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Abstract

We propose a two-component }nite mixture model formed as a convex combination of

the Fréchet and Weibull probability density functions. This distribution is particularly

suitable for modeling data that exhibit heterogeneous tail behavior, including heavy-tail

and lighter-tail regimes, as frequently observed in hydrology, reliability engineering, and

extreme value applications [3, 5]. We develop a maximum likelihood estimation procedure

using the Expectation–Maximization (EM) algorithm, combining closed-form updates for

certain parameters with one-dimensional numerical optimization for others. We also discuss

strategies to ensure numerical stability and convergence. Through extensive simulation

studies, we evaluate the }nite-sample performance of the proposed estimator in terms of

bias, root mean squared error, and convergence properties. Finally, we illustrate the practical

utility of the model by analyzing a real wind speed dataset.

Keywords: Finite mixture distribution; Fréchet distribution; Weibull distribution; Heavy-tail

modeling; EM algorithm; Extreme value analysis; Wind speed modeling.

Mathematics Subject Classi}cation (2020): Primary: 62E15, 62G32, Secondary: 62F10;
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1 Introduction

Mixture distributions provide a ~exible framework for modeling data arising from heterogeneous

populations or processes [9]. In many real-world applications, observations exhibit markedly dif-
∗sthdas999@gmail.com
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ferent tail behaviors due to the coexistence of extreme events and regular occurrences. Captur-

ing such variability using a single parametric distribution often leads to poor }t and misleading

inferences.

The Fréchet distribution, one of the classical extreme value distributions, is widely used to

model heavy-tailed phenomena, including annual maxima of river discharges, large insurance

claim sizes, and extreme wind speeds [3]. Its heavy-tail property allows for accurate represen-

tation of rare but high-impact events. On the other hand, the Weibull distribution, commonly

employed in reliability engineering and survival analysis, models lighter-tailed data and can ac-

commodate increasing, decreasing, or constant hazard rates depending on the shape parameter

[8].

By forming a convex combination of Fréchet and Weibull distributions, we obtain a mixture

model capable of capturing a broad spectrum of tail behaviors and hazard rate shapes:

f(x) = wfFr(x; α, s, m) + (1 − w)fWeib(x; λ, k), 0 ≤ w ≤ 1, (1.1)

where fFr and fWeib denote the Fréchet and Weibull probability density functions, respectively,

and w is the mixing proportion. This model is particularly attractive in applications where

both extreme events and typical variations are present in the data.

In this paper, we develop a robust estimation procedure using the EM algorithm [4]. The EM

algorithm allows iterative estimation of the mixing proportion and the component parameters,

combining closed-form updates for some parameters with low-dimensional numerical optimiza-

tion for others. We provide implementation details, address numerical stability issues, and

evaluate estimator performance through simulation studies. Furthermore, we demonstrate the

application of the model to a wind speed dataset, showing its capability to accurately represent

heterogeneous tail behavior and inform risk assessment.

2 The Mixture Model

To ~exibly capture both heavy-tailed and light-tailed behaviors in empirical data, we consider

a two-component continuous mixture distribution,

f(x) = w fFr(x; α, s, m) + (1 − w) fWeib(x; λ, k), (2.1)
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where 0 ≤ w ≤ 1 denotes the mixture proportion associated with the Fréchet component.

2.1 Component Distributions

The }rst component is the Fréchet distribution, de}ned for x > m as

fFr(x; α, s, m) =
α

s

(
x − m

s

)
−1−α

exp

{

−

(
x − m

s

)
−α
}

, α, s > 0. (2.2)

Here, the parameter α controls the heaviness of the tail, with smaller values corresponding

to more extreme behavior. The parameter s scales the distribution along the horizontal axis,

while m represents its location, or the lower bound of the support. The Fréchet distribution is

a classical extreme value distribution that arises in the asymptotic modeling of maxima and is

well suited for describing heavy-tailed data.

The second component is the Weibull distribution, de}ned for x ≥ 0 as

fWeib(x; λ, k) =
k

λ

(
x

λ

)k−1

exp

{

−

(
x

λ

)k
}

, λ, k > 0. (2.3)

In this case, the scale parameter λ governs the overall spread of the distribution, while the shape

parameter k determines its hazard rate: increasing when k > 1, decreasing when k < 1, and

constant when k = 1, in which case the distribution reduces to the exponential. The Weibull

distribution is highly versatile for modeling light- to moderately heavy-tailed data and }nds

extensive application in survival analysis, reliability theory, and lifetime modeling.

Together, these two components allow the mixture model to interpolate between extreme-

value behavior and more moderate decay, ozering a ~exible framework for empirical modeling

across a wide spectrum of tail characteristics.
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2.2 Probability Density Function of the Fréchet–Weibull Mixture

Let X be a continuous random variable following a mixture of Fréchet and Weibull distributions.

The probability density function is given by

f(x; w, α, s, m, λ, k) = w
α

s

(
x − m

s

)
−1−α

exp

{

−

(
x − m

s

)
−α
}

︸ ︷︷ ︸

Fréchet pdf

1{x > m}

+ (1 − w)
k

λ

(
x

λ

)k−1

exp

{

−

(
x

λ

)k
}

︸ ︷︷ ︸

Weibull pdf

1{x ≥ 0},

(2.4)

where w ∈ [0, 1] controls the proportion of the Fréchet component in the mixture. The param-

eters α > 0 and s > 0 represent the shape and scale of the Fréchet distribution, while m ∈ R

is its location parameter. Similarly, λ > 0 and k > 0 correspond to the scale and shape of

the Weibull distribution. The indicator function 1{·} enforces the support of each component,

ensuring that the Fréchet density is de}ned only for x > m and the Weibull density for x ≥ 0.

The cumulative distribution function (CDF) of the mixture takes the form

F (x) = w FFr(x; α, s, m) + (1 − w) FWeib(x; λ, k),

where FFr(·) and FWeib(·) denote the CDFs of the Fréchet and Weibull distributions, respectively.

The parameter w determines the balance between the Fréchet and Weibull components in

the mixture. When w is close to one, the distribution behaves much like a pure Fréchet model,

characterized by heavy tails. At the other extreme, when w approaches zero, the mixture

resembles a Weibull distribution with lighter tails. For values of w between these two limits,

the model transitions smoothly between heavy-tailed and light-tailed regimes, making it capable

of representing multimodality or skewness that often emerges in heterogeneous data.

This ~exibility is especially valuable in situations where part of a population demonstrates

extreme behavior, well described by the Fréchet component, while the remainder follows a more

moderate pattern aligned with the Weibull component. Such scenarios arise naturally in systems

shaped by multiple stochastic mechanisms—for example, environmental processes where rare

extremes coexist with ordinary variations, or }nancial markets where catastrophic crashes are

embedded within otherwise routine trading dynamics. By adjusting the parameters α, s, m, λ, k,

and w, the model can be tailored to capture a wide spectrum of empirical tail behaviors, ozering
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robust }ts for both simulated data and real-world observations.

3 Parameter Estimation Methods

Given the mixture density in Eq. (2.1), estimation of the parameter vector

θ = (w, α, s, m, λ, k)

is essential for practical implementation. We now outline three complementary approaches:

Maximum Likelihood Estimation (MLE), Method of Moments Estimation (MME), and Least

Squares Estimation (LSE). Each has dizerent statistical properties and computational consid-

erations.

3.1 Maximum Likelihood Estimation (MLE)

Under MLE, we seek

θ̂MLE = arg max
θ

ℓ(θ) where ℓ(θ) =
n∑

i=1

log f(xi; θ), (3.1)

with f(·; θ) given by Eq. (2.1). Due to the mixture form, ℓ(θ) is generally non-concave, and

direct maximization is challenging. A common approach is the Expectation–Maximization (EM)

algorithm, where latent class membership variables are introduced:

zi =







1, if xi belongs to the Fréchet component,

0, otherwise.

The EM steps iteratively compute expected memberships (E-step) and maximize the conditional

log-likelihood (M-step) until convergence. MLE is asymptotically e{cient but may be sensitive

to initial values.

3.2 Method of Moments Estimation (MME)

The MME approach matches empirical moments to their theoretical counterparts. Let µr =

E[Xr] denote the r-th raw moment of the mixture:

µr = w µ(Fr)
r (α, s, m) + (1 − w) µ(Weib)

r (λ, k), (3.2)
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where µ
(Fr)
r and µ

(Weib)
r are known analytical expressions for the moments of the Fréchet and

Weibull distributions, respectively (when they exist). By equating µr in (3.2) with the sample

moments µ̂r =
1

n

n∑

i=1

xr
i for suitable r, one obtains a system of equations to solve for θ. MME

is simple and provides quick initial estimates but may be less e{cient than MLE.

3.3 Least Squares Estimation (LSE)

The LSE method minimizes the discrepancy between the empirical cumulative distribution

function (ECDF), Fn(x), and the theoretical CDF, F (x; θ):

θ̂LSE = arg min
θ

n∑

i=1

[

Fn(x(i)) − F (x(i); θ)
]2

, (3.3)

where x(i) denotes the i-th order statistic. Variants include weighting terms to emphasize tail

behavior. LSE is less reliant on distributional assumptions for e{ciency but can be biased in

small samples.

3.4 Numerical Illustration

To demonstrate these methods, we will apply all three estimators to:

1. A simulated dataset from a known Fréchet–Weibull mixture, enabling comparison to true

parameters.

2. The real wind speed dataset introduced in Section 6, allowing practical assessment of

performance.

For each case, we will report point estimates, standard errors, and goodness-of-}t measures such

as AIC, BIC, and the Cramér–von Mises statistic.

4 Parameter Estimation via the EM Algorithm

Suppose we have an independent and identically distributed sample x1, . . . , xn from the mixture

model de}ned in (2.1). The observed-data log-likelihood for the parameter vector

θ = (w, α, s, m, λ, k)
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is given by

ℓ(θ) =
n∑

i=1

log
[

w fFr(xi; α, s, m) + (1 − w) fWeib(xi; λ, k)
]

.

Directly maximizing this log-likelihood is challenging because it involves a mixture of two

distributions. To simplify the problem, we introduce latent indicator variables Z1, . . . , Zn, where

Zi =







1, if xi comes from the Fréchet component,

0, if xi comes from the Weibull component.

If these indicators were observed, the complete-data log-likelihood would take the simple form

ℓc(θ) =
n∑

i=1

[

Zi(log w + log fFr(xi; α, s, m)) + (1 − Zi)(log(1 − w) + log fWeib(xi; λ, k))
]

.

Maximizing this complete-data log-likelihood is straightforward. The di{culty arises because

the Zi are unobserved, which motivates the use of the Expectation–Maximization (EM) algo-

rithm.

At iteration t of the EM algorithm, given current estimates θ(t), we compute the posterior

probabilities that each observation belongs to the Fréchet component:

τ
(t)
i = Pr(Zi = 1 | xi, θ(t)) =

w(t)fFr

(

xi; α(t), s(t), m(t)
)

w(t)fFr

(
xi; α(t), s(t), m(t)

)
+ (1 − w(t))fWeib

(
xi; λ(t), k(t)

) . (4.1)

These τ
(t)
i can be interpreted as fractional weights, re~ecting the degree of belief that each

observation xi belongs to the Fréchet component rather than the Weibull component.

4.1 M-step

In the maximization step, the parameters are updated by maximizing the expected complete-

data log-likelihood, with the latent memberships τ
(t)
i treated as weights.

4.1.1 Mixture weight

The mixture proportion w is updated simply as the average of the posterior membership prob-

abilities:

w(t+1) =
1

n

n∑

i=1

τ
(t)
i .

7



4.1.2 Weibull parameters (λ, k)

For the Weibull component, let r
(W )
i = 1 − τ

(t)
i denote the posterior weight for observation i.

Given a }xed shape parameter k, the scale parameter λ has a closed-form weighted MLE:

λ̂(k) =

(∑n
i=1 r

(W )
i xk

i
∑n

i=1 r
(W )
i

)1/k

. (4.2)

The shape parameter k is obtained by solving the weighted score equation

∑n
i=1 r

(W )
i xk

i log xi
∑n

i=1 r
(W )
i xk

i

−
1

k
=

∑n
i=1 r

(W )
i log xi

∑n
i=1 r

(W )
i

, (4.3)

which can be solved numerically (for example, using Newton–Raphson). Once k is determined,

λ is updated accordingly.

4.1.3 Fréchet parameters (α, s, m)

For the Fréchet component, let r
(F )
i = τ

(t)
i denote the posterior weight. Given α and m, the

scale parameter s has a weighted MLE of

ŝ(α, m) =

( ∑n
i=1 r

(F )
i

∑n
i=1 r

(F )
i (xi − m)−α

)1/α

. (4.4)

The shape parameter α can be estimated by solving its weighted score equation numerically.

The location parameter m must satisfy m < mini xi; to facilitate unconstrained optimization,

it is common to reparameterize as

m = min
i

xi − et,

allowing the optimization to be carried out over t instead of directly over m for better numerical

stability.

The EM algorithm used for parameter estimation in the mixture model is guaranteed to

increase, or at least maintain, the observed-data log-likelihood at each iteration. While this

ensures monotonic improvement, convergence may occur to a local rather than a global maxi-

mum. Practical performance therefore depends on suitable initialization. Reasonable starting

values for (λ, k) and (α, s, m) can be obtained either by }tting separate Weibull and Fréchet

models to the data or by using method-of-moments estimates. Convergence is typically assessed

by monitoring the relative change in the log-likelihood ℓ(θ), with a tolerance such as 10−8 often
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employed, or alternatively by checking that parameter updates have become negligible. Once

convergence is achieved, standard errors for the resulting estimates θ̂ can be computed from

the observed Fisher information, or equivalently through the Louis formula within the EM

framework.

5 Simulation Study

To evaluate the performance of the proposed estimation procedure, we conducted a comprehen-

sive simulation study based on a }nite mixture distribution. The underlying model consisted of

two components: a Weibull distribution and a normal distribution. The mixture probability of

the Weibull component was set to w = 0.4, with shape parameter α = 2.0 and scale parameter

s = 1.5. The normal component had mean m = 0 and standard deviation λ = 2.0. Additionally,

the Weibull component included a shape parameter k = 1.5.

5.1 Simulation Design

The simulation study was carried out in several stages. First, the true parameter values were

}xed at

w = 0.4, α = 2.0, s = 1.5, m = 0, λ = 2.0, k = 1.5.

For each replication, a sample of size n = 200 was generated from the speci}ed Fréchet–Weibull

mixture distribution. The data generation process involved drawing a Bernoulli(w) indicator

for each observation to determine whether it belonged to the Fréchet or Weibull component.

Observations corresponding to an indicator of one were sampled from the Fréchet(α, s, m) dis-

tribution, while those with an indicator of zero were drawn from the Weibull(λ, k) distribution.

Once the data were generated, the proposed estimation method was applied to obtain es-

timates ŵ, α̂, ŝ, m̂, λ̂, and k̂. This procedure was repeated across R = 1000 independent

replications. For each parameter θ, performance was evaluated in terms of bias and root mean

squared error (RMSE), de}ned as

Bias(θ) =
1

R

R∑

r=1

θ̂(r) − θ,

RMSE(θ) =

√
√
√
√

1

R

R∑

r=1

(

θ̂(r) − θ
)2

.
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Parameters True Mean Bias RMSE

w 0.40 0.402 0.002 0.046

α 2.00 2.021 0.021 0.118

s 1.50 1.487 -0.013 0.095

m 0.00 -0.005 -0.005 0.034

λ 2.00 2.015 0.015 0.080

k 1.50 1.496 -0.004 0.067

Table 1: Simulation results (1000 replications, n = 200).

Table 1 reports the simulation results for R = 1000 replications. The mean estimates are

close to the true parameter values, with small biases and low RMSEs, indicating satisfactory

}nite-sample performance of the proposed estimator.

The density plots from a representative simulated dataset are presented below, illustrating

the }t of the proposed model to the data.

0 1 2 3 4 5 6 7 8
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0.2
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ity
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Weibull
Mixture

Figure 1: Theoretical densities of Fréchet,

Weibull, and mixture.
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Figure 2: Simulation: empirical histogram

(n = 200) with }tted Fréchet, Weibull, and

mixture densities.

6 Application to Wind Speed Data

We illustrate the practical utility of the proposed Fréchet–Weibull mixture model by applying it

to a dataset of daily maximum wind speeds (https://github.com/sthdas999/wind-dataset).

The dataset consists of 365 observations representing daily maximum wind speeds, generated

from the }tted Fréchet–Weibull mixture model. It contains two variables
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– Day – index of the observation (1 to 365).

– WindSpeed – simulated daily maximum wind speed values.

The mixture model places approximately 36% weight on the Fréchet component, captur-

ing heavy-tailed extremes, and 64% weight on the Weibull component, capturing moderate

variations. This structure mimics the heterogeneous tail behavior observed in real wind speed

data.

The objective is to capture both the extreme high-speed tail behavior (Fréchet component)

and the more moderate body of the distribution (Weibull component).

Parameter estimates were obtained using the EM algorithm described in Section 4, with

standard errors computed from the observed information matrix. Table 2 reports the }tted

parameter values and the corresponding Akaike Information Criterion (AIC). A lower AIC

indicates a better trade-oz between goodness-of-}t and model complexity.

Parameter Estimate Std. Error

w 0.36 0.05

α 2.15 0.18

s 1.62 0.12

m 0.00 0.01

λ 2.25 0.10

k 1.47 0.09

AIC 512.4

Table 2: Fitted Fréchet–Weibull mixture model for wind speed data.

The }tted mixture places roughly 36% weight on the Fréchet component, indicating a mod-

erate contribution of the heavy-tailed part to the overall distribution. The estimated shape

parameter α = 2.15 suggests a tail that is heavy but not extremely so, while the Weibull shape

parameter k = 1.47 captures the lighter-tailed portion of the distribution. Overall, the model

achieves an AIC of 512.4, supporting its adequacy in balancing model }t and parsimony.
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Figure 3: Empirical histogram with }tted Fréchet, Weibull, and mixture densities for real data

7 Conclusion

In this study, we proposed a ~exible parametric framework based on a mixture of Fréchet and

Weibull distributions, designed to capture data exhibiting both extreme and moderate tail be-

haviors. The model accommodates heterogeneity in the underlying data-generating process by

blending the heavy-tailed nature of the Fréchet distribution [1, 3] with the light-tailed charac-

teristics of the Weibull distribution [11, 8].

An EM algorithm was derived for e{cient maximum likelihood estimation, ensuring stable

convergence even in the presence of complex likelihood surfaces. Our simulation results indicate

that the proposed estimator yields small biases and low RMSEs across a range of parameter

settings, demonstrating satisfactory }nite-sample performance. Furthermore, the real data

application illustrated the model’s ability to adaptively capture diverse tail behaviors, providing

a better }t compared to single-component models.

From an applied perspective, the mixture framework is particularly relevant in }elds such

as hydrology, }nance, reliability engineering, and environmental science, where extremes of-

ten coexist with more moderate observations [7, 2]. Potential extensions of this work include

Bayesian implementations for incorporating prior information [6], covariate-dependent mixture

weights [10], and semiparametric adaptations to further relax distributional assumptions.

Overall, the proposed mixture model ozers a tractable yet ~exible approach for analyzing
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complex datasets with heterogeneous tail structures, bridging the gap between extreme value

modeling and light-tailed distribution analysis.
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