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Abstract

Single photons are elementary excitations of the quantized electromagnetic field, yet their
electromagnetic structure is often described through separate electric and magnetic field
operators. Here we develop a theorem-based complex-quaternionic Riemann-Silberstein
representation of single-photon electromagnetic wave packets. The formalism embeds the
transverse electric and magnetic components into one helicity-resolved biquaternionic field, so
that transversality, electric-magnetic orthogonality, helicity projection, and mode-wise nullity
are encoded within a single algebraic structure. We show that the source-free Maxwell
equations reduce to one first-order quaternionic Maxwell equation and that canonical
quantization yields the one-photon electromagnetic amplitude as a vacuum-to-one-photon
transition matrix element. The resulting expression is a spectral superposition of transverse
modes weighted by the photon wave-packet envelope. Beyond notational compactness, the
construction separates three operational ingredients of a one-photon state: spectral localization,
helicity selection, and mode matching to a detector or target mode. The framework is fully
compatible with standard QED and clarifies that broadband photon wave packets are generally
not pointwise null, although each Fourier component is null.

Keywords: single photon; photon wave packet; Riemann—Silberstein vector; quaternionic
Maxwell equation; helicity; quantum optics; quantized electromagnetic field; transition
amplitude; mode matching; electromagnetic geometry



1. Introduction

The photon is the one-quantum excitation of the quantized electromagnetic field. In quantum
optics, this statement is usually implemented by expanding the positive-frequency electric-field
operator over transverse modes and associating creation and annihilation operators with those
modes [1-4]. The magnetic field is then obtained from Maxwell’s equations, or equivalently
from the curl of the vector potential in a chosen gauge. This standard formulation is
operationally successful, but it often hides a simple geometric fact: in free space, a radiation
mode is not specified by an electric field alone. The magnetic field, propagation direction, and
transversality constraint are tied together by a rigid cross-product structure.

A compact alternative is supplied by the Riemann—Silberstein (RS) representation, where the
electric and magnetic fields are combined as

&€

This representation has a long history in photon wave mechanics, including the Silberstein,
Oppenheimer, Sipe, and Bialynicki-Birula formulations [5-9]. It has also become a practical
tool in modern electromagnetic and light—matter calculations, where Maxwell’s equations can
be written in Schrodinger-like or helicity-resolved form [10,11]. The RS vector is particularly
natural for photon energy-wave-function approaches because its squared norm is tied to
electromagnetic energy density rather than to a Newton—Wigner position probability density
[14,15].

Recent field-theoretic treatments of single photons emphasize that a single photon is detected
discretely, while the quantum-field amplitude associated with it may possess a spatially
extended wave-packet structure [16]. Related modern work on photon wave-packet mechanics
uses helicity-resolved transverse fields and connects local wave equations to QED-level single-
photon states [17]. In second quantization, the bridge between photon field operators and
photon wave mechanics is commonly made by taking vacuum-to-one-photon matrix elements
of positive-frequency field operators [18]. Many-mode one-photon states are also central in
light-matter interaction, state transfer, single-photon absorption, and waveguide-QED
scattering problems [19-22].

The present paper develops a complementary formulation. Instead of writing E and B as
separate vector fields, we embed them in a complex-quaternionic, or biquaternionic, pure-
vector field. This move is conservative: it does not replace complex Hilbert-space QED by a
new quaternionic quantum theory in the sense of quaternionic Hilbert-space dynamics [23].
Quaternionic quantum mechanics and quaternionic wave-packet dynamics constitute a separate
research direction [24]; here, by contrast, Hamilton’s quaternion algebra is used only as a
compact encoding of ordinary three-dimensional scalar and vector products. Throughout the
paper, i denotes the commuting complex imaginary unit, whereas the quaternionic spatial basis
units are denoted by e4, e,, e3. For two pure quaternions a and b,

ab=-a-b+axhb. (1)



Thus, the same algebraic product contains the dot-product constraint responsible for
orthogonality and the cross-product relation that determines the magnetic component from the
electric component and the propagation direction.

The paper’s contribution is a theorem-proof formulation of the following statement: a single-
photon electromagnetic wave packet may be represented as the vacuum-to-one-photon
transition amplitude of a helicity-resolved biquaternionic Riemann—Silberstein field operator.
The spectral envelope f3 (K) controls localization and mode matching, while the quaternionic
helicity projector enforces the transverse electromagnetic geometry mode by mode. The result
is not a new photon ontology and not a modification of quantum electrodynamics; it is a
compact, algebraically transparent representation of standard free-space QED.

The novelty is therefore not the RS vector itself, nor the canonical one-photon Fock-state
construction. The novelty is the systematic packaging of quaternionic vector algebra, helicity
projectors, source-free Maxwell dynamics, and one-photon transition amplitudes into one
theorem-level formalism. Compared with earlier RS photon-wave-function formulations, the
present formalism adds two specific layers. First, the quaternionic product makes dot-product
constraints and cross-product Maxwell relations appear in one multiplication rule. Second, the
QED construction is stated directly as a field-operator transition amplitude, which avoids
interpreting a one-photon Fock state as a classical electromagnetic field. This distinction is
important in view of the photon-localization and photon-wave-function ambiguities discussed
in the recent photon—classical-field literature [14,15].

Conceptual and operational significance. The present representation addresses a practical issue
common to quantum optics, quantum field theory, and nanophotonics: how to discuss the
electromagnetic content associated with a one-photon Fock excitation without replacing that
excitation by a classical electromagnetic field. In the proposed formalism, the spectral function
f2(K) specifies the prepared or detected wave-packet mode, the helicity projector selects the
circular-polarization sector, and the quaternionic product fixes the electric-magnetic geometry
of each Fourier component. This makes the construction useful not only as an algebraic
rewriting of Maxwell theory, but also as a compact operational language for single-photon
preparation, phase shaping, absorption, and projection onto target modes.

Table 1 situates the present construction relative to standard QED, the Riemann—Silberstein
representation, and photon wave-packet mechanics. It clarifies that the novelty of the present
work 1is not the replacement of these established formalisms, but their compact theorem-level
packaging through biquaternionic vector algebra, helicity projection, and vacuum-to-one-
photon transition amplitudes.

Table 1. Relation of the present formalism to existing electromagnetic and photon wave-packet

frameworks.
Formalism Main object Interpretation Role in this paper

Standard QED EM BM Field operators and Fock Starting point
states



Riemann-Silberstein F, = ,/&,/2(E + icB) Energy-amplitude / photon  Field combination

representation wave-function formalism
Photon wave-packet fa(k), wave-packet Spatial and spectral Localization and mode
mechanics modes structure of one-photon matching
states
Present formalism F,. B, \p(+f) Biquaternionic transition- ~ Compact theorem-level
K amplitude representation packaging

The logical workflow of the construction is then shown in Figure 1.

This organization is intended to make the formal result readable across subfields: the upper
level of the construction is standard field quantization, while the added biquaternionic layer
only packages the transverse electromagnetic geometry and helicity selection in a single object.

Complex-quaternionic Riemann-Silberstein workflow

_ . Biguaternionic Quaternionic i i
Classical fields RS field Maxwell equation Quantg:d field
1y = Zo/2 (E + nicB) (Vo= nta)r =0 K
One-photonlstate Transition amplitude
19 =§Iatk)a;(knm Wi, ) = (|ED(r, )10

A compact representation of standard free-space QED, not a madification of QED.

Figure 1. Conceptual structure of the complex-quaternionic Riemann-Silberstein
representation. The electric and magnetic fields are first combined into the helicity-resolved
biquaternionic field [F,,. The source-free Maxwell equations are then written as one first-order
quaternionic equation. After canonical quantization, the corresponding positive-frequency field
operator yields the single-photon electromagnetic wave-packet amplitude as the vacuum-to-
one-photon transition matrix element.

2. Preliminaries: Complexified Quaternions and Pure-Vector Fields

Definition 2.1 (Complexified quaternions). Let H be the quaternion algebra with basis
1, €.,€5,€3 SatiSfying

el'e]' = —611 + Gijkek. (2)

The complexified quaternion algebra is



He =CQ® H, 3)

where the ordinary complex unit i commutes with all quaternion units e;. Throughout this

paper, repeated spatial indices are summed over 1,2,3.

Definition 2.2 (Pure quaternion representation of vectors). A three-vector a = (aq, a,, as),
with real or complex components, is identified with the pure quaternion

a = a1e1 + azez + a3e3. (4)

For

Q =qo +q,e; € Hg,

define the scalar and vector parts as

Sc(@Q) =q0,  Vec (Q) = gje;. )

Unless otherwise stated, the dot product for complex vector components is the complex bilinear
Euclidean product, not the Hermitian inner product.

Lemma 2.3 (Quaternionic product identity). For pure quaternions a and b,

ab=-a-b+axhb. (6)

Consequently,

Sc(ab) = —a - b, Vec (ab) =a x b. (7

Proof. Using a = a;e;, b = b;e;, and

eiej = _SU + Eijkek,
we obtain
ab = al-bjel-ej, (8)
ab = —aibjSij + aibjeijkek, (9)
and therefore
ab=-a-b+axhb. (10)

This proves the result. O



Corollary 2.4 (Orthogonality as vanishing scalar part). For pure quaternions a and b,

alb & Sc(ab) =0. (11)

Proof. By Lemma 2.3,
Sc(ab) = —a-b.

The scalar part vanishes exactly when the dot product vanishes. O
Definition 2.5 (Quaternionic differential operator). Define

VH.H= €, ax + €, ay + e3 az. (12)

For a pure-vector field V(r, t), the product rule gives

VgV =-V-V+VxV. (13)

Thus, the quaternionic differential operator simultaneously contains the divergence and curl of
a vector field. In particular, if V is transverse, namely if

V-V=0,

then

V]H]V:VXV.

This identity will be used below to rewrite the source-free Maxwell equations as a single first-
order complex-quaternionic equation.

3. Quaternionic Riemann—Silberstein Field

Definition 3.1 (Helicity-resolved biquaternionic field). For real electromagnetic fields E and
B, define

F,(r,t) = \/i—o[E(r, t) + nicB(r, t)], n==1. (14)

The index 7 labels the two duality or helicity sectors.

Remark 3.2. The factor \/&y,/2 gives I, the conventional Riemann-Silberstein energy-
amplitude normalization. Nothing in the algebraic equivalence below depends on this numerical
prefactor.



Theorem 3.3 (Source-free Maxwell equations as one quaternionic equation). Let E and B
be sufficiently smooth real fields in a source-free vacuum region. Then the vacuum Maxwell
equations

1
V-E=0, V-B=0, VxE=-0B, VxB=—0E (15)

are equivalent to

(VH—néat) F, (r,t) = 0 (16)

for either choice n = +1.

Proof. Using equation (13), we have

3
VHIFT’:E[—V-E—nicV-B+VxE+m’cV><B]. (17)

The time-derivative term is

because n? = 1 and i? = —1. Therefore,

i
(Va—n59.)F, =0
has scalar part

&
—E(V-E+nicV-B)=O. (19)

Since E and B are real fields, the real and imaginary parts vanish separately. Hence,

V-E=0, V-B=0.

The vector part is

1
V><E+6tB+ni<cV><B—EatE):O. (20)

Separating real and imaginary parts gives



1
VXE=—atB, VXBZC_ZatE.

Thus, the quaternionic equation implies the source-free Maxwell equations. Conversely,
substituting the Maxwell equations in equation (15) into the same expression gives equation
(16). This proves the equivalence. O

Corollary 3.4 (Wave equation). Each component of [F,, satisfies the free wave equation

(VZ—C%ag) F, = 0. Q1)

Proof. The Maxwell equations imply the wave equation for E and B separately. Since [, is a
linear combination of E and B, each component of ¥, also satisfies the same free wave equation.

Equivalently, one may apply the conjugate first-order operator to equation (16). Since

the product of the two first-order operators gives

1
(v2-=32)F, =o.
This proves the result. O

4. Helicity Projection and Mode-Wise Electromagnetic Geometry

Let k # 0, k=Kk/I k|, and w, = c | k |. The physical polarization space is the transverse
plane

G ={ve C:k-v=0} (22)

The mode-wise transverse geometry is illustrated in Figure 2.



Mode-wise electromagnetic geometry
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Figure 2. Mode-wise electromagnetic geometry enforced by the helicity projector. For each
Fourier mode, the electric field, magnetic field, and propagation direction form a transverse
triad satisfying ¢By; = k x Ey;. The helicity projector B (k) selects the circular-polarization
sector and enforces the electromagnetic geometry mode by mode.

Definition 4.1 (Helicity operator and projectors). On Jj, define

Hyv = ik xv, (23)

and

N 1
P =z (mH) =41 (24)

Lemma 4.2 (Helicity projector algebra). On 7,

H:=1, P?=PB, P,P-=0 P +P =1L (25)

Proof. For v € T, the vector identity

kx(kxv)=k(k-v)—v=-v



gives

Hiv=i’kx (kxv)=v. (26)

The projector relations then follow algebraically from Hi =1.0O

Theorem 4.3 (Plane-wave solutions and helicity selection). Let €, (k) € Ti be a circular
polarization vector satisfying

ik x €,(k) = 1€, (k), 1 = +1. (27)

For a positive-frequency plane wave with electric amplitude

EX(r,6) = ey (k)eiter—eid), (28)

Maxwell’s equations impose

D) o g
B =k x EL. (29)

The corresponding biquaternionic mode is

€ ) 2 a .
[F‘;lezl(r' t) = \/ggk [6,1(1() + nik X El(k)]el(k'r_wkt)_ (30)
Moreover,
e +nik x €, = (1 + 1), 31)

so [F,, selects the helicity sector A = n and annihilates the opposite sector.

Proof. The Faraday equation for a positive-frequency plane wave gives

ikx E® =—9,B® = jw, BM. (32)

Hence,

¢cBM =k x EM,
Substituting this relation into equation (14) gives equation (30). Finally, equation (27) gives
equation (31). O

Corollary 4.4 (Mode-wise orthogonality). For every plane-wave mode satisfying equation
(29),

k . Ek/l = 0, k . Bkl = 0, Ekl . Bkl = 0. (33)



Equivalently,
Exs L By Lk (34)

Proof. The first condition is transversality. The second follows because

B x k XE,

which is orthogonal to k. The third follows from

E-(kxE)=0.

In quaternionic language, these orthogonality statements are equivalent to vanishing scalar parts
of the corresponding pure-quaternion products. O

Corollary 4.5 (Mode-wise null field). For a plane-wave radiation mode,

F,-F, =0, (35)

where the dot denotes the complex bilinear Euclidean product on vector components.

Equivalently,
E-B=0, |E|?=c?|B|% (36)
Proof. From equation (14),
&
F, - F, =?°(| E 12— ¢2 | B |2+ 2nicE - B). (37)
A plane wave satisfies
E’BZO, |E|:C|B|F

and therefore the expression vanishes. O

5. Quantized Biquaternionic Field Operator

We now pass from classical modes to canonical QED. We work in free space with continuum
normalization

[a,(K), ai, (k)] = 2m)386,0 6@ (k — K'). (38)



The positive-frequency electric field operator is
) f hwy 108, (K)e lder-wkt) 39
(r t) =1 (27_[)3 eﬂ.( )a/l( )e ( )

The positive-frequency magnetic field operator is fixed by Maxwell’s equations:

d3k
n(+ _ i(kr-wg )
cBA(r,t) = lgi [ — O5E [kx e, (K)]a(K)e t (40)

Definition 5.1 (Biquaternionic positive-frequency field operator). Define

- €0 ra R
FP(r,t) = \E[E(”(r,t)+nch(+)(r,t)]. (41)

Equivalently,
- ) d3k |hw
Frty=i ) [ o ~~[exio) + ik x (0] ()eir-ox), 42)

A=#1

Remark 5.2. The expectation value (1 | E| 1¢) of the electric field in a one-photon number
state vanishes in the usual Fock-state sense. The object introduced below is therefore not a
classical mean field. It is instead a vacuum-to-one-photon transition amplitude.

6. Single-Photon Wave-Packet Theorem

Definition 6.1 (One-photon wave packet). Let f; (K) be square-integrable spectral amplitudes
satisfying

d3k
> | G lhtor =1 @
A=+1

The corresponding one-photon state is
d3k ot
1= Y [ G /009 10) (#4)
A=%1 (2m)

Theorem 6.2 (Biquaternionic single-photon transition amplitude). For the one-photon state
in equation (44), the vacuum-to-one-photon transition amplitude of the biquaternionic field
operator is



v = IFR7wo11), @9

and is explicitly

3
() =i (CZZTI; /hw" f0[ex(K) + nik x €, (f)]eider-oxt). (46)
A=+1

Proof. Substitute equations (42) and (44) into equation (45). The only nonzero vacuum matrix
element is

(01 a;(k)al (k') | 0y = (21)38,,6 (k — k), (47)

which collapses the primed integral and gives equation (46). O

Corollary 6.3 (Helicity-filtered form). If the polarization basis obeys equation (27), then

W (r, ) = Zlf(z 33 / £ f, () €, () elter—wrd) gilier—wrt), (48)

where the opposite helicity component is projected out.

Proof. Apply equation (31) to equation (46). For A = ), the bracket equals 2€,; for A = —n, it

vanishes. O

Proposition 6.4 (Helicity-resolved energy norm). Assume that f; is normalized by equation
(43) and has finite first frequency moment. For a helicity-filtered component, the transition
amplitude satisfies

fR3d3 re ) - v —f(z 55 o | f () 2, (49)

where ‘P( ) = [‘P(+)] Summing over n = 1 gives the mean one-photon energy.

Proof. Using equation (48) and
e (k) - e,(k) =1,

Parseval’s identity gives

fd3r‘P() wit) = f(z 35 e | £ (00 2. (50)



The right-hand side is exactly the helicity-resolved expectation value of the free-field
Hamiltonian in the one-photon state. The identity is an energy normalization, not a local photon-
position probability normalization. O

Proposition 6.5 (Mode-matched single-photon projection). Let | 1,) be another normalized
one-photon wave packet with spectrum g, (K). The ideal mode overlap is

d3k
1110 = ) [ Grsei®ni0. 6D
A=+1

An ideal detector or projector matched to g clicks with probability

| (1,1 1) 12

on the one-photon input | 15).

Proof. The result follows immediately from the canonical commutation relation in equation
(38). Operationally, the packet envelope f; (K) is therefore not only a localization function; it is
also the object that determines mode matching in single-photon measurements. O

Theorem 6.6 (The transition amplitude satisfies the quaternionic Maxwell equation).
Assume that f;(K) is sufficiently regular so that differentiation may be interchanged with
integration in equation (46). Then

(VH—n : at) v (r,0) = o. (52)
Proof. Each plane-wave integrand in equation (46) is a solution of the source-free quaternionic
Maxwell equation by Theorems 3.3 and 4.3. Linearity and the assumed regularity permit the
differential operator to pass through the integral, so the superposition is also a solution. O

Corollary 6.7 (Spectral localization versus spatial localization). A wave packet is localized
by the spectral envelope f; (k). For a Gaussian envelope centered at K,

2
Ik — ko | l e—ikTo

53
4o (33)

fi(k) = Cyexp [—
the transition amplitude is concentrated near ry at t = 0, with approximate spatial width

Ax ~ o L. (54)

Proof. The statement is the Fourier uncertainty relation applied to the spectral representation in
equation (46). The phase factor in equation (53) translates the packet center to ry. The width
estimate follows from the Fourier transform of a Gaussian. O

The role of the spectral envelope in spatial localization is shown schematically in Figure 3.
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Figure 3. Spectral construction of a single-photon wave packet.

The spectral envelope f;(K) determines the localization and mode content of the one-photon
state. A Gaussian distribution centered at Kk, produces a spatially concentrated transition
amplitude near r,, with approximate width Ax ~ g, *. The quaternionic helicity factor fixes the
electromagnetic geometry of each contributing mode.

7. Broadband Packets and the Null-Field Limitation

Proposition 7.1 (Mode-wise nullity does not imply pointwise packet nullity). Although each
Fourier component in equation (46) is null in the sense of Corollary 4.5, the total broadband
packet generally does not satisfy

v - vPen=0 (55

at every space-time point.

Proof. Let

w:ZWn

n

denote a finite discrete superposition of null modes for clarity. Then

‘P-lezllJn-‘Pn+ZZle-‘Pn. (56)
n

m<n



The first sum vanishes mode by mode, but the cross terms need not vanish when the modes
have different propagation directions, phases, or polarizations. The same argument extends to
the continuum by replacing the sum with a double integral. O

Corollary 7.2 (Paraxial or common-direction packets). If the support of f;(K) is narrowly
concentrated around a common propagation direction and a common helicity, then the packet
is approximately null. The deviation from pointwise nullity is controlled by angular and spectral
spread.

Proof. When all participating modes have nearly the same Kk and helicity, their polarization
vectors and magnetic-field relations are nearly common. The cross terms in the proof of
Proposition 7.1 then approach the same null cancellation as in a single mode. Corrections scale
with the packet’s angular and spectral spread. O

The difference between mode-wise nullity and packet-level nullity is summarized in Figure 4.

Mode-wise nullity does not imply pointwise packet nullity

E
— ™
. > k
broadband =W+
mode Wi: W1 W1 =0 superposition
E > VW=DW W +2 > Y, -y,
k n m<n

b/' cross terms generally #0

mode Wy: W, - W, =0 ~ ~

Approximate null behavior is recovered for paraxial, common-direction, common-helicity packets.

Figure 4. Mode-wise nullity versus packet-level nullity. Each individual plane-wave radiation
mode is null, but a broadband superposition generally contains cross terms between different
propagation directions, phases, or polarizations. Therefore, mode-wise nullity does not imply
pointwise nullity of the total packet. Approximate null behavior is recovered in paraxial,
common-direction, or common-helicity limits.

8. Interpretation and Relation to Standard QED

The state | 1) is an ordinary one-photon Fock state. The transition amplitude ‘Pé}) is not a

hidden classical electromagnetic field carried by a photon. It is a transition amplitude that gives
a compact electromagnetic representation of the one-photon excitation. This distinction is
essential because number states have vanishing first-order field expectation values, while
transition amplitudes and correlation functions are nonzero and measurable through detection
statistics.



The same caution appears in photon wave mechanics more generally: Riemann—Silberstein-
based wave functions reproduce Maxwell-like evolution and energy-density amplitudes, but
their coordinate-space scalar products and localization properties are subtler than those of
massive nonrelativistic particles [14,15]. In the present construction, these subtleties are
isolated in the spectral one-photon state and in the transition-amplitude interpretation.

The formalism has three useful separations:
(1) The spectral function f; (k) determines the spatial and temporal wave-packet shape.
(i1) The helicity projector P, (k) determines the circular-polarization sector.

(ii1) The quaternionic product determines the mode-wise electromagnetic geometry,

ELB1lk

This representation therefore preserves canonical QED while giving a compact notation for the
electromagnetic content of a one-photon wave packet. It also supplies a natural bridge to
Riemann—Silberstein photon wave mechanics and to helicity-spinor approaches, but without
requiring a new quaternionic Hilbert-space postulate.

Operationally, this transition-amplitude viewpoint gives a direct route from a prepared spectrum
f2(K) to the electromagnetic amplitude probed by an ideal mode-matched measurement. The
same object also identifies which helicity and transverse-field geometry couple to a target mode.
In this sense, the formalism connects a field-theoretic Fock-state description to measurable
single-photon operations such as wave-packet shaping, absorption by localized emitters, and
projection onto arbitrary temporal or spatial modes.

9. Possible Extensions

The present paper treats free-space source-free propagation. Several experimentally and
theoretically relevant extensions are natural:

(a) Paraxial and angular-momentum beams. The formalism may be specialized to Hermite—
Gaussian, Laguerre-Gaussian, Bessel, or exact nonparaxial modes. Riemann—Silberstein
methods are especially efficient for beams carrying angular momentum [12].

(b) Structured media. In dispersive, anisotropic, or inhomogeneous media, the simple free-
space relation

cB=KkXE

must be replaced by the relevant modal relation. A medium-adapted version of the present
construction could use numerical canonical quantization or macroscopic-QED modes [30,31].

(c) Photon—source entanglement. Source currents can label helicity components through their
transverse Fourier components, as in QED-level photon-emission theory [17,18]. This



extension would connect the present free-field representation to microscopic emission
processes and source-dependent photon wave packets.

(d) Detection theory. The transition amplitude can be connected to Glauber photodetection
correlation functions and to POVM-based projection onto arbitrary single-photon packets [27].
In this setting, the spectral envelope f; (K) determines both the wave-packet shape and the mode
matching between the incoming photon and the detector.

(e) Engineered Gaussian packets. Gaussian single-photon envelopes may be linked to cavity-
QED generation and waveguide-QED scattering models [22,28]. This would provide a practical
setting in which the spectral envelope, helicity sector, and spatial localization can be controlled
simultaneously.

(f) Wave-packet shaping and hybrid excitations. Phase-shaped single-photon packets,
photon-added coherent states, and photon-to-surface-plasmon transfer provide possible settings
where a compact electromagnetic-amplitude representation may be useful [29,32,33].

10. Conclusion

We have formulated a complex-quaternionic Riemann—Silberstein representation of single-
photon electromagnetic wave packets. The central helicity-resolved field

I, =\@(E+nicB) (57)

satisfies the source-free first-order quaternionic Maxwell equation

(Va—n29,)F, = 0. (58)

The helicity projector

o1 .
By () = [1 + nik x| (59)

selects the desired circular-polarization sector and enforces the correct electric—-magnetic cross-
product structure for each Fourier mode. At the QED level, the single-photon electromagnetic
wave-packet amplitude is introduced as the vacuum-to-one-photon transition matrix element

‘PS}) (r,t) =(01 TFS;’) (r,0) | 1), (60)

which evaluates to a helicity-projected superposition of transverse electromagnetic modes. The
spectral envelope f;(K) controls localization and mode matching, while the quaternionic-
helicity factor fixes the mode-wise electromagnetic geometry.

The resulting formalism is compact, theorem-level, and conservative. It does not introduce a
new photon ontology, nor does it replace standard QED. Rather, it provides an algebraically



transparent representation of the electromagnetic content of a one-photon Fock excitation. The
construction also clarifies an important limitation: although each Fourier component is a null
radiation mode, a broadband superposition is not generally pointwise null unless additional
paraxial, common-direction, or common-helicity conditions are imposed.
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Appendix A. Sign Conventions
The convention used throughout this paper is

ik x €, = 1¢;. (A.1)

Some optics texts adopt the opposite convention for labeling right- and left-handed circular
polarization. Under that convention, the symbol A is replaced by —A. The physical projector
remains unchanged once the helicity labels are adjusted:

o1 .
Py (k) =5 [1 +nik x].

Thus, the sign convention affects only the labeling of the two circular-polarization sectors, not
the projector algebra or the physical content of the construction.



Appendix B. Relation Between Quaternionic Multiplication and Matrix Spin-One
Notation

The helicity operator used in this paper is Hj, = ik x. It is equivalent to the spin-one generator
projected along the propagation direction, up to the sign convention used for the spin-one
matrices. With the convention

(Sj)mn = _iejmn'
one obtains
S-kv=ikxv. (B.1)
Therefore,
Hiy=5-k

under this spin-matrix convention. If the opposite convention for S; is used, the sign of this

relation is reversed. This sign convention does not affect the helicity projector algebra, because
the projectors are defined consistently with the chosen helicity labels.

Appendix C. Compact Theorem Map
The logical structure of the construction can be summarized as follows:

Quaternion product — Biquaternionic RS field — Quaternionic Maxwell equation
ab=-a-b+axb

8 .
F, = \/E(E+ch)

(vm—n%at) F, = 0.

At the quantum level, the positive-frequency biquaternionic field operator gives the single-
photon transition amplitude

w*) = (01 FP 11p),

while the spectral envelope

HK)

controls localization and mode matching.



Compact theorem map of the proposed formalism

Quaternion product Biquaternionic RS field Maxwell equation
ab=—-a-b+axb E+nch —nic 1c‘),)F =0

A4 v

QED transition amplitude Wave packet

Y = O E7 1)

fi(k) controls localization
and mode matching

Figure C.1. Compact theorem map of the proposed formalism. The quaternion product first
encodes scalar and vector products in a single algebraic rule. This structure is used to define the
helicity-resolved biquaternionic Riemann—Silberstein field, which satisfies a first-order
quaternionic Maxwell equation. After canonical quantization, the corresponding positive-
frequency field operator yields the vacuum-to-one-photon transition amplitude, while the
spectral envelope controls localization and mode matching.
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