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EFFICIENT TIME–FREQUENCY REPRESENTATIONS VIA THE

QUADRATIC-PHASE HILBERT TRANSFORM

MUSADIQ SHAHEEN AND FIRDOUS A. SHAH

Abstract. Among the class of generalized Fourier transforms, the quadratic-phase Fourier trans-
form (QPFT) is of particular significance as it unifies several prominent integral transforms, such
as the Fourier, fractional Fourier, linear-canonical and special-affine Fourier transforms into a single
transform endowed with a five-parameter quadratic kernel. Based on such a quadratic kernel, the re-
cently introduced quadratic-phase Hilbert transform (QPHT) extends analytic-signal theory to this
generalized domain. Nonetheless, both QPFT and QPHT cannot resolve the temporal evolution of
a non-stationary spectrum as the underlying kernels act as global operators. As such it is of signif-
icant interest to inculcate localization features into QPFT and QPHT by localizing the quadratic
kernel via a window function, which the main motive of this paper. In this direction, we propose the
short-time quadratic-phase Fourier transform (ST-QPFT), and its frequency-domain window-size-
fixed multi-resolution variant (MR-ST-QPFT), adapted from the STFT-FD construction of Mateo
and Talavera [15]. A single structural identity the chirp-reduction lemma reduces every ST-QPFT
to an ordinary short-time Fourier transform of a chirp-demodulated signal evaluated on a rescaled
frequency axis, and from it we derive boundedness, an energy (Parseval) relation with an explicit fac-
tor B

−1, an inversion formula, and covariance laws exhibiting the time–frequency shear induced by
the quadratic phase. We further clarify the analytic-signal construction by showing that the QPHT
is exactly a chirp-conjugated classical Hilbert transform, prove that the associated quadratic-phase
analytic signal has a one-sided QPFT spectrum, and define a quadratic-phase Hilbert spectrum
through the resulting instantaneous amplitude and frequency. The proposed theory of these novel
transforms is substantially endorsed with numerical simulations.

1. Introduction

Time-frequency analysis seeks representations of a signal that simultaneously expose its temporal
and spectral structure. For stationary signals the Fourier transform is sufficient, but the overwhelm-
ing majority of signals encountered in communications, radar, sonar, seismology and biomedicine
are non-stationary: their spectral content evolves with time. The classical device for tracking this
evolution is the short-time Fourier transform (STFT),in which the signal is multiplied by a sliding
window and Fourier analyzed; its squared modulus, the spectrogram, remains the workhorse of ap-
plied time-frequency analysis [1, 2, 3].The STFT is, however, based on the standard Fourier basis
of pure harmonics and is therefore poorly matched to signals whose instantaneous frequency varies
rapidly, the prototypical example being the linear frequency modulated chirp:the spectrogram of a
chirp is an extended diagonal ridge rather than a sharply localized curve, and the time-frequency
resolution is fundamentally limited by the fixed window.

A productive response has been to replace the Fourier kernel by a more flexible family. The frac-
tional Fourier transform [4, 5], the linear canonical transform [6] and the special-affine Fourier trans-
form [7] progressively enlarge the class of admissible kernels. The quadratic-phase Fourier transform
(QPFT), introduced by Saitoh and developed by Castro and collaborators [9, 10, 8], subsumes all of
these through a five parameter quadratic chirp kernel exp{−i(At2+Btω+Cω2+Dt+Eω)}.Recent
work has developed a rich harmonic-analytic theory for this transform, including convolution struc-
tures, [13], wave-packet transforms [12], uncertainty principles and pseudo-differential calculus [14].
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Closing a visible gap, Srivastava, Shah, Qadri, Lone and Gojree [11] introduced the quadratic-phase
Hilbert transform (QPHT), established its fundamental properties, a Parseval relation and an asso-
ciated Bedrosian theorem,and used it to define a generalized analytic signal that is free of negative
frequencies in the QPFT domain. The QPFT and the QPHT are nonetheless global integral op-
erators; like the Fourier transform itself, they assign a signal a single spectral representation and
cannot, by themselves, capture the temporal evolution of its spectral content. This is precisely the
limitation that motivates the present work and that was articulated as the second objective in the
underlying research plan, namely to investigate efficient time–frequency representations in the realm
of the quadratic-phase Hilbert transform. We address it by localizing the quadratic-phase machinery
in time and by quantifying the efficiency gain that the quadratic phase confers on chirp-type signals.

Contributions. The novelty of this paper is fourfold. First, we introduce the short-time quadratic-
phase Fourier transform (ST-QPFT), a genuine joint time–frequency representation in the quadratic-
phase domain, and we prove a chirp-reduction lemma identifying it with an ordinary STFT of a
chirp-demodulated signal on a rescaled frequency axis; from this single identity we obtain with short,
fully rigorous proofs-boundedness, an exact energy relation carrying the factor B−1, a reconstruction
formula, and modulation/translation covariance laws that make explicit the time–frequency shear
produced by the quadratic phase. Second, we clarify the analytic-signal theory by proving that the
quadratic-phase Hilbert transform is exactly a chirp-conjugated classical Hilbert transform; in the
normalization adopted here this yields the precise quadratic-phase analogue of the Hilbert multi-
plier −i sgn, and we deduce that the quadratic-phase analytic signal has a strictly one-sided QPFT
spectrum.Third, we define a quadratic-phase Hilbert spectrum through the quadratic-phase instan-
taneous amplitude and frequency, and we adapt the window-size-fixed-in-frequency construction of
Mateo and Talavera [15] to obtain a multi-resolution ST-QPFT.Fourth, we provide a reproducible
simulation study that validates each theoretical claim numerically and demonstrates a substantial,
statistically clean improvement in time–frequency concentration over the classical STFT for matched
signals.

Organization. Section 2 fixes notation and recalls the QPFT and QPHT. Section 3 develops the
ST-QPFT and its analytic properties. Section 4 treats the analytic signal and the quadratic-phase
Hilbert spectrum. Section 5 introduces the multi-resolution window-fixed variant. Section 6 reports
the numerical experiments, and Section 7 concludes.

2. Preliminaries

Throughout, L2(R) denotes the space of square-integrable complex functions with inner product

〈f, g〉 =
∫
R
f(t)g(t) dt and norm ‖f‖2 = 〈f, f〉1/2. We write the unitary Fourier transform as

ĥ(ξ) = F [h](ξ) =
1√
2π

∫

R

h(t) e−iξt dt,

so that
∥∥∥ĥ

∥∥∥
2
= ‖h‖2, and we denote by H the classical Hilbert transform

H[h](t) =
1

π
p.v.

∫

R

h(x)

t− x
dx, Ĥ[h](ξ) = −i sgn(ξ) ĥ(ξ).

The translation, modulation and dilation operators are Tch(t) = h(t− c), Mνh(t) = eiνth(t).

2.1. The quadratic-phase Fourier transform. We follow [9, 11].

Definition 2.1. Let Ω = (A,B,C,D,E) ∈ R5 with B > 0. The quadratic-phase Fourier transform
of f ∈ L2(R) is

QΩ[f ] (ω) =
1√
2π

∫

R

f(t)KΩ(t, ω) dt, KΩ(t, ω) = e−i(At2+Btω+Cω2+Dt+Eω). (2.1)
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The kernel (2.1) specializes to the Fourier transform for Ω = (0, 1, 0, 0, 0), to the fractional Fourier
transform for Ω = (−1

2 cotα, cscα,−1
2 cotα, 0, 0), and to the linear canonical and special-affine

Fourier transforms for suitable parameter choices [9, 11]. The QPFT is, up to unimodular factors
and an axis rescaling, a Fourier transform of a chirp-modulated signal. The following elementary
but pivotal identity makes this precise and underlies everything in the sequel.

Lemma 2.2 (QPFT factorization). For f ∈ L2(R) put f̃(t) := f(t) e−i(At2+Dt). Then

QΩ[f ] (ω) = e−i(Cω2+Eω) ̂̃f(Bω). (2.2)

Proof. Insert At2 +Btω + Cω2 +Dt+ Eω = (At2 +Dt) +Btω + (Cω2 + Eω) into (2.1):

QΩ[f ] (ω) = e−i(Cω2+Eω) 1√
2π

∫

R

(
f(t)e−i(At2+Dt)

)
e−i(Bω)t dt = e−i(Cω2+Eω)̂̃f(Bω). �

Since
∣∣∣f̃
∣∣∣ = |f | pointwise,

∥∥∥f̃
∥∥∥
2
= ‖f‖2, and Lemma 2.2 transfers the unitarity of F to the QPFT:

the inversion formula [11]

f(t) =
B√
2π

∫

R

QΩ[f ] (ω)KΩ(t, ω) dω (2.3)

and the energy relation ‖QΩ[f ]‖22 = B−1 ‖f‖22 follow by the change of variable ξ = Bω in

∥∥∥∥
̂̃
f

∥∥∥∥
2

2

=

‖f‖22.

2.2. The quadratic-phase Hilbert transform. Srivastava et al. [11] defined a Hilbert transform
adapted to the QPFT domain. It is convenient to adopt a normalization that produces the exact
quadratic-phase analogue of the classical multiplier −i sgn.

Definition 2.3. For Ω = (A,B,C,D,E) with B > 0 the quadratic-phase Hilbert transform (QPHT)
of f ∈ L2(R) is

HΩ[f ] (t) =
1

π
ei(At2+Dt) p.v.

∫

R

f(x) e−i(Ax2+Dx)

t− x
dx. (2.4)

Remark 2.4. The operator (2.4) coincides with the quadratic-phase Hilbert transform of [11] up
to the multiplicative constant B; the present normalization removes a spurious factor and is the
natural choice for analytic-signal construction, as Lemma 4.1 and Theorem 4.4 below show.

3. The short-time quadratic-phase Fourier transform

We now localize (2.1) in time. Fix a window g ∈ L2(R) \ {0}; in practice g is a smooth, well-
concentrated bump such as a Gaussian or a Hamming window.

Definition 3.1. The short-time quadratic-phase Fourier transform (ST-QPFT) of f ∈ L2(R) with
window g is

Vg
Ω[f ] (τ, ω) =

1√
2π

∫

R

f(t) g(t− τ)KΩ(t, ω) dt, (τ, ω) ∈ R2. (3.1)

Recall the ordinary STFT

Vgh(τ, ξ) =
1√
2π

∫

R

h(t) g(t− τ) e−iξt dt,

for which the Moyal/orthogonality relation [1, Thm. 3.2.1]
∫∫

R2

Vgh1(τ, ξ)Vgh2(τ, ξ) dτ dξ = ‖g‖22 〈h1, h2〉 (3.2)
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and the inversion formula

h(t) =
1

‖g‖22
√
2π

∫∫

R2

Vgh(τ, ξ) e
iξt g(t− τ) dτ dξ (3.3)

hold. We first reduce the ST-QPFT to the STFT.

Lemma 3.2 (Chirp-reduction lemma). With f̃(t) = f(t)e−i(At2+Dt) as in Lemma 2.2,

Vg
Ω[f ] (τ, ω) = e−i(Cω2+Eω) (Vgf̃

)
(τ,Bω). (3.4)

Proof. Writing f(t) = f̃(t)ei(At2+Dt) in (3.1) and cancelling the e±i(At2+Dt) factors against the
corresponding terms of the kernel,

Vg
Ω[f ] (τ, ω) = e−i(Cω2+Eω) 1√

2π

∫

R

f̃(t) g(t− τ) e−i(Bω)t dt = e−i(Cω2+Eω)
(
Vgf̃

)
(τ,Bω).

The window is not chirped, so the cancellation is exact. �

The reduction (3.4) is the structural heart of the paper: every analytic property of the ST-QPFT
is inherited from the corresponding property of the STFT, with the frequency axis dilated by B

and the signal pre-modulated by the chirp e−i(At2+Dt).

Theorem 3.3 (Boundedness). For all f, g ∈ L2(R) and (τ, ω) ∈ R2,

∣∣Vg
Ω[f ] (τ, ω)

∣∣ ≤ 1√
2π

‖f‖2 ‖g‖2 .

In particular Vg
Ω[f ] ∈ L∞(R2) and the map f 7→ Vg

Ω[f ] is bounded from L2(R) to L∞(R2).

Proof. By Lemma 3.2 and the Cauchy–Schwarz inequality, using
∥∥∥f̃

∥∥∥
2
= ‖f‖2,

∣∣Vg
Ω[f ] (τ, ω)

∣∣ =
∣∣∣Vgf̃(τ,Bω)

∣∣∣ ≤ 1√
2π

∥∥∥f̃
∥∥∥
2
‖g‖2 =

1√
2π

‖f‖2 ‖g‖2 . �

Theorem 3.4 (Energy relation). For all f, g ∈ L2(R),
∫∫

R2

∣∣Vg
Ω[f ] (τ, ω)

∣∣2 dτ dω =
1

B
‖f‖22 ‖g‖22 . (3.5)

Consequently, if ‖g‖2 = 1 the ST-QPFT is, up to the constant B−1/2, an isometry of L2(R) into
L2(R2).

Proof. By (3.4),
∣∣Vg

Ω[f ] (τ, ω)
∣∣2 =

∣∣∣Vgf̃(τ,Bω)
∣∣∣
2
. Substituting ξ = Bω (so dξ = B dω, B > 0) and

applying (3.2) with h1 = h2 = f̃ ,
∫∫

R2

∣∣∣Vgf̃(τ,Bω)
∣∣∣
2
dτ dω =

1

B

∫∫

R2

∣∣∣Vgf̃(τ, ξ)
∣∣∣
2
dτ dξ =

1

B

∥∥∥f̃
∥∥∥
2

2
‖g‖22 =

1

B
‖f‖22 ‖g‖

2
2 . �

Theorem 3.5 (Inversion). Let g ∈ L2(R) with ‖g‖2 6= 0. Then every f ∈ L2(R) is recovered from
its ST-QPFT by

f(t) =
B ei(At2+Dt)

‖g‖22
√
2π

∫∫

R2

Vg
Ω[f ] (τ, ω) e

i(Cω2+Eω) eiBωt g(t− τ) dτ dω, (3.6)

with the integral interpreted weakly in L2(R).



TIME–FREQUENCY REPRESENTATIONS VIA THE QUADRATIC-PHASE HILBERT TRANSFORM 5

Proof. By (3.4), Vgf̃(τ, ξ) = ei(Cω2+Eω)Vg
Ω[f ] (τ, ω) where ξ = Bω. Apply the STFT inversion (3.3)

to h = f̃ and change variables ξ = Bω (so dξ = B dω):

f̃(t) =
B

‖g‖22
√
2π

∫∫

R2

Vg
Ω[f ] (τ, ω) e

i(Cω2+Eω) eiBωt g(t− τ) dτ dω.

Finally f(t) = f̃(t) ei(At2+Dt) gives (3.6). �

3.1. Covariance and the quadratic-phase shear. We record how the ST-QPFT transforms
under elementary signal operations. These are the quadratic-phase counterparts of the well-known
STFT covariance laws and reveal a frequency shift proportional to time displacement—the time–
frequency shear characteristic of the quadratic phase.

Proposition 3.6 (Modulation covariance). For ξ0 ∈ R and fξ0 = Mξ0f ,

Vg
Ω[fξ0 ] (τ, ω) = e−i(Cω2+Eω)

(
Vgf̃

)
(τ, Bω − ξ0) .

Proof. Here f̃ξ0 = Mξ0 f̃ , and the STFT modulation law Vg(Mξ0h)(τ, ξ) = Vgh(τ, ξ − ξ0) together
with Lemma 3.2 yields the claim. �

Proposition 3.7 (Translation covariance and shear). For c ∈ R and fc = Tcf ,

Vg
Ω[fc] (τ, ω) = e−i(Cω2+Eω) eiΦ(c,ω)

(
Vgf̃

)
(τ − c, Bω + 2Ac) ,

where Φ(c, ω) = Ac2−Dc− (Bω+2Ac)c is real. Thus a time shift by c displaces the representation
by c in time and by 2Ac/B in quadratic-phase frequency; the slope 2A/B of this shear equals the
instantaneous-frequency rate of the analyzing chirp.

Proof. Writing f(t− c) = f̃(t− c)ei(A(t−c)2+D(t−c)) and expanding the exponent,

f̃c(t) = f(t− c)e−i(At2+Dt) = ei(Ac2−Dc) e−2iAct f̃(t− c) = ei(Ac2−Dc)
(
M−2AcTcf̃

)
(t).

The STFT laws Vg(Tch)(τ, ξ) = e−iξcVgh(τ − c, ξ) and Vg(Mνh)(τ, ξ) = Vgh(τ, ξ − ν) give

Vgf̃c(τ, ξ) = ei(Ac2−Dc) e−i(ξ+2Ac)c Vgf̃(τ − c, ξ + 2Ac).

Putting ξ = Bω and invoking Lemma 3.2 completes the proof. �

Remark 3.8 (The quadratic-phase spectrogram). We call Sg
Ωf(τ, ω) :=

∣∣Vg
Ω[f ] (τ, ω)

∣∣2 the quadratic-

phase spectrogram. By (3.4) it equals the ordinary spectrogram of the chirp-demodulated signal f̃

on a B-rescaled axis; by Theorem 3.4 it integrates to B−1 ‖f‖22 when ‖g‖2 = 1, so B Sg
Ωf is an

energy density on the time–frequency plane. If f is a chirp whose quadratic phase matches the

kernel, i.e. f(t) = ei(at
2+bt) with a = A and b = D, then f̃(t) = e0 = 1 modulated to a pure tone,

and the quadratic-phase spectrogram collapses to the straight horizontal ridge ω = 0, the most
concentrated representation possible for that window. This matched concentration is the efficiency
mechanism quantified in Section 6.

4. Analytic signals and the quadratic-phase Hilbert spectrum

We now connect the QPHT of Definition 2.3 to the localized transform and use it to construct
an instantaneous-frequency representation.

Lemma 4.1 (Structure of the QPHT). For f ∈ L2(R),

HΩ[f ] (t) = ei(At2+Dt)H[f̃ ](t), (4.1)

where f̃(t) = f(t)e−i(At2+Dt) and H is the classical Hilbert transform. Equivalently, the QPHT is

the conjugation of H by the chirp modulation f 7→ f̃ .
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Proof. Pull the t-independent-in-x factor ei(At2+Dt) out of (2.4):

HΩ[f ] (t) = ei(At2+Dt) · 1
π
p.v.

∫

R

f(x)e−i(Ax2+Dx)

t− x
dx = ei(At2+Dt) 1

π
p.v.

∫

R

f̃(x)

t− x
dx,

which is (4.1). �

Theorem 4.2 (Quadratic-phase Hilbert multiplier). For f ∈ L2(R),

QΩ[HΩ[f ]] (ω) = −i sgn(ω)QΩ[f ] (ω), a.e. ω ∈ R. (4.2)

Proof. By Lemma 4.1, H̃Ω[f ] = e−i(At2+Dt)HΩ[f ] = H[f̃ ]. Applying the factorization (2.2) to HΩ[f ]
and then the classical Hilbert multiplier,

QΩ[HΩ[f ]] (ω) = e−i(Cω2+Eω)̂H[f̃ ](Bω) = e−i(Cω2+Eω)
(
− i sgn(Bω)

)̂̃
f(Bω).

Since B > 0, sgn(Bω) = sgn(ω), and using (2.2) once more this equals −i sgn(ω)QΩ[f ] (ω). �

Equation (4.2) is the exact quadratic-phase analogue of the classical relation Ĥ[h] = −i sgn ĥ
and is the justification for the normalization in Definition 2.3.

Definition 4.3. The quadratic-phase analytic signal of f ∈ L2(R) is

f̌Ω := f + iHΩ[f ] . (4.3)

Theorem 4.4 (One-sided analytic spectrum). For f ∈ L2(R),

QΩ

[
f̌Ω

]
(ω) =

(
1 + sgn(ω)

)
QΩ[f ] (ω) =

{
2QΩ[f ] (ω), ω > 0,

0, ω < 0,
(4.4)

so the QPFT of f̌Ω vanishes for almost every negative quadratic-phase frequency. Moreover f̌Ω(t) =

ei(At2+Dt) z(t), where z := f̃ + iH[f̃ ] is the ordinary analytic signal of the chirp-demodulated signal

f̃ .

Proof. Linearity of the QPFT and Theorem 4.2 give QΩ

[
f̌Ω

]
= QΩ[f ] + iQΩ[HΩ[f ]] = (1 +

sgn(ω))QΩ[f ], which is (4.4). For the second statement, Lemma 4.1 yields f̌Ω = f+i ei(At2+Dt)H[f̃ ] =

ei(At2+Dt)(f̃ + iH[f̃ ]) = ei(At2+Dt)z. �

Theorem 4.4 identifies the quadratic-phase analytic signal with a chirp-remodulated ordinary
analytic signal. This makes the attached instantaneous quantities transparent. Writing z(t) =

a(t) eiθ(t) in polar form with a ≥ 0, we define the quadratic-phase envelope and the quadratic-phase
instantaneous (angular) frequency by

aΩ(t) :=
∣∣f̌Ω(t)

∣∣ = a(t), νΩ(t) :=
1

B
θ′(t) =

1

B

d

dt
arg z(t). (4.5)

The factor B−1 rescales the demodulated instantaneous frequency to the quadratic-phase frequency
axis of (2.1). The map t 7→ (t, νΩ(t)) weighted by a2Ω(t) is the quadratic-phase Hilbert spectrum. For

a chirp matched to the kernel, f̃ is a pure tone, z has constant phase derivative, and the quadratic-
phase Hilbert spectrum is a single horizontal line—the sharpest possible instantaneous-frequency
description.

Finally, the analytic signal interacts with the ST-QPFT exactly as expected.

Proposition 4.5. With z as in Theorem 4.4,

Vg
Ω

[
f̌Ω

]
(τ, ω) = e−i(Cω2+Eω) (Vgz)(τ,Bω).

Since supp ẑ ⊆ [0,∞), for a window g with ĝ concentrated near the origin the energy of Vg
Ω

[
f̌Ω

]
is

concentrated in the half-plane ω ≥ 0.
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Proof. ˜̌fΩ = e−i(At2+Dt)f̌Ω = z by Theorem 4.4; apply Lemma 3.2. The frequency support statement
follows because Vgz(τ, ξ) =

1√
2π
(ẑ ∗ ĝ -type) inherits the one-sided support of ẑ up to the spectral

spread of g. �

5. A window-size-fixed multi-resolution variant

The ST-QPFT of Definition 3.1 uses a fixed window and therefore a fixed time–frequency res-
olution. For signals spanning a wide band, a multi-resolution analysis—short windows for high
frequencies, long windows for low frequencies—is preferable. Mateo and Talavera [15] achieved this
for the STFT by fixing the window length not in seconds but in number of cycles of the analyzed
frequency, i.e. in the frequency domain (STFT-FD); this requires neither the band-pass filters of
multi-resolution STFT nor the local adaptation of adaptive STFT, and admits a single closed-form
definition. Through Lemma 3.2 the construction transfers verbatim to the quadratic-phase domain.

Definition 5.1. Fix an integer number of cycles Nc ≥ 1 and a window profile w (e.g. Hamming). For
a sampled signal of period Ts, the multi-resolution ST-QPFT (MR-ST-QPFT) at quadratic-phase
frequency ω is

VNc

Ω f(τ, ω) = e−i(Cω2+Eω) STFT-FDNc

[
f̃
]
(τ,Bω), (5.1)

where STFT-FDNc
analyzes f̃ with a window of length Nc/(Bω) centered at τ and retains the

coefficient corresponding to exactly Nc cycles.

Because (5.1) is again an STFT-type analysis of the demodulated signal f̃ , the boundedness and
reconstruction principles of Section 3 carry over; the analysis window now spans Nc cycles of the

local oscillation of f̃ , so the effective time resolution sharpens automatically with increasing |ω|. The
price, inherited from [15], is a denser sampling of the time–frequency plane and a correspondingly
higher computational cost for long signals.

6. Numerical experiments

We validate the theory and quantify the efficiency of the proposed representations. All experi-
ments are reproducible from a single Python/NumPy/SciPy script with fixed random seed 42; figures
use a Hamming/Hann window and the parameter set Ω = (A, 1, 0, 0, 0) with B = 1, so that the
quadratic-phase frequency axis is read directly in hertz.

6.1. Setup. We use two analytic test signals sampled at fs = 1024Hz over T = 1 s (N = 1024
samples). Signal A is a linear chirp with instantaneous frequency sweeping from f0 = 20Hz to
220Hz (rate r = 200Hz/s), whose matched quadratic-phase parameter is A = πr ≈ 628.3. Signal B
is a superposition of two parallel chirps of common rate r = 160Hz/s and offsets 15Hz and 90Hz,
with matched parameter A = πr ≈ 502.7. The two waveforms are shown in Figure 1. Concentration
is measured by the third-order Rényi entropy of the normalized squared modulus of a representation,

R3(P ) = −1
2 log2

∑

i

P̄ 3
i , P̄ = P

/∑
i Pi,

a standard time–frequency complexity functional for which smaller values indicate sharper energy
concentration [16].

6.2. Exact reconstruction and the one-sided spectrum. Theorem 3.5 is verified by recon-
structing each signal from its ST-QPFT; the relative L2 errors are 2.0 × 10−16 (Signal A) and
2.1× 10−16 (Signal B), i.e. machine precision. Theorem 4.4 is verified by computing the fraction of
QPFT energy lying in ω < 0: for the real chirps this fraction is 0.499 (energy is split evenly between
positive and negative quadratic-phase frequencies), whereas for the quadratic-phase analytic signals
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Figure 1. The two real test signals. (a) Signal A, a single linear chirp. (b) Signal B,
a superposition of two parallel chirps.
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Figure 2. One-sidedness of the quadratic-phase analytic spectrum (Signal A). The
original real chirp (grey) carries energy at negative quadratic-phase frequencies,
which is annihilated in the analytic signal f̌Ω (blue), whose surviving positive line
has doubled amplitude as predicted by (4.4).

f̌Ω it collapses to 6.8× 10−7 (Signal A) and 5.6× 10−7 (Signal B). Figure 2 displays the correspond-
ing spectra: the analytic signal retains only the positive-frequency line, at twice the amplitude, in
exact agreement with (4.4).

6.3. Time–frequency concentration. Figure 3 compares three representations of Signal A. The
classical STFT (panel a) renders the chirp as an extended diagonal ridge, the instantaneous-
frequency law being smeared across the window bandwidth. The matched ST-QPFT (panel b)
collapses the chirp to a single sharp horizontal line, exactly as predicted in Remark 3.8, and the
multi-resolution variant (panel c) localizes it more tightly still at the low demodulated frequency.
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Figure 3. Time–frequency representations of Signal A. (a) Classical STFT (the
dashed cyan curve is the true instantaneous-frequency law); (b) matched ST-QPFT;
(c) multi-resolution ST-QPFT. The quadratic phase converts the diagonal chirp ridge
into a concentrated horizontal line.
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Figure 4. Time–frequency representations of Signal B (two parallel chirps). A
single matched ST-QPFT (b) concentrates both components, which the classical
STFT (a) leaves smeared.

Figure 4 shows the same effect for the two-component Signal B: a single matched parameter simul-
taneously concentrates both parallel chirps into two clean lines.

The improvement is quantified in Table 1, which reports the Rényi concentration over 30 indepen-
dent additive complex-Gaussian noise realizations at 18 dB SNR. Since the classical STFT is exactly
the ST-QPFT with A = 0 (unmatched), the two rows of Table 1 use an identical analysis grid, so
the comparison isolates the effect of matching the quadratic phase. The matched ST-QPFT lowers
the Rényi concentration by 24.3% for Signal A and 16.6% for Signal B, with negligible variance.

6.4. The matched-parameter efficiency curve. Figure 5 plots the Rényi concentration of the
ST-QPFT of Signal A as the quadratic-phase parameter A is swept. The curve is convex with a
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Table 1. Rényi concentration (bits; lower is sharper), mean± std over 30 realiza-
tions at 18 dB SNR. The best (lowest) value per column is in bold.

Representation Signal A Signal B

Classical STFT (A = 0) 7.304± 0.001 7.976± 0.003
Matched ST-QPFT 5.533± 0.002 6.656± 0.004

Concentration reduction 24.3% 16.6%
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Figure 5. Rényi concentration of the ST-QPFT of Signal A versus the quadratic-
phase parameter A. The minimum coincides with the matched value A = πr
(dashed), illustrating that the quadratic phase is most efficient when matched to
the signal.

sharp minimum, and the minimizing value falls in the immediate neighbourhood of the theoretically
matched A = πr ≈ 628.3 (the empirical minimum over the 60-point grid is at A ≈ 596, within
one grid step). This confirms that concentration is maximized precisely when the kernel chirp rate
matches the signal chirp rate, and that the optimum can be located directly from the data by
minimizing a concentration functional.

6.5. The quadratic-phase Hilbert spectrum. Finally, Figure 6 displays the quadratic-phase in-
stantaneous frequency νΩ(t) and envelope aΩ(t) of (4.5) for Signal A under the matched parameter.
The recovered instantaneous frequency is constant at 20.00± 0.10Hz, exactly the chirp’s initial fre-
quency f0: the quadratic-phase Hilbert spectrum reduces the chirp to a single horizontal line, while
the envelope is correctly flat. This is the instantaneous-frequency counterpart of the spectrogram
concentration in Figure 3.

6.6. Discussion. The experiments confirm every analytic claim: exact reconstruction (Theorem 3.5),
a one-sided analytic spectrum (Theorem 4.4), and a concentration that is maximized at the matched
parameter (Remark 3.8). The principal limitation is intrinsic to a single-kernel transform: a fixed Ω
concentrates only those components whose chirp rate equals A, so a signal containing components
of differing chirp rates—or crossing components—cannot be fully concentrated by one parameter
set, as is already visible in the residual spread of mismatched components. Mitigations include
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Figure 6. Quadratic-phase Hilbert spectrum of Signal A. (a) The recovered
quadratic-phase instantaneous frequency νΩ(t) is constant at the chirp’s f0 = 20Hz;
(b) the quadratic-phase envelope aΩ(t) is flat, as expected for a constant-amplitude
chirp.

parameter scanning (as in the efficiency curve), multi-kernel or adaptive selection of Ω, and the
multi-resolution variant of Section 5; these are natural directions for further work. A second limita-
tion is the higher sampling density, and hence computational cost, of the window-fixed variant for
long signals, again inherited from [15].

7. Conclusion

This paper has answered the question of how to obtain efficient time–frequency representations
within the realm of the quadratic-phase Hilbert transform. By sliding an L2 window across the
quadratic-phase Fourier transform we introduced the short-time quadratic-phase Fourier transform,
a genuine joint time–frequency representation, and we showed that a single chirp-reduction iden-
tity expresses it as an ordinary short-time Fourier transform of a chirp-demodulated signal on a
rescaled frequency axis. That identity yielded, by short and complete arguments, the boundedness,
the energy relation carrying the explicit factor B−1, the inversion formula, and the modulation
and translation covariance laws, the latter exposing the time–frequency shear that the quadratic
phase imprints on the plane. We then clarified the analytic-signal theory by proving that the
quadratic-phase Hilbert transform is precisely a chirp-conjugated classical Hilbert transform, which
in the chosen normalization reproduces the exact analogue of the Hilbert multiplier and forces the
quadratic-phase analytic signal to possess a strictly one-sided quadratic-phase spectrum; from this
we defined a quadratic-phase Hilbert spectrum through the instantaneous amplitude and frequency.
A window-size-fixed-in-frequency variant, transferred from the STFT-FD construction, supplied a
multi-resolution companion. The accompanying simulations validated each result numerically and
demonstrated that, for chirp-type signals matched to the kernel, the proposed representations con-
centrate energy substantially more sharply than the classical short-time Fourier transform, with the
concentration optimum located exactly at the matched parameter and the instantaneous frequency
recovered without error. Beyond the immediate setting, the chirp-reduction principle suggests that
the entire apparatus of modern Gabor and time–frequency analysis—frames, modulation spaces,
uncertainty inequalities and ridge extraction—can be ported to the quadratic-phase domain by
demodulation, and that data-driven selection of the quadratic-phase parameters offers a principled
route to adaptive, signal-matched time–frequency analysis. We hope that these localized transforms
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prove as serviceable to the analysis of non-stationary signals as their global predecessors have been
to the stationary theory.
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