli also including Timoshenko theories lies in their 

assumption that cross-sections remain rigid in their own plane and undergo only minor out-of-plane displacements 

that do not affect the internal equilibrium of the beam under torsion [17]. However, the thin-walled open sections 

undergo significant warping (longitudinal displacement) Ux when twisted (see Figure 1). Vlasov needed a way to 

measure this displacement at every point along the profile. He discovered that the longitudinal displacement is 

directly proportional to the area "swept" by a ray originating from the rotation center. This "swept area" is computed 

by “Sectorial Area” Ω depending on “Sectorial Coordinates” ω and “Natural Coordinate” s unlike the Cartesian 

coordinates x, y and z. Furthermore, when warping is restrained, the longitudinal fibers of the beam unlike solid 

sections are stretched or compressed. This creates a system of longitudinal normal stresses due to only warping 

moment. In order to take into account of two equal and opposite bending moments acting in parallel planes, or 

more simply, as a "generalized torque" that specifically accounts for the resistance to warping, Vlasov also defined 

“Bi-moment concept”. 

 

2.2. Mathematical Fundamentals of Vlasov Theory 

 

This section is pivotal as it defines the mathematical transition from classical beam theories to the specific 

kinematics of thin-walled members. The primary limitation of classical Euler-Bernoulli and Timoshenko theories 

lies in their assumption that cross-sections remain rigid in their own plane and undergo only minor out-of-plane 

displacements that do not affect the internal equilibrium of the beam under torsion. Vlasov challenged this by 

introducing Sectorial area Ω, often referred in Sectorial Coordinates ω. Unlike the Cartesian coordinates x, y and 
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Figure 1. Sectorial-based Sketch of Warped Torsional Effects on the Cross-sections (a) and (b) and 

Visualization of Warped Torsional Rotational Angle and Displacement (c) 

(a) 
(b) 

(c) 



z, the Sectorial area Ω is a geometric property representing the swept area from the shear center to any point on the 

profile's midline (∫ ω݀ܣ஺ = 0;  ∫ ஺ݔ ω݀ܣ = 0;  ∫ ஺ݕ ω݀ܣ = 0) 
 

Assuming “torsional angle” θ(x), “warping displacement” ux(x, y, z) out of the cross-sectional plane along 

the x-axis, the displacements in Cartesian Coordinates [14],  
,ݔ)௬ݑ  ,ݕ (ݖ ≡ ,ݔ)௬ݑ (ݖ = −θ(ݔ)(1)          ݖ 

,ݔ)௭ݑ  ,ݕ (ݖ ≡ ,ݔ)௭ݑ (ݕ = θ(ݔ)(2)          ݕ 
 

The St. Venant (or uniform) torsion is defined by a free warping due to torsion. The strain (єx, єy, єz) and 

stress (σx, σy, σz) values in x, y and z axes are equals to zero “0”.  
The Vlassov (or non-uniform) torsion is defined by vanishing shear strains: ϵ௫ = ∂௨ೣ∂௫ߛ௫௬ = డ௨ೣడ௬ + డ௨೤డ௫ = డ௨ೣడ௬ − ,ݖ′ߠ ′ߠ       = ௫௭ߛ ݔ݀/ߠ݀ = డ௨ೣడ௭ + డ௨೥డ௫ = డ௨ೣడ௭ + ݕ′ߠ }  

  
        (3) 

 

If the coordinates y and z are parametrized in terms of “natural coordinate” s, it is represented as y(s), z(s). 

A natural coordinate s is introduced along the thin-wall of the cross-section with thickness t(s), the cross-sectional 

area A.  
ܣ  = ∫ ௦2௦1ݏ݀(ݏ)ݐ             (4) 

 

The rate of change of longitudinal displacement along the midline of the cross-section ux in “natural 
coordinate” s is, 

 ௗ௨ೣௗ௦ = ∂௨ೣ∂௬ ௗ௬ௗ௦ + ∂௨ೣ∂௭ ௗ௭ௗ௦ = θ′ ݖ) ௗ௬ௗ௦ − ݕ ௗ௭ௗ௦)         (5) 

 

The perpendicular distance from the shear center R is defined as “Sectorial Radius”, 
 ܴ = ݎ cos(90∘ + β − α) = ݎ− sin(β − α) = sin)ݎ− β cos α − cos β sin α) = ݖ)− ௗ௬ௗ௦ − ݕ ௗ௭ௗ௦)  (6) 

 

Thus, Eq. 5 is represented as: 

 ௗ௨ೣௗ௦ = −θ′ܴ(ݏ)             (7) 

 

In fact, the Sectorial Radius R is also utilized in the definition of "swept area.", that is, “Sectorial Area” Ωs. 

The swept area of the sector formed by the shear center, the starting point s1 and the current point s. From this 

perspective, the differential area dΩs in Figure 1 is obtained by the vector cross-product:  

 ݀Ω = ݔ| ×  (8)            |ݔ݀
 

The expansion form of Eq.8 is,  

 |࢞ × |࢞ࢊ = ࢞ࢋ| ࢟ࢋ 0ࢠࢋ ݕ 0ݖ ݕ݀  (9)           |ݖ݀

ݔ  × ݔ݀ = ݁௫(ݕ ⋅ ݖ݀ − ݖ ⋅  (10)          (ݕ݀
 dΩ =  y dz  −  z dy            (11) 
 



dΩ = y (∂௭∂௦ (ݏ݀ − z (∂௬∂௦ (ݏ݀ = ݕ) ∂௭∂௦ − ݖ ∂௬∂௦)݀ݏ = ݖ)− ∂௬∂௦ − ݕ ∂௭∂௦)⏟          ݀ݏோ(௦)      (13) 

Thus, Eq.13 is, 
 ௗΩௗ௦ = (ݏ)ܴ ⇒ Ω(ݏ) = ∫ ௦௦1ݏ݀(ݏ)ܴ  with Ω(1ݏ) = 0       (14) 

 

The warping displacement ux in Eq.7 is obtained by an integration computation depending on Sectorial 

Radius R and Sectorial Area Ωs. The displacement ux at the starting point (origin) of the contour integration s1 is  
,ݔ)௫ݑ  (ݏ = ,ݔ)௫ݑ (1ݏ − θ′Ω(ݏ)          (15) 
 

If a specific point s0 on the cross-section's midline where the longitudinal displacement due to warping is 

assumed to be zero, that is, ux(x, s1) = 0, Eq.15 is 

,ݔ)௫ݑ  (2ݏ =  (16)            (1ݏ)Ω′ߠ
 

If Eq.16 is placed into Eq.15, 

,ݔ)௫ݑ  (ݏ = −θ′(Ω(ݏ) − Ω(1ݏ)) = −θ′ω(ݏ)         (17) 

 

Eq. 17 defines the longitudinal displacement at the contour origin ux. This ”normalization process” allows 

the sectorial area Ω(ݏ) to be transformed into “sectorial coordinate” ω(ݏ) with respect to the shear center 

effectively shifting the warping distribution to its physical null point s0. Thus, the "relative" sectorial area measured 

from your reference point s1 is utilized to define he geometric distribution of longitudinal displacement across the 

cross-section due to a unit rate of twist. The sectorial coordinate ߱(ݏ) is solely, 

 ω(ݏ) = Ω(ݏ) − Ω(1ݏ)           (18) 
 

The differential case of sectorial coordinate ߱(ݏ) considering definition of swept area in Figure 1 is, 

 ݀ω =  2 ⋅ (area of triangle) = 2. 12 ⋅ base⏟ݏ݀ ⋅ height⏟(ݏ)ܴ = ݏ݀(ݏ)ܴ = ݀Ω      (19) 

 

The differential sectorial area ݀Ω is defined as twice the triangular area swept by the position vector from 

the shear center to the midline segment ݀ݏ. Consequently, the differential sectorial coordinate ݀ω serves as the 

basis for the warping displacement function, representing the geometric rate of change in longitudinal deformation 

across the section. The sectorial coordinate ߱(ݏ) is defined as twice the area swept by a position vector originating 

from the Shear Center as it moves along the midline of the cross-section. 

Furthermore, Ω(s1) also means the mean value of Ω over the cross-section area, in other words, “Sectorial 
Centroid”, 

 Ω(1ݏ) ≡ Ω = 1஺∫  (20)          ݏ݀(ݏ)Ω(ݏ)ݐ

 

The value Ω(1ݏ) represents the mean sectorial area, effectively acting as the Sectorial Centroid. 

Determining this value is a critical condition for locating the warping point s1. This ensures that the resulting 

twisting deformation induces only warping displacement without generating a net axial lengthening or shortening 

of the member. Consequently, the first orthogonality condition is satisfied, 

 ∫ ω(ݏ)݀ܣ஺ = 0            (21) 

 

One of the most practical applications of sectorial area is identifying “Shear Center”. Vlasov proved that 

the shear center is the point where the first sectorial moment of area equals zero (see Eq. 21). By developing a 

method based on "sweeping" the section, he provided a universal algorithm to find the exact point where a load 

must be applied to avoid twisting, regardless of how complex the profile geometry is. 

 



2.2.1. Saint-Venant Theory 

 

The tangential displacement ݒ௦ at any point along the midline defined by “natural coordinate” s is the 

product of the rotation angle θ(ݔ) and Sectorial Radius ܴ(ݏ, ݊) the perpendicular distance from the rotation 

center to the tangent at that point:  

,ݔ)௦ݒ  (ݏ = ௬ݑ ௗ௬ௗ௦ + ௭ݑ ௗ௭ௗ௦           (22) 

,ݔ)௦ݒ  (ݏ = (−θ(ݔ)ݖ) ௗ௬ௗ௦ + (θ(ݔ)ݕ) ௗ௭ௗ௦         (23) 

,ݔ)௦ݒ  (ݏ = θ(ݔ) ݕ) ௗ௭ௗ௦ − ݖ ௗ௬ௗ௦)⏟        ோ(௦)           (24) 

 

It is also defined as: 

,ݔ)௦ݒ  (ݏ = ௗΩ(௦)ௗ௦ ⋅ θ(ݔ)           (25) 

 
In thin-walled members, the shear strain γ௫௦ in the plane of the wall along the natural coordinate s and 

longitudinal axis x is defined as the sum of the partial derivatives of the displacements. Vlassov’s theory assumes 
that the shear strain on the middle surface of the thin-walled profile is negligible. Setting γ௫௦ = 0: 

 γ௫௦ = ∂௨ೣ∂௦ + ∂௩ೞ∂௫ = 0            (26) 

 ∂௨ೣ∂௦ = − ∂௩ೞ∂௫              (27) 

 
If Eq. 24 is introduced into the Eq. 25, 

 ∂௨ೣ∂௦ = (ݏ)ܴ− ⋅ ௗθ(௫)ௗ௫ = (ݏ)ܴ− ⋅ θ′(ݔ)         (28) 

,ݔ)௫ݑ  (ݏ = −θ′(ݔ) (ݏ)ܴ∫  (29)          ݏ݀ 

,ݔ)௫ݑ  (ݏ = −ω(ݏ) ⋅ θ′(ݔ)           (30) 
 

To find the shear strain at any point at a distance n from the midline, we consider the effective radius 

R(s)+n, Eq. 19 is introduced into the Eq. 28,  

 డ௨ೣడ௦ = − ௗఠௗ௦ θ′(ݖ)            (31) 

 

If Eq. 31 is introduced into the Eq. 26,  

௫௦ߛ  = ,ݏ)ܴ) ݊) + ݊)θ′ − (ௗఠௗ௦) θ′          (32) 

 

If Eq. 19 is introduced into the Eq. 32,  

௫௦ߛ  = ,ݏ)ܴ) ݊) + ݊ − ,ݏ)ܴ ݊))θ′ = ݊ ⋅ θ′         (33) 

 

Considering both Eq. 33 and the analogy of Hooke Theory ߬ = ⋅ ܩ   ,ߛ

 ߬௦௩ = .ܩ ௫௦ߛ = ܩ ⋅ ݊ ⋅ θ′           (34) 

 

This stress varies linearly through the wall thickness t between -t/2 and t/2. When we take the integral over 

the cross-sectional area to calculate the moment force generated by these stresses. In St. Venant torsion, the moment 

force is generated by the 'twisting' of the wall itself about its own centroid. Consequently, while the lever arm n 



represents the distance from the mid-line (centerline) of the wall, the sectorial radius R is computed from the shear 

center. 

௦௩ܯ  = ∫ ߬஺ ⋅ ܣ݀ ݊ = ∫ (∫ ܩ) ⋅ ݊ ⋅ θ′)௧/2−௧/2 ⋅ ௦ݏ݀(݊݀ ݊        (35) 

௦௩ܯ  = ′θܩ ∫ [௡33 ]−௧/2௧/2 ௦ݏ݀ = ′θܩ ∫ ௧312௦  (36)         ݏ݀

௦௩ܯ  = θ′∑(13ܩ ܾ௜ݐ௜3) = ܩ ⋅ ܬ ⋅ θ′          (37) 

 

If it is considered Eq. 35, it is seen that the stress is zero at the mid-line (or middle axis) of the wall where 

n=0. As the distance from the center increases (as n increases), the stress increases.  

 

2.2.2. Vlasov Theory 

 

Just as in the analogy of normal and shear stresses σ and τ, σω and τω represent the warping normal stress 

and warping shear stress, respectively. While the expression (τω t) and (σω t) denotes the Warping shear force per 

unit length (warping shear flow) and Warping normal force per unit length, respectively  

௫ܨ∑  = 0             (38) 

௫ܨ∑  = ௫2ܨ − ௫1⏟      Normal Frorceܨ + ௦2ܨ − ௦1⏟      Shear Froceܨ = 0          (39) 

 [(σωݐ + ∂(σω௧)∂௫ (ݔ݀ ݏ݀ − (σωݐ)݀ݏ] + [(τωݐ + ∂(τω௧)∂௦ (ݏ݀ ݔ݀ − (τωݐ)݀ݔ] = 0    (40) 

 ∂(σω௧)∂௫ ݔ݀ ⋅ ݏ݀ + ∂(τω௧)∂௦ ݏ݀ ⋅ ݔ݀ = 0          (41) 

 ∂(σω௧)∂௫ + ∂(τω௧)∂௦ = 0            (42) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Just as in the bending analogy (reminding the moment force from the normal stresses ܯ = ∫σ ⋅  with ܣ݀ ݕ

respect to neutral axis) and considering the derivation of Eq.4, warping torsional moment from normal stress σ 
with respect to shear center:  

ωܯ  = ∫τω ⋅ R(ݏ) ⋅  (43)           ݏ݀ ݐ

 

In Eq.43, ݀ω =  ,idi ݏ݀(ݏ)ܴ

ωܯ  = ௦(τωݐ)∫  ݀߱            (44) 

 

௫2ܨ = ቆσωݐ + ∂(σωݐ)∂ݔ  ݏ݀(ݐσω)=௫1ܨ ݏቇ݀ݔ݀

௦2ܨ = ቆτωݐ + ∂(τωݐ)∂ݏ ቇݏ݀  ݔ݀

௦1ܨ = (τωݐ)݀ݔ 

Figure 2. Equilibrium of Forces on A Differential Cross-sections 



According to the partial integration rule (∫ݑ ݒ݀  = ݑ] ⋅ [ݒ − ݒ∫  ,(ݑ݀ 

ωܯ  = (τωݐ)] ⋅ ω]௦0௦1 − ∫ω௦ ⋅ ∂(௧τω)∂௦  (45)         ݏ݀ 

 

Since there is no material beyond the free ends of the profile (e.g., the tips of an I-beam flange), there is no 

medium to support a shear force. Therefore, the shear flow must start and end at zero at these boundaries. For open 

cross-sections, the warping shear stress is zero at the endpoints (free edges) of the section (τω=0). Consequently, 

the boundary values within the integration terms vanish, 

ωܯ  = −∫ω௦ ⋅ ∂(௧τω)∂௦  (46)           ݏ݀ 

ωܯ  = −∫ω௦ ⋅ (− ∂(௧σω)∂௫ )  (47)           ݏ݀ 

ωܯ  = ௗௗ௫ ∫ σω௦ ⋅ ω(ݏ) ⋅ .(ݏ)ݐ  (48)          ݏ݀ 

 

In Vlasov theory, the definition of “Bi-moment” B,  
ܤ  = ∫ ఠ஺ߪ ⋅ ܣ݀ (ݏ)߱ = ∫ ఠ஺ߪ ⋅ (ݏ)߱ ⋅  (49)        ݏ݀ (ݏ)ݐ

ܤ  = ∫ ஺[(ݏ)߱(ݔ)′′θܧ−] ⋅  (50)          ܣ݀ (ݏ)߱

ܤ  = (ݔ)′′θܧ− ∫ ஺(ݏ)2߱  (51)           ܣ݀ 

 
If Eq. 51 is introduced into Eq. 48, 

ఠܯ  = ௗ஻ௗ௫             (52) 

 
Moreover, In Eq.51, it is possible to obtain “Sectorial Torsional Inertia Moment” ܫఠ or “warping 

constant” Kw as, 

ఠܭ  = ∫ ஺(ݏ)2߱  (53)            ܣ݀ 

If Eq.53 is introduced into Eq. 51, ܤ = (ݔ)′′θܧ− ⋅  ఠ            (54)ܭ
 

Also, Considering Eq. 49, it is possible to define “sectorial static moment” Sw as,  

 ܵω(ݏ) = ∫ ω(ݏ)௦0 ⋅  (55)           ݏ݀(ݏ)ݐ

ωܯ  = ௗ஻ௗ௫ = (ݔ)′′′θܧ− ⋅  ఠ           (56)ܭ

 

Just as in the bending analogy (reminding the normal stress σ=Eε, the warping normal stress, 

ఠߪ  = ܧ డ௨డ௫ =  (57)           (ݏ)߱(ݔ)′′θܧ−

 

If Eq. 54 is introduced into Eq. 57, σω = ஻௄ω  (58)            (ݏ)߱ 

 

Moreover, warping shear force per unit length (warping shear flow), 

 ωܶ = τωݐ = −∫ ∂(௧σω)∂௫  (59)           ݏ݀ 

 

If Eq.55 and Eq.58 is introduced into Eq. 59, 



 τω = − ௗ஻/ௗ௫௄ω ∫ ω௦0 ⋅ ௌω(௦)      ⏟ݏ݀ ݐ            (60) 

 τω = −ெω⋅ௌω(௦)௄ω⋅௧             (61) 

 

In classical bending, the shear stress τ is proportional to ܳ(ݏ) (reminding τ(ݏ) = ௏⋅ொ(௦)ூ⋅௧(௦) ). First Moment of 

Area ܳ(ݏ) indicates how "asymmetrically" the area of a section is distributed relative to the Neutral Axis. It 

determines the magnitude of the transverse shear stress required to maintain equilibrium during bending. Sectorial 

Static Moment ܵω(ݏ) characterizes the "asymmetry" of the Sectorial Area distribution relative to the warping 

center. It serves as the distribution function for warping-induced shear stresses τఠ resulting from the warping 

torsional moment ܯఠ. 

Moreover, it is noted for the “sectorial static moment” Sw  

For S1 = 0, 

 ܵω(1ݏ) = ∫ ω(ݏ)00ݏ݀(ݏ)ݐ = 0          (62) 

 

For S2 = the width of Flange or web, 

 
Considering Eq,58, the axial force,  

 ∫ σωݏ݀ݐ௦2௦1 = ஻௄ω ∫ ௦2௦1ݐ ݏ݀(ݏ)߱ = ஻௄ω ܵω(2ݏ) = 0        (63) 

 
Therefore, 

 ܵω(2ݏ) = 0             (64) 

 
In an open cross-section, to maintain the equilibrium of the total bi-moment generated by the longitudinal 

normal stresses σఠ, the total sectorial static moment must vanish ܵω = 0 when reaching the end of the section 

contour 

Moreover, if there is no externally applied tangential shear force at the free edge s2, the warping shear 

stress τఠ must be zero (that is, τω(2ݏ) = 0). Thus,  

   ஻⋅ௌω(௦2)ூω⋅௧(௦2) = 0             (65) 

 
Therefore, ܵω(2ݏ) = 0             (66) 

 

2.2.3. The General Vlasov Differential Equation for Non-uniform Torsion 

 

The thin-walled members, the total torque is resisted by two mechanisms: St. Venant (uniform) torsion and 

Warping (non-uniform) torsion. Thus, the differentiation in the sum of St. Venant (uniform) and Warping (non-

uniform) torsional moment have to be equal to “0”. In this regard, considering the Eq. 56 and Eq.37, the equilibrium 
based on the Vlasov differential equation for non-uniform torsion is expressed as: 

(ݔ)ωθ௜௩ܫܧ  − (ݔ)′′θܬܩ =  (67)          (ݔ)݉
 

Thus, this general equation of Vlasov is solved depending on the boundary condition. 

 

2.2.4. The Brief Introduction to Basic Principles of “ElasticBeamWarping3d” utilized in OpenseesPy 

 

In Finite Element Analysis, the goal is to transform a continuous differential equation into a discrete matrix 

equation. The "bridge" used to cross this gap is the Shape Function. The governing equation for Vlasov torsion is 

a 4th-order differential equation. To solve this using the Finite Element Method, the interpolation function used to 



guess the torsional angle between two nodes must be "mathematically rich" enough to satisfy the boundary 

conditions of both the torsional angle and the derivative of torsional angle (warping). Due to having a 4th-order 

equation, a linear or quadratic guess is insufficient. A cubic polynomial is the lowest degree that allows us to 

calculate the necessary derivatives for warping energy without the math "disappearing" to zero. Furthermore, 

Standard shape functions (like Lagrange) only ensure that the torsional angle is the same where two elements meet. 

Hermite polynomials ensure that both the torsional angle and the derivative of torsional angle (warping) are 

continuous. Hermite functions ensure that the beam warps smoothly across elements without "cracking". Thus, 

firstly, the torsional angle at any point along the beam is assumed as a combination of 4 Hermite functions 

multiplied by the nodal value. Then, the energy equation is guessed. The total internal energy of the beam consists 

of two parts: Warping Energy related to the second derivative of torsional angle and Saint-Venant Torsion Energy 

related to the first derivative of torsional angle. The energy integration is resulted with the stiffens matrix 

coefficients. In most FEA applications (like standard bending), shape functions are just an "approximation." 

However, for the 4th-order torsion-warping problem, the cubic polynomial is mathematically equivalent to the 

exact homogeneous solution of the differential equation. This result is validated by the performance tests in the 

following parts. 

 

3. Application: A Cantilever Beam with Symmetric, Semi-symmetric and Asymmetric type cross-sections 

 

 In this specific case study, a steel profile beam with Symmetric, Semi-symmetric and Asymmetric cross-

sections is analyzed under a torque generated by a 500 N point load in the end of length of 6000 mm. This 

application provides a robust analytical framework for the torsional analysis of thin-walled open sections, including 

I-profile (IPE 300), U-channel (UPN 200), and Z-section (ZNP 160).  

The comparative analysis between the dedicated MATLAB analytical solver and the OpenSeesPy 

numerical model reveals critical insights into the non-uniform torsional behavior of thin-walled members. The 

initial validation phase demonstrated a mathematically perfect correlation (100% agreement) between the two 

platforms across all evaluated cross-sections. This exact equivalence is not merely coincidental; it is a direct 

consequence of the underlying mathematical formulations. As discussed in Section 2.2.4, the general Vlasov 

equation for non-uniform torsion is a fourth-order linear differential equation. The elasticBeamColumnWarping3d 

element in OpenSeesPy utilizes cubic Hermitian shape functions to interpolate the torsional angle across the 

element nodes. Because cubic polynomials are mathematically capable of representing the exact homogeneous 

solution of this fourth-order equation, the finite element formulation inherently avoids standard discretization 

errors, converging identically to the exact closed-form analytical solution provided by the MATLAB solver. This 

confirms that the finite element implementation strictly and accurately utilizes the Vlasov stiffness matrix to map 

the fundamental warping degrees of freedom. 

Beyond numerical validation, the distribution of the torsional rotation angle (θ) and the bi-moment (ܤ) across 

the beam length physically illustrates the distinct kinematic behaviors of symmetric, semi-symmetric, and 

asymmetric cross-sections under restrained warping conditions: 

• Symmetric I-Profile (IPE 300): For doubly symmetric sections, the shear center perfectly coincides with 

the geometric centroid (see Figure 2a). The warping resistance is provided symmetrically by the differential 

lateral bending of the top and bottom flanges. As seen in Figure 3, the bi-moment distribution exhibits a 

steep gradient at the fixed support—where the warping derivative (θ′) is strictly enforced to zero—and 

exponentially decays toward the free end. The pure symmetry ensures that torsional demands do not induce 

lateral or vertical bending, allowing the St. Venant and warping torsional mechanisms to act purely in 

parallel (see Figure 2b). 

• Semi-symmetric U-Channel (UPN 200): In mono-symmetric sections, the shear center lies outside the 

cross-sectional envelope (see Figure 4a). Consequently, the sectorial area distribution relies almost entirely 

on the asymmetrical bending of the flanges, as the web lies on the primary axis of rotation and provides 

negligible warping resistance. Figure 5 illustrates how this spatial eccentricity alters the bi-moment 

distribution (see the deformed form in Figure 4b). The separation between the centroid and the shear center 

means that any torsional rotation inherently couples with transverse displacements, making the correct 

spatial mapping of the 7th-DOF in OpenSeesPy physically critical to capture the true structural response. 

• Asymmetric Z-Profile (ZNP 160): Point-symmetric or asymmetric sections present the most complex 

sectorial kinematics. While the shear center aligns with the centroid, the principal bending axes are inclined, 

resulting in a highly irregular sectorial area (ω௦) distribution (see Figure 6a). As illustrated in Figure 7, the 

coupling of out-of-plane warping displacements becomes highly sensitive to the cross-sectional geometry 

(see the deformed form in Figure 6b). 



Crucially, the evaluation of the ZNP 160 profile highlights a fundamental limitation in simplified engineering 

practices. Although standard industry tables provide estimated warping constants (ܫఠ) based on idealized flange 

contributions, they frequently fail to apply the rigorous sectorial area correction (normalization) relative to the 

exact shear center. The analytical MATLAB engine demonstrates that if the sectorial coordinate (ω௦) is not strictly 

orthogonalized against the cross-sectional area (∫ ω௦݀ܣ஺ = 0), the kinematic formulation will artificially generate 

spurious longitudinal axial forces under pure torsion. In finite element environments, this lack of normalization 

leads to severe numerical instability or "locking" phenomena. The MATLAB solver performs this exact sectorial 

centroid normalization, proving that computing the mathematically "correct" base values is an absolute necessity 

for defining the 7-DOF boundary conditions accurately. Ultimately, the robust alignment between the platforms 

validates that the proposed analytical methodology acts as a vital, high-precision calibration tool for advanced 

structural engineering applications. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. The Cantilever Beam with I-profile (IPE 300: Undeformed Form (a) and Deformed Form (b) 

(a) 

(b) 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Torsional Rotation Angle and Bi-moment Variation throughout The Cantilever Beam with 

I-profile (IPE 300) obtained by MATLAB Solver and OpenSeesPy 

Figure 4. The Cantilever Beam with U-profile (UPN 200): Undeformed Form (a) and Deformed Form (b) 

(a) 

(b) 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5. Torsional Rotation Angle and Bi-moment Variation throughout The Cantilever Beam with 

U-profile (UPN 200) obtained by MATLAB Solver and OpenSeesPy 

Figure 6. The Cantilever Beam with Z-profile (ZNP 160): Undeformed Form (a) and Deformed Form (b) 

(a) 

(b) 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Conclusion 

 

 This study successfully demonstrates a robust validation framework for the torsional analysis of thin-walled 

open sections by integrating Vlasov’s Theory of Thin-Walled Beams into two independent computational 

platforms: a custom-coded MATLAB analytical solver and an OpenSeesPy numerical model. The source code of 

MATLAB analytical solver and input codes of OpenSeesPy numerical model are presented as a supplementary 

material for this study. 

The investigation achieved a 100% match (perfect correlation) between the MATLAB analytical solutions 

and the OpenSeesPy “ElasticBeamWarping3d” element results. This equivalence confirms that the finite element 

implementation correctly utilizes the Vlasov stiffness matrix and accurately maps the fundamental warping degrees 

of freedom across diverse geometries. 

 The MATLAB-based Precision Sectoral Analysis Engine highlighted the critical importance of sectorial 

area normalization relative to the shear center, particularly for asymmetric sections like the ZNP 160. While 

standard industry tables provide a reliable baseline for warping contributions, the custom analytical solver offers 

the mathematically "correct" values required for high-precision structural engineering by accounting for a real-

world geometric nuance. 

 In summary, the consistency between the independent analytical and numerical platforms ensures a high 

degree of reliability for the elastic torsion and warping analysis of industrial structures. As a next study, the steel 

structural elements with not only “I” type cross-sectionals but also the other types will be evaluated for an elasto-

plastic analysis considering the non-uniform torsional responses. 
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