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A Canonicalization for Invariant Prediction: Quotient Factorization and Stability63

A.1 Setup64

Let x ∈ RN×3 be 3D coordinates and h be per-node features (e.g., atom types). We remove translations by centering65

xc := x−1x̄⊤, x̄ :=
1
N

N

∑
i=1

xi ∈ R3.66

For R ∈ SO(3), the action on coordinates is x 7→ Rx (row-wise). We use a learned rotation selector R̂θ (x,h) ∈ SO(3) and define67

the canonicalization map68

Aθ (x,h) := R̂θ (x,h)xc ∈ RN×3. (1)69

A generic non-equivariant predictor in canonical space is70

ŷ(x,h) := f̃η

(
Aθ (x,h), h

)
. (2)71

Permutation symmetry is not assumed: we construct the dataset using RDKit’s canonical atom ordering, which fixes a72

deterministic node indexing.73

A target y(x,h) ∈ R is rotation-invariant if y(Rx,h) = y(x,h) for all R ∈ SO(3).74

A.2 Exact factorization through a canonical representative75

Assumption 1 (Well-defined canonicalization on the data support). There exists a subset S ⊆ RN×3×H containing the data76

support such that:77

(gauge consistency) R̂θ (Rx,h) = R̂θ (x,h)R⊤, ∀R ∈ SO(3), (x,h) ∈S ,78

(orbit-separation) Aθ (x,h) = Aθ (x′,h′) ⇒ h = h′ and ∃R ∈ SO(3) s.t. x′ = Rx, ∀(x,h),(x′,h′) ∈S .79

Equivalently, Aθ (Rx,h) = Aθ (x,h) and Aθ is injective on rotation orbits over S .80

Global orbit-separating sections may fail at symmetric/degenerate configurations (non-trivial stabilizers), leading to81

ambiguity or discontinuity. In practice this is mitigated by focusing on generic inputs (symmetries are measure-zero under82

perturbations) and by using deterministic node indexing (RDKit canonical ordering) so that R̂θ (x,h) can implement consistent83

tie-breaking on the data support.84

Proposition 2 (Invariant targets factor through canonicalization). Under Assumption 1, for any rotation-invariant target y there85

exists a function ỹ such that86

y(x,h) = ỹ
(
Aθ (x,h),h

)
for all (x,h) ∈S . (3)87

Proof. Fix (x,h) ∈S and set u = Aθ (x,h). Gauge consistency implies u is constant on the orbit {(Rx,h) : R ∈ SO(3)}, and88

invariance implies y is constant on the same orbit. Orbit-separation ensures (u,h) identifies the orbit within S , so defining89

ỹ(u,h) := y(x,h) is well-defined.90

Proposition 3 (Universal approximation in canonical space). Assume Assumption 1. If y is continuous and rotation-invariant on91

S and f̃η(·,h) is a universal approximator for continuous functions on the domain of
(
Aθ (x,h),h

)
(restricted to (x,h) ∈S ),92

then for any ε > 0 there exist parameters η such that93

sup
(x,h)∈S

∣∣ f̃η(Aθ (x,h),h)− y(x,h)
∣∣ ≤ ε. (4)94

By Proposition 2, y(x,h) = ỹ(Aθ (x,h),h) for some continuous ỹ on the induced domain. Universality yields η approximat-95

ing ỹ uniformly to error ε .96
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A.3 Approximate invariance and rotation-augmented risk stability97

Assumption 4 (Alignment consistency and Lipschitz stability). Assume there exist δ ≥ 0, L f ≥ 0, and Lℓ ≥ 0 such that for all98

(x,h) ∈S :99

sup
R∈SO(3)

∥∥Aθ (Rx,h)−Aθ (x,h)
∥∥

F ≤ δ ,100

f̃η(·,h) is L f -Lipschitz in its first argument, and ℓ(ŷ,y) is Lℓ-Lipschitz in ŷ:101 ∣∣ f̃η(u1,h)− f̃η(u2,h)
∣∣≤ L f ∥u1−u2∥F , |ℓ(ŷ1,y)− ℓ(ŷ2,y)| ≤ Lℓ|ŷ1− ŷ2|.102

Proposition 5 (Approximate invariance of canonical predictors). Under Assumption 4, the predictor (2) satisfies103

sup
R∈SO(3)

|ŷ(Rx,h)− ŷ(x,h)| ≤ L f δ for all (x,h) ∈S .104

If moreover y is rotation-invariant, then for each fixed (x,h) ∈S ,105 ∣∣∣ER∼µ

[
ℓ(ŷ(Rx,h), y(x,h))

]
− ℓ(ŷ(x,h), y(x,h))

∣∣∣ ≤ LℓL f δ .106

Proof. Lipschitzness gives |ŷ(Rx,h)− ŷ(x,h)| ≤ L f ∥Aθ (Rx,h)−Aθ (x,h)∥F ≤ L f δ . For invariant y, apply Lℓ-Lipschitzness to107

the loss difference and average over R.108

B Canonicalization for Equivariant Prediction109

B.1 ρ-equivariant targets110

Let Y be an output vector space (e.g., R3 or RN×3) and ρ : SO(3)→ GL(Y ) be a linear representation. A target y(x,h) ∈ Y111

is ρ-equivariant if112

y(Rx,h) = ρ(R)y(x,h) ∀R ∈ SO(3). (5)113

B.2 Exact Canonicalize-and-Lift factorization114

Proposition 6 (Canonical factorization of ρ-equivariant maps). Assume Assumption 1. A function y : RN×3×H → Y is115

ρ-equivariant on S if and only if there exists ỹ such that116

y(x,h) = ρ(R̂θ (x,h))−1 ỹ(Aθ (x,h),h), ∀(x,h) ∈S . (6)117

Proof. Assume y is ρ-equivariant on S . For any (x,h) ∈S , set u := Aθ (x,h) and define118

ỹ(u,h) := ρ(R̂θ (x,h))y(x,h). (7)119

To see that ỹ is well-defined, let (x1,h),(x2,h) ∈ S satisfy Aθ (x1,h) = Aθ (x2,h) = u. By orbit-separation there exists120

R ∈ SO(3) such that x2 = Rx1. Using ρ-equivariance, gauge consistency, and that ρ is a representation, we have121

y(x2,h) = y(Rx1,h) = ρ(R)y(x1,h),122

R̂θ (x2,h) = R̂θ (Rx1,h) = R̂θ (x1,h)R⊤,123

ρ(R̂θ (x2,h))y(x2,h) = ρ(R̂θ (x1,h)R⊤)ρ(R)y(x1,h)124

= ρ(R̂θ (x1,h))ρ(R⊤)ρ(R)y(x1,h) = ρ(R̂θ (x1,h))y(x1,h), (8)125

where ρ(R⊤) = ρ(R)−1 for R∈ SO(3). Hence ỹ(u,h) does not depend on the choice of (x,h) with u=Aθ (x,h), and rearranging126

the definition yields y(x,h) = ρ(R̂θ (x,h))−1ỹ(Aθ (x,h),h) for all (x,h) ∈S .127

Conversely, suppose there exists ỹ such that y(x,h) = ρ(R̂θ (x,h))−1ỹ(Aθ (x,h),h) on S . Then for any R ∈ SO(3), gauge128

consistency and the homomorphism property of ρ give129

y(Rx,h) = ρ(R̂θ (Rx,h))−1 ỹ(Aθ (Rx,h),h)130

= ρ(R̂θ (x,h)R⊤)−1 ỹ(Aθ (x,h),h)131

= (ρ(R̂θ (x,h))ρ(R⊤))−1 ỹ(Aθ (x,h),h)132

= ρ(R)ρ(R̂θ (x,h))−1 ỹ(Aθ (x,h),h) = ρ(R)y(x,h),133

which shows that y is ρ-equivariant on S .134
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B.3 Approximate equivariance bounds135

Define the Canonicalize-and-Lift predictor136

ŷ(x,h) := ρ(R̂θ (x,h))−1 f̃η(Aθ (x,h),h).137

Assumption 7 (Approximate canonicalization and Lipschitz stability). Assume there exist δA,δR≥ 0 such that for all (x,h)∈S138

and all R ∈ SO(3),139

∥Aθ (Rx,h)−Aθ (x,h)∥F ≤ δA, ∥R̂θ (Rx,h)− R̂θ (x,h)R⊤∥F ≤ δR.140

Assume f̃η(·,h) is L f̃ -Lipschitz and bounded by B f̃ :141

∥ f̃η(u1,h)− f̃η(u2,h)∥ ≤ L f̃ ∥u1−u2∥F , ∥ f̃η(u,h)∥ ≤ B f̃ .142

Assume ρ(Q)−1 is Lρ -Lipschitz in operator norm w.r.t. Q:143

∥ρ(Q1)
−1−ρ(Q2)

−1∥op ≤ Lρ∥Q1−Q2∥F .144

Proposition 8 (Approximate equivariance of Canonicalize-and-Lift predictors). Under Assumption 7, for all (x,h) ∈S and145

R ∈ SO(3),146 ∥∥ŷ(Rx,h)−ρ(R)ŷ(x,h)
∥∥ ≤ L f̃ δA + Lρ B f̃ δR.147

Proof. Add/subtract ρ(R̂θ (Rx,h))−1 f̃η(Aθ (x,h),h). Bound (i) the f̃η change by L f̃ δA and (ii) the ρ(R̂θ )
−1 change by Lρ δR148

times ∥ f̃η∥ ≤ B f̃ , then use ρ(R̂θ (x,h)R⊤)−1 = ρ(R)ρ(R̂θ (x,h))−1.149

C Generative Modeling in Canonical Coordinates150

C.1 Score matching and equivariant projection151

Let pt be a time-marginal of an isotropic noising process on RN×3 and152

s∗(x, t) := ∇x log pt(x).153

For a score model s(x, t), define the population MSE154

J (s) := Et Ex∼pt

[
∥s(x, t)− s∗(x, t)∥2

F
]
.155

Assumption 9 (Rotation-invariant marginals). Assume pt is SO(3)-invariant: pt(Rx) = pt(x) for all R ∈ SO(3). Then s∗ is156

SO(3)-equivariant: s∗(Rx, t) = Rs∗(x, t) (1)157

Definition 1 (Equivariant projection). For a vector field s(·, t) define158

(Peq · s)(x, t) := ER∼µ

[
Rs(R⊤x, t)

]
, (9)159

where µ is the Haar measure on SO(3) and Peq denotes the equivariant projection operator that maps an arbitrary vector160

field to an SO(3)-equivariant one by Haar-averaging over rotations.161

Proposition 10 (WLOG canonical coordinates for score matching). Assume (i) pt is SO(3)-invariant and hence s∗ is SO(3)-162

equivariant, and (ii) Assumption 1 holds. Then for any score field s, there exists a canonical-space field s̃(·, t) such that163

scanonical(x, t) := R̂θ (x,h)⊤ s̃(Aθ (x,h), t) (10)164

satisfies165

J (scanonical) ≤ J (s). (11)166

Proof. We construct scanonical via the equivariant projection. Let ∆ := s− s∗. Since s∗ is SO(3)-equivariant, Peqs∗ = s∗, and167

thus Peqs− s∗ = Peq∆. By Jensen’s inequality and orthogonality invariance of ∥ · ∥F ,168

∥Peq∆(x, t)∥2
F =

∥∥∥ER[R∆(R⊤x, t)]
∥∥∥2

F
≤ ER∥∆(R⊤x, t)∥2

F .169

Taking EtEx∼pt and using SO(3)-invariance of pt yields J (Peqs)≤J (s).170

Now, Peqs is SO(3)-equivariant by construction. Under Assumption 1, any SO(3)-equivariant score admits the canonicalize-171

and-lift form (cf. Proposition 6):172

(Peqs)(x, t) = R̂θ (x,h)⊤s̃(Aθ (x,h), t)173

for some s̃. Setting scanonical := Peqs completes the proof.174
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Figure 1. Scatter plots of Repr.A (Uni-Mol2) and Repr.Z (THEMOL) embeddings for a pair of molecules with opposite chirality.

C.2 Quotient-space evaluation beyond the ideal section175

Let G = SO(3), ϕ(x) := [x]G, and dorb(ϕ(x),ϕ(y)) := minR∈SO(3) ∥Rx− y∥F . Let W orb
1 be the 1-Wasserstein distance induced176

by dorb.177

Assumption 11 (Approximate orbit consistency). On S , for every (x,h) there exists R ∈ SO(3) such that ∥Aθ (x,h)−Rx∥F ≤178

δA.179

Proposition 12 (Orbit-space guarantee under approximate canonicalization). Let q be a target distribution on S , with q̃ := ϕ#q180

and qA := (Aθ )#q. Let p be obtained by sampling u∼ pA and lifting x := R⊤u with R∼ µ (Haar), and set p̃ := ϕ# p. Under181

Assumption 11,182

W orb
1 (p̃, q̃)≤W1(pA,qA)+δA, hence if pA = qA then W orb

1 (p̃, q̃)≤ δA.183

Proof (sketch). Rotation-invariance gives p̃ = ϕ# pA. Since ϕ is 1-Lipschitz from (RN×3,∥ · ∥F) to (ϕ(RN×3),dorb),184

W orb
1 (ϕ# pA,ϕ#qA) ≤W1(pA,qA). Couple (x,h) ∼ q with u = Aθ (x,h); by Assumption 11, dorb(ϕ(u),ϕ(x)) ≤ δA, hence185

W orb
1 (ϕ#qA,ϕ#q)≤ δA. Apply triangle inequality. □186

C.3 Equivariant scores without equivariant layers187

Assume pt is SO(3)-invariant so that the true score s∗(x, t) = ∇x log pt(x) is SO(3)-equivariant. Under Assumption 1, any188

SO(3)-equivariant score field admits the canonicalize-and-lift parameterization (cf. Proposition 6):189

s(x, t) = R̂θ (x,h)⊤ s̃(u, t), (12)190

for some canonical-space field s̃(·, t).191

Remark 1 (Comparison to SE(3)-equivariant backbones). Equation 12 implies that restricting to canonical-space modeling192

does not shrink the class of equivariant scores under exact canonicalization assumptions. Consequently, SE(3)-equivariant193

layers are not required for expressivity: equivariance can be enforced at the interface by a learned gauge selector and a lift,194

while the backbone operates in canonical coordinates.195

Remark 2 (Computational implication in iterative denoising). In diffusion or score-based generation with T denoising steps,196

an SE(3)-equivariant backbone enforces equivariance at every layer and at every step. The canonicalize-and-lift construction197

enforces symmetry through (i) canonicalization and (ii) a lightweight lift, while the main backbone can be non-equivariant.198

Hence, when equivariant layers are substantially more expensive than canonicalization plus a standard backbone, the per-step199

overhead compounds over T steps. This separation is most beneficial in foundation settings where the same backbone is reused200

across heterogeneous tasks, including invariant objectives and equivariant outputs.201
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D Task-Driven Inductive Bias: Canonicalization vs. Equivariance vs. Augmentation202

D.1 Limitations of invariant architectures203

Purely invariant representations face two fundamental limitations for foundation settings.204

Lemma 13 (Invariant latent cannot identify pose). Let Enc be SE(3)-invariant in x: Enc(Rx+ 1t⊤,h) = Enc(x,h) for all205

(R, t) ∈ SE(3). Assume there exist (x,h) and a nontrivial (R, t) ∈ SE(3) such that (Rx+1t⊤,h) ̸= (x,h). Then no deterministic206

decoder Dec that takes only z = Enc(x,h) can satisfy Dec(Enc(x,h)) = x simultaneously for both x and Rx+1t⊤.207

Proof. Let z = Enc(x,h) = Enc(Rx+ 1t⊤,h) by invariance. If Dec depends only on z, then Dec(z) must equal both x and208

Rx+1t⊤, a contradiction.209

Proposition 14 (Chirality loss in distance-only invariant latents). Assume Ench(x,h) = Φ(D(x),h) where D(x)i j = ∥xi−x j∥2.210

Then Ench(Qx,h) = Ench(x,h) for all Q ∈ O(3). Consequently, there exists an SO(3)-invariant target y that cannot be written211

as a function of Ench(x,h), as shown Figure 1.212

Proof sketch. Distance matrices satisfy D(Qx) = D(x) for all Q ∈ O(3), hence Ench(Qx,h) = Ench(x,h). Let213

y(x) := det
[
(xi−xℓ),(x j−xℓ),(xk−xℓ)

]
214

for some indices i, j,k, ℓ. Then y(Rx) = y(x) for all R ∈ SO(3) (since det(R) = 1), while y(Qx) = −y(x) for any reflection215

Q∈O(3)\SO(3) (since det(Q) =−1). Choose x with y(x) ̸= 0 and set x′ :=Qx; then Ench(x′,h) =Ench(x,h) but y(x′) ̸= y(x),216

so y cannot be a function of Ench.217

D.2 Limitations of equivariant architectures218

Equivariant representations provide a principled and often highly effective inductive bias for force prediction, vector-field219

estimation, coordinate-level generation, and other tasks whose outputs transform under rotations. Modern equivariant networks220

can also propagate scalar invariant channels together with higher-order geometric features, making them capable of handling221

both invariant and equivariant prediction targets. Our claim is instead specific to the unified autoencoder setting considered222

in this work: the same pretrained latent is not only consumed by prediction heads, but also used as the state space for223

latent generative modeling and black-box molecular optimization. In this setting, the geometry of the latent space itself224

becomes a central design issue.225

Equivariant latent orbits. Let Enc be an equivariant encoder and let z = Enc(x,h). Then, for any R ∈ SO(3),226

Enc(Rx,h) = ρ(R)Enc(x,h),227

where ρ denotes the induced representation on the latent space. Hence, a single molecular structure corresponds not to one228

latent point, but to an orbit229

Oz = {ρ(R)z : R ∈ SO(3)}.230

This is the correct behavior for equivariant prediction, but it also means that the latent represents both intrinsic molecular231

variation and global orientation. Thus, when the latent is reused for generation or optimization, the model operates on an232

orbit-lifted space rather than directly on the quotient space of molecular structures modulo global rotations.233

Implication for latent generative modeling. For latent diffusion or flow matching, orbit-lifted equivariant latents require234

the generator to model variations that are chemically redundant. If a clean latent can be written as Z1 = ρ(R)Zc, where Zc235

denotes the intrinsic molecular latent and R∼ µHaar is a global rotation, then the target distribution contains orientation-induced236

variability in addition to molecular variability. In high-noise regimes, the corrupted state carries limited information about the237

clean orientation, so the denoising or flow target can include uncertainty over R that is irrelevant to molecular identity(2). This238

does not make equivariant generation invalid; rather, it indicates that the generator must spend capacity modeling global orbit239

variation that a quotient- or canonical-space formulation can avoid.240

Implication for latent-space optimization. The same orbit structure can reduce the efficiency of black-box latent optimization.241

In our setting, optimization searches a pretrained latent space while keeping the generator and decoder fixed. If rotated versions242

of the same molecule occupy different latent points, then an optimizer may explore multiple regions corresponding to the same243

underlying molecular candidate. Moreover, an unconstrained search direction in an equivariant latent can mix chemically244

meaningful molecular changes with changes in global orientation or gauge. Restricting the search only to invariant scalar245

components may reduce this redundancy, but it can also remove pose information needed for faithful 3D reconstruction and246

coordinate-level generation. Thus, the issue is not the predictive expressivity of equivariant modules, but the suitability of the247

induced latent geometry as a shared search and generation space.248
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Gauge handling as interface-level bookkeeping. Canonicalization does not eliminate symmetry handling; it relocates it.249

Any 3D coordinate-based model must account for global orientation in some form. In a fully equivariant latent, this orientation250

dependence remains inside the reusable latent through the orbit Oz. In our formulation, a learned selector R̂θ (x,h) first maps251

the input to a canonical representative,252

Aθ (x,h) = R̂θ (x,h)xc,253

with the desired consistency condition254

R̂θ (Rx,h) = R̂θ (x,h)R⊤ ⇐⇒ Aθ (Rx,h) = Aθ (x,h).255

The reusable latent is then learned in this canonical frame, while the selected rotation is retained only for lifting coordinate-level256

or equivariant outputs back to the original frame. Therefore, gauge bookkeeping is preserved at the input/output interface, but257

removed from the latent space on which generation and optimization operate.258

D.3 Limitations of rotation augmentation259

Rotation augmentation is a common alternative to architectural equivariance. We show that it provides weaker guarantees than260

canonicalization.261

Setup. Let G = SO(3) with Haar measure µ , and let y be G-invariant: y(Rx,h) = y(x,h). For a predictor f , define the262

rotation-augmentation risk263

Raug( f ) := E(x,h)ER∼µ

[
ℓ( f (Rx,h),y(x,h))

]
, (P f )(x,h) := ER∼µ

[
f (Rx,h)

]
.264

We distinguish single-view inference (one forward pass) from group-averaged inference that explicitly computes P f at test time.265

Interpretation: group-averaged inference is a Monte-Carlo approximation of a group integral, i.e., invariance is obtained by266

paying inference-time compute. For a non-equivariant backbone, achieving small variation of f (Rx,h) over R ∈ SO(3) is itself267

a hard learning problem; when such variation persists, the required number of views K becomes large.268

Average risk does not control worst-case invariance.269

Proposition 15 (Augmentation risk does not certify worst-case invariance). Fix (x,h) and consider the orbit O(x) = {(Rx,h) :270

R ∈G}. For squared loss ℓ(a,b) = (a−b)2 and invariant label y(x,h)≡ 0, for any ε > 0 and M > 0, there exists a measurable271

f on O(x) such that272

ER∼µ

[
ℓ( f (Rx,h),0)

]
≤ ε but sup

R∈G
| f (Rx,h)− f (x,h)| ≥M.273

Proof sketch. Choose A⊆ G with µ(A) = ε/M2 and set f (Rx,h) = M ·1{R ∈ A}, f (x,h) = 0.274

This formalizes a structural gap: minimizing an average risk over random rotations does not control worst-case rotational275

variation under single-view inference. Canonicalization provides worst-case control directly via supR ∥Aθ (Rx,h)−Aθ (x,h)∥F ≤276

δ and Proposition 5.277

Group averaging incurs multi-view cost. To obtain an explicitly invariant predictor, one must approximate P f via278

Monte-Carlo averaging:279

f̂K(x,h) :=
1
K

K

∑
k=1

f (Rkx,h), Rk
i.i.d.∼ µ.280

This estimator directly approximates the group integral defining P f ; unless f (Rx,h) is already nearly constant over R,281

its variance can be large, forcing large K. The mean-square approximation error satisfies E[( f̂K(x,h)− (P f )(x,h))2] =282

VarR∼µ( f (Rx,h))/K, so achieving MSE ≤ ε2 requires K = Ω(ε−2).283

Uniform control requires covering SO(3). For worst-case guarantees, we need uniform control over all rotations.284

Proposition 16 (Covering number scaling of SO(3)). Assume f is Lrot-Lipschitz on rotation orbits under a bi-invariant geodesic285

distance on SO(3). Then achieving ε-uniform control, i.e., supR∈SO(3) | f (Rx,h)− f̂K(x,h)| ≤ ε , requires286

K = Ω

((Lrot

ε

)3
)
.287

Remark 3 (Why the exponent is 3). SO(3) is a compact 3-dimensional Riemannian manifold. Metric balls have volume288

Θ(η3), so covering SO(3) with η-balls requires Ω(η−3) balls.289
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Summary: canonicalization vs. augmentation. Canonicalization achieves worst-case stability supR |ŷ(Rx,h)− ŷ(x,h)| ≤290

L f δ with one backbone pass (Proposition 5). In contrast, multi-view augmentation realizes invariance by approximating a group291

integral at inference time, shifting the burden to compute: it requires K = Ω(ε−2) views for MSE control and K = Ω(ε−3)292

views for uniform control, and it asks a non-equivariant backbone to implicitly learn small rotation-wise variation of f (Rx,h)293

over SO(3) compute tradeoff that canonicalization avoids.294

D.4 Canonicalization as a unified solution295

The preceding analysis highlights complementary limitations of common symmetry-handling strategies: (i) pose-level coordinate296

reconstruction is not identifiable from a purely invariant latent without a gauge/section, (ii) equivariant coordinate-state modeling297

can be computationally demanding in iterative generation, and (iii) augmentation alone does not provide worst-case guarantees298

without paying multi-view inference cost. Under mild section/stability assumptions, canonicalization offers a unified route that299

addresses these issues within a single framework.300

Proposition 17 (Task-wise factorization via canonicalization). Assume Assumption 1. Then for any continuous invariant target301

yinv, there exists a continuous head ginv such that302

yinv(x,h) = ginv
(
Aθ (x,h),h

)
.303

Moreover, for any continuous ρ-equivariant target yeq, there exists a continuous head geq such that304

yeq(x,h) = ρ
(
R̂θ (x,h)

)−1 geq
(
Aθ (x,h),h

)
.305

Under Assumptions 4 and 7, the same statements hold up to an additive stability term bounded by Cinvδ and Ceqδ , respectively.306

This proposition shows that canonicalization reduces both invariant prediction and equivariant outputs to learning in307

canonical coordinates, with task-specific heads and an explicit lifting by ρ(R̂θ )
−1. For generation tasks evaluated on rotation308

orbits, learning in canonical space and applying uniform lifting yields orbit-level fidelity controlled by the canonical modeling309

error plus an additive alignment term (Section C.2).310

E How Should We Evaluate Molecular Representations?311

E.1 Baseline Models for Representation Evaluation312

To comprehensively evaluate the quality of learned 3D molecular representations, we compare against three representative313

foundation models that employ distinct pretraining strategies and architectural designs.314

Uni-Mol2 (3) is a 3D molecular representation learning framework that adopts SE(3)-invariant representations (REPR.A315

in our taxonomy). The model employs a Transformer architecture operating on pairwise distance matrices and 3D spatial316

encodings derived from inter-atomic distances, pretrained via masked atom prediction and coordinate denoising on large-scale317

molecular conformations. While Uni-Mol incorporates equivariant layers in its output head for coordinate prediction, the core318

molecular embeddings remain inherently invariant.319

JMP (4) extends molecular foundation modeling to materials science by pretraining on diverse atomic systems spanning320

small molecules, crystals, and bulk materials. JMP employs GemNet-OC as its backbone, which uses directed edge embeddings321

with geometric message passing based on distances, angles, and dihedral angles. Notably, while GemNet-OC can produce322

rotationally equivariant predictions (e.g., forces) through gradient computation or direct equivariant output blocks, the internal323

representations themselves remain SE(3)-invariant. This places JMP within the REPR.A category, similar to Uni-Mol, though324

with a more expressive geometric feature set incorporating higher-order invariants. The model is pretrained on approximately325

120M systems from OC20, OC22, ANI-1x, and Transition-1x using multi-task learning objectives.326

3D-MoLM (5) represents a multimodal approach that bridges 3D molecular structures with natural language understanding.327

The model integrates a 3D molecular encoder with a large language model through a cross-modal projector, enabling molecule-328

text interpretation tasks. The 3D encoder component, which we utilize for embedding extraction in our evaluation, processes329

molecular geometries through attention mechanisms with 3D positional encodings. This model provides an interesting330

comparison point as it learns molecular representations optimized for cross-modal alignment rather than purely geometric331

reconstruction or property prediction objectives, potentially capturing different aspects of molecular semantics.332

These three baselines collectively represent prevalent approaches in 3D molecular foundation modeling: invariant represen-333

tations with distance-based features (Uni-Mol), invariant representations with higher-order geometric invariants (JMP), and334

multimodal learning with cross-modal alignment objectives (3D-MoLM). By evaluating our canonicalization-based approach335

(REPR.Z) against these models, we systematically assess whether the proposed framework offers improved representation336

quality over existing 3D molecular foundation models across diverse evaluation criteria.337
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E.2 Molecular Identity Preservation Analysis338

E.2.1 Dataset Construction339

To evaluate whether learned representations appropriately capture molecular identity while accommodating conformational340

flexibility, we constructed a separate evaluation dataset from the PDBbind 2020 database (6).341

We employed stratified sampling based on heavy atom count, partitioning molecules into five strata (10–20, 20–30, 30–40,342

40–50, and 50–100 heavy atoms) and sampling 200 molecules per stratum to yield 1,000 unique molecules. For each molecule,343

five conformers were generated using the ETKDGv3 algorithm (7; 8) in RDKit (9), resulting in 5,000 conformer structures.344

Individual conformer embeddings zm,k were retained to assess intra-molecular consistency versus inter-molecular separation.345

E.2.2 Evaluation Evaluation346

To quantify how well learned representations preserve molecular identity while distinguishing between different molecules, we347

evaluate the separability of same-molecule conformer pairs versus different-molecule pairs in the embedding space.348

Given a dataset of M molecules, each with K conformers, we construct two types of embedding pairs:349

• Positive pairs (intra-molecular): Pairs of embeddings from different conformers of the same molecule, i.e., (zm,k,zm,k′)350

where k ̸= k′. These pairs should exhibit small distances if the representation correctly captures molecular identity351

invariant to conformational changes.352

• Negative pairs (inter-molecular): Pairs of embeddings from different molecules, i.e., (zm,k,zm′,k′) where m ̸= m′. These353

pairs should exhibit large distances if the representation effectively discriminates between distinct molecules.354

Separation Score via ROC-AUC. We assess the discriminability between positive and negative pairs using the Receiver355

Operating Characteristic Area Under the Curve (ROC-AUC). For each pair, we compute the Euclidean distance between356

embeddings:357

di j = ∥zi− z j∥2 (13)358

We then frame the evaluation as a binary classification task where the objective is to distinguish positive pairs (label 1) from359

negative pairs (label 0) based on the pairwise distance. Since positive pairs should have smaller distances, we use the negative360

distance −di j as the prediction score. The ROC-AUC is computed over all sampled pairs:361

ROC-AUC = P
(

d(−)
i j > d(+)

i j

)
(14)362

where d(+)
i j denotes distances of positive pairs and d(−)

i j denotes distances of negative pairs.363

An ROC-AUC of 1.0 indicates perfect separation, where all intra-molecular distances are smaller than all inter-molecular364

distances. An ROC-AUC of 0.5 indicates no discriminability, equivalent to random assignment. This metric provides a365

single scalar summary of how well the embedding space clusters conformers of the same molecule while separating different366

molecules, without requiring any downstream task-specific training.367

E.3 Chemical Semantic Consistency368

E.3.1 Dataset Construction369

To evaluate whether learned representations capture chemically meaningful structure, we constructed two evaluation datasets370

from the PDBbind 2020 database (6): one based on functional groups and another based on molecular scaffolds.371

Functional Group Dataset. We selected five functional groups (amide, ether, halogen, hydroxyl, and primary amine)372

identified via SMARTS pattern matching in RDKit (9). To ensure unambiguous assignment, only molecules containing exactly373

one target functional group were included. We sampled 100 molecules per group (500 total), generating 10 conformers each374

using ETKDGv3 (7; 8) for 5,000 structures. Molecule-level embeddings were obtained by averaging conformer embeddings.375

Scaffold Dataset. Generic scaffolds were extracted using Murcko decomposition (10), retaining only core ring systems376

and linker topology. We identified 19 scaffolds with at least 100 molecules each in PDBbind 2020, sampling 100 molecules377

per scaffold (1,900 total). Following the same conformer protocol yielded 19,000 structures with averaged molecule-level378

embeddings.379

E.3.2 Evaluation Metrics380

To quantify how well the learned embedding space reflects chemical group structure, we compute a coherence score that381

measures the ratio of inter-group separation to intra-group compactness.382
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For each chemical group g (either functional group or scaffold), we compute the mean pairwise Euclidean distance among383

all molecules within that group:384

Dintra(g) =
1

|g|(|g|−1) ∑
i, j∈g,i̸= j

∥zi− z j∥2 (15)385

where zi denotes the embedding of molecule i and |g| is the number of molecules in group g. The overall intra-group distance is386

the average across all groups:387

Dintra =
1
|G| ∑g∈G

Dintra(g) (16)388

where G is the set of all groups. We first compute the centroid of each group:389

µµµg =
1
|g|∑i∈g

zi (17)390

The inter-group distance is defined as the mean Euclidean distance between all pairs of group centroids:391

Dinter =
2

|G|(|G|−1) ∑
g,h∈G,g̸=h

∥µµµg−µµµh∥2 (18)392

Coherence Score. The coherence score is defined as the ratio of inter-group distance to intra-group distance:393

Coherence =
Dinter

Dintra
(19)394

A higher coherence score indicates that molecules sharing the same chemical group are embedded closer together while395

molecules from different groups are well separated. This metric provides a quantitative assessment of how well the embedding396

space aligns with known chemical taxonomy, without requiring any task-specific supervision.397

E.4 Embedding Space Geometry Analysis398

E.4.1 Dataset Construction399

We sampled 50,000 molecules from the PDBbind 2020 database (6) using stratified sampling across seven heavy atom400

count ranges (10–50) to ensure molecular size diversity. Duplicates were removed via canonical SMILES comparison. For401

each molecule, 10 conformers were generated using ETKDGv3 in RDKit, yielding 500,000 structures total. Molecule-level402

embeddings were computed by averaging across conformers:403

zmol =
1
K

K

∑
k=1

z(k) (20)404

where z(k) denotes the k-th conformer embedding and K = 10. All models were evaluated on identical molecule-conformer sets405

for fair comparison.406

E.4.2 Evaluation Metrics407

We evaluate the structural properties of learned embedding spaces using three complementary metrics. These metrics do not408

directly measure representation quality in terms of downstream performance; rather, they characterize whether the embedding409

space satisfies basic geometric prerequisites for reliable distance-based interpretation (11; 12).410

Effective Dimension. The effective dimension quantifies how many dimensions are substantially utilized by the embedding411

distribution. Given a set of embeddings Z = {z1,z2, . . . ,zn} ⊂ Rd , we first center the embeddings by subtracting the mean and412

then compute the covariance matrix:413

z̃i = zi−
1
n

n

∑
j=1

z j, ΣΣΣ =
1
n

n

∑
i=1

z̃iz̃⊤i (21)414

Let λ1 ≥ λ2 ≥ ·· · ≥ λd ≥ 0 denote the eigenvalues of ΣΣΣ. The effective dimension is defined via the participation ratio:415

Deff =

(
∑

d
i=1 λi

)2

∑
d
i=1 λ 2

i
(22)416
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This metric ranges from 1 (all variance concentrated in a single direction) to d (variance uniformly distributed across all417

dimensions). To enable comparison across models with different embedding dimensions, we report the normalized effective418

dimension Deff/d ∈ (0,1]. A low Deff/d indicates that the embedding distribution is effectively confined to a low-dimensional419

subspace, suggesting limited representational capacity regardless of the nominal dimensionality.420

Hubness. Hubness is a phenomenon in high-dimensional spaces where certain points appear disproportionately often as421

nearest neighbors of other points (11). Such points, called hubs, distort distance-based neighbor relationships and undermine422

the reliability of similarity-based retrieval and classification.423

For each embedding zi, we compute its k-occurrence Nk(i), defined as the number of times zi appears among the k-nearest424

neighbors of all other points: Nk(i) =
∣∣{ j ̸= i : zi ∈ kNN(z j)

}∣∣ We then measure the skewness of the k-occurrence distribution:425

SNk =
E
[
(Nk−µNk)

3
]

σ3
Nk

(23)426

where µNk and σNk are the mean and standard deviation of {Nk(i)}n
i=1.427

A skewness close to zero indicates that all points serve as neighbors with similar frequency, implying stable and symmetric428

neighbor relationships. High positive skewness indicates the presence of hubs, which can compromise distance-based analyses.429

We use k = 10 throughout our experiments.430

Uniformity. Uniformity measures how evenly the embeddings are distributed on the hypersphere, serving as an indicator of431

representation collapse (13). We first ℓ2-normalize the embeddings to obtain unit vectors: ui =
zi
∥zi∥2

432

The uniformity loss is defined as:433

Luniform = logEi̸= j
[
exp

(
−t∥ui−u j∥2

2
)]

(24)434

where t > 0 is a temperature parameter, set to t = 2 following standard practice.435

A lower (more negative) uniformity value indicates that embeddings are spread uniformly across the hypersphere, suggesting436

that the representation space is efficiently utilized without collapse. A higher value (closer to zero) indicates that embeddings437

are concentrated in a small region, which may signal representation collapse where the model fails to preserve discriminative438

information across different molecules.439

E.5 Pretrain-Finetune Alignment Analysis440

E.5.1 DATASET CONSTRUCTION441

To evaluate how well pretrained representations align with downstream task distributions, we constructed evaluation datasets442

comprising both pretraining and finetuning molecular sets for each model.443

For each model under evaluation, we sampled 50,000 molecules from its respective pretraining dataset. This model-specific444

sampling ensures that the alignment analysis reflects the actual distributional relationship between each model’s learned445

representations and downstream tasks. The three-dimensional molecular structures provided in the original pretraining datasets446

were used directly without additional conformer generation.447

We compiled finetuning datasets from two widely-used molecular property prediction benchmarks: MoleculeNet (14):448

We selected six tasks spanning classification and regression: BACE, BBBP, ClinTox, Lipophilicity, ESOL, and FreeSolv ,449

Therapeutics Data Commons (TDC) (15): We included the ADMET benchmark tasks, which comprise pharmacokinetic and450

toxicity endpoints relevant to drug discovery.451

For each molecule in the finetuning datasets, we generated three conformers using RDKit (9) to capture conformational452

diversity. Molecule-level embeddings were computed by averaging the embeddings across the three conformers. To ensure453

that the alignment analysis reflects genuine distributional differences rather than memorization effects, we removed molecules454

appearing in both the pretraining and finetuning sets. Duplicate detection was performed using canonical SMILES comparison.455

E.5.2 Evaluation Metric456

To quantify the alignment between pretraining and finetuning distributions in the embedding space, we measure the similarity457

of their principal subspaces using principal angles.458

Given a set of pretraining embeddings P = {p1,p2, . . . ,pn} and finetuning embeddings F = {f1, f2, . . . , fm}, we first center459

each distribution by subtracting its mean:460

p̃i = pi−µµµP, f̃ j = f j−µµµF (25)461

where µµµP = 1
n ∑

n
i=1 pi and µµµF = 1

m ∑
m
j=1 f j. We then compute the covariance matrices:462

ΣΣΣP =
1
n

n

∑
i=1

p̃ip̃⊤i , ΣΣΣF =
1
m

m

∑
j=1

f̃ j f̃⊤j (26)463
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Table 1. Quantitative results of the representation quality experiment. All values are normalized.

Datasets AUC ↑ Uniformity ↑ Coherence ↑ Hubness ↑ Effectiveness ↑ Mean↑
JMP -1.66 1.266 -0.48 0.098 -0.68 0.862
UniMol2 0.831 -1.14 -0.932 -1.406 -0.36 0.923
3D-MOLM 0.093 -0.79 -0.26 -0.107 -0.67 0.792

THEMOL 0.673 0.673 1.681 1.415 1.718 0.966

For each covariance matrix, we perform eigendecomposition and extract the top-k eigenvectors corresponding to the k464

largest eigenvalues, where k is set to 70% of the embedding dimension. This choice ensures that the principal subspace465

captures the majority of variance while excluding minor directions that may correspond to noise. Let VP = [v(1)P , . . . ,v(k)P ] and466

VF = [v(1)F , . . . ,v(k)F ] denote the matrices whose columns are the top-k eigenvectors of ΣΣΣP and ΣΣΣF , respectively. These matrices467

define k-dimensional subspaces that capture the principal directions of variation in each distribution.468

The principal angles θ1,θ2, . . . ,θk between the two subspaces provide a canonical measure of subspace similarity (16). To469

compute these angles, we first orthonormalize each subspace via QR decomposition:470

VP = QPRP, VF = QF RF (27)471

We then compute the singular value decomposition of the inner product matrix: Q⊤P QF =USW⊤, where S= diag(σ1,σ2, . . . ,σk)472

contains the singular values. The principal angles are obtained as: θi = arccos(σi), i = 1, . . . ,k Principal angles of zero473

indicate perfectly aligned directions, while angles of π

2 indicate orthogonal directions.474

Alignment Score. We summarize the principal angles into a single alignment score by computing the mean cosine of the475

principal angles:476

Alignment Score =
1
k

k

∑
i=1

cos(θi) =
1
k

k

∑
i=1

σi (28)477

This score ranges from 0 to 1, where higher values indicate better alignment between the pretraining and finetuning478

subspaces. A high alignment score means that the principal directions of variation in the finetuning data are fully captured by479

the principal directions learned during pretraining.480

Remark. A high alignment score suggests that the pretrained representation has learned generalizable features that transfer481

well to downstream tasks without requiring substantial modification. Conversely, a low alignment score raises concerns about482

the quality of the pretrained representation as a foundation model. When the pretraining and finetuning subspaces diverge483

substantially, strong downstream performance may result primarily from heavy adaptation during finetuning rather than from484

the inherent expressiveness of the pretrained representation. In such cases, it becomes difficult to attribute downstream success485

to the foundation model itself, as the finetuning process effectively learns a new representation rather than leveraging the486

pretrained one. Since the fundamental goal of foundation models is to learn universally useful representations that transfer487

across diverse downstream tasks, a low alignment score may indicate a limited capacity to embed diverse molecular structures488

into a coherent, shared manifold.489

E.6 Analysis of Representation Quality Experiment490

E.6.1 Overview491

We evaluate representation quality through five complementary metrics that probe different aspects of learned embeddings:492

AUC for molecular identity preservation, Coherence for chemical semantic consistency, Effective Dimension, Hubness, and493

Uniformity for embedding space geometry. Our analysis reveals systematic patterns that validate the theoretical advantages of494

canonicalization while exposing the trade-offs inherent in alternative representation paradigms.495

E.6.2 Embedding Space Geometry: Trade-offs and Correlations496

Geometric Regularity vs. Chemical Semantics. A striking trade-off emerges between geometric regularity (measured by497

Hubness and Uniformity) and chemical semantic preservation (measured by Coherence). UniMol achieves the best geometric498

regularity with the lowest Hubness (-1.406) and Uniformity (-1.146), indicating a well-structured embedding space with uniform499

neighbor relationships and even distribution on the hypersphere. However, it simultaneously exhibits the lowest Coherence500

(-0.932), suggesting that its SE(3)-invariant representation, built solely on pairwise distances, fails to capture higher-level501

chemical semantics such as functional group relationships and scaffold similarities.502

In contrast, THEMOL demonstrates the opposite pattern: while showing relatively higher Hubness (1.415), it achieves the503

highest Coherence (1.681) by a substantial margin. This suggests that the canonicalization-based approach, which processes504
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original 3D coordinates in a canonical frame rather than reducing them to distance matrices, preserves richer chemical structural505

information at the cost of geometric regularity in the embedding space.506

This trade-off has important implications for downstream applications. Tasks requiring chemical similarity assessment,507

such as scaffold hopping or functional group-based clustering, would benefit from THEMOL’s semantically rich representations.508

Conversely, tasks relying heavily on nearest neighbor retrieval may favor UniMol’s geometrically uniform embedding space.509

Effective Dimension and Hubness Correlation. We observe a positive correlation between Effective Dimension and510

Hubness across models. THEMOL exhibits both the highest Effective Dimension (1.718) and the highest Hubness (1.415),511

while UniMol shows lower values for both metrics (-0.367 and -1.406, respectively).512

This correlation can be explained by the curse of dimensionality: when embeddings genuinely utilize high-dimensional513

space (high Effective Dimension), the concentration of measure phenomenon makes certain points more likely to appear as514

nearest neighbors of many other points, thereby increasing Hubness. THEMOL’s high Effective Dimension indicates that its515

embedding space encodes rich information across many dimensions, but this inevitably introduces hub phenomena as a side516

effect.517

Conversely, UniMol’s low Effective Dimension suggests that its embeddings are effectively confined to a lower-dimensional518

manifold, which naturally mitigates hubness but may also indicate limited representational capacity. This interpretation aligns519

with the theoretical limitations of distance-only invariant features discussed in Section D.1.520

E.6.3 Pretrain-Finetune Alignment Analysis521

Generalizability and Credit Assignment. THEMOL achieves the highest Alignment Score (0.9663), indicating that 96.6%522

of the principal variation directions in finetuning data are already captured by the directions learned during pretraining. This523

suggests that the canonicalization-based approach learns representations that are inherently aligned with the molecular variations524

relevant to downstream tasks, requiring minimal adaptation during finetuning.525

The Alignment Score provides a principled basis for attributing downstream performance to either pretrained representation526

quality or finetuning adaptation. For models with high alignment scores (THEMOL: 0.9663, UniMol: 0.9238), strong527

downstream performance can be confidently attributed to the quality of the pretrained representations themselves, as the528

finetuning process operates within a representation space that already captures task-relevant variations.529

Conversely, for models with lower alignment scores (JMP: 0.8626, 3D-MoLM: 0.7927), strong downstream performance (if530

achieved) may result primarily from heavy adaptation during finetuning rather than from the inherent quality of the pretrained531

representations. This raises concerns about the true contribution of pretraining, as the foundation model’s value lies in providing532

transferable representations rather than serving merely as an initialization for task-specific learning.533

Relationship between Effective Dimension and Alignment Score. We observe a positive correlation between Effective534

Dimension and Alignment Score. THEMOL exhibits both the highest Effective Dimension (Z-score: 1.718) and the highest535

Alignment Score (0.9663), while models with lower Effective Dimension generally show lower alignment.536

This correlation admits a natural interpretation: high Effective Dimension indicates that the embedding space encodes537

variations across many directions. Such rich representations have a higher probability of overlapping with the diverse molecular538

variations present in downstream tasks. THEMOL’s canonicalization approach preserves coordinate-level information without539

the dimensionality reduction inherent in distance-based features, enabling the model to capture a broader range of molecular540

variations that prove relevant for downstream transfer.541

Interestingly, UniMol achieves the second-highest Alignment Score (0.9238) despite a below-average Effective Dimension542

(Z-score: -0.367). This suggests that while UniMol’s distance-based features are limited in expressiveness, they nonetheless543

capture the core molecular variations most relevant to downstream property prediction tasks.544

Divergence between Coherence and Alignment Score. We observe no clear correlation between Coherence and Alignment545

Score. Most notably, UniMol exhibits the lowest Coherence (Z-score: -0.932) but the second-highest Alignment Score (0.9238),546

while 3D-MoLM shows moderate Coherence (Z-score: -0.266) but the lowest Alignment Score (0.7927).547

This divergence reveals that the two metrics capture fundamentally different aspects of representation quality. Coherence548

measures alignment with chemical taxonomy (how well the embedding space reflects functional group and scaffold relationships)549

capturing semantic structure. Alignment Score measures consistency between pretraining and finetuning distributions (how550

well pretrained representations cover downstream task variations) capturing statistical structure.551

UniMol’s high Alignment Score despite low Coherence suggests that current downstream benchmarks may emphasize552

numerical property prediction over chemical semantic reasoning. THEMOL uniquely achieves top performance on both metrics,553

demonstrating that canonicalization learns representations capturing both chemical semantic structure and statistical variations554

relevant to downstream tasks.555

E.6.4 Validation of Theoretical Framework556

These empirical results provide evidence supporting the theoretical analysis presented in Section 3.1. First, the limitations of557

invariant representations (REPR.A) manifest clearly in UniMol’s results: despite excellent geometric regularity, the lowest558
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Coherence confirms that distance-only features sacrifice chemical semantic information.559

Second, the canonicalization approach (REPR.Z) demonstrates its theoretical advantage in information preservation.560

THEMOL’s substantially higher Effective Dimension validates that processing coordinates in canonical space retains richer561

information content, and the superior Coherence confirms that this preserved information is chemically meaningful.562

Third, THEMOL’s highest Alignment Score validates that canonicalization achieves the fundamental objective of foundation563

models: learning universally useful representations that transfer across diverse downstream tasks. The combination of leading564

performance on Coherence (semantic structure) and Alignment Score (statistical structure) demonstrates THEMOL’s unique565

capability to serve as a comprehensive foundation model for 3D molecular representation learning.566

F Experimental details for canonical latent-space diagnostics567

This section describes the diagnostic experiments used to evaluate whether a frozen 3D molecular representation provides a568

latent space suitable for prediction, decoding, interpolation and black-box optimization. Unless otherwise stated, the diagnostics569

use the same PDBbind-derived molecular set used for the representation-quality analysis in Supplementary Note E. We570

compare four representation regimes: invariant representations Repr.A, equivariant representations Repr.B, rotation-augmented571

non-equivariant representations Repr.C, and the proposed canonicalization-based representation Repr.Z. All diagnostics are572

performed without additional downstream training. For Repr.B, Repr.C and Repr.Z, the encoder, decoder and latent flow model573

are kept frozen, and the compared models use the same latent dimensionality, decoder capacity and training budget.574

For each molecule m, the frozen encoder produces a token-level latent tensor Zm ∈RNmax×H . All latent-distance computations575

are performed after flattening the valid token-level latent tensors. Padded tokens are masked out and all models are evaluated576

under the same masking convention. No task-specific normalization is fitted for these diagnostics.577

Exclusion of Repr.A from coordinate-decoding diagnostics. Repr.A is included in the rotation-sensitivity and latent-578

distance hierarchy analyses, but excluded from the perturbation-decoding, interpolation-decoding and optimization-readiness579

diagnostics. The reason is structural: an invariant-only latent specifies molecular geometry only up to a gauge. Therefore,580

coordinate-level decoding or latent-space optimization requires an additional frame-selection or lifting mechanism that is not581

part of Repr.A itself. Panels requiring direct coordinate decoding are therefore evaluated only for Repr.B, Repr.C and Repr.Z.582

F.1 Rotation sensitivity583

Rotation sensitivity measures how much the latent representation changes when the same molecule is globally rotated. For each584

molecule m, we sample K = 1000 independent rotations585

R1, . . . ,RK ∼ Haar(SO(3)).586

Using the row-vector coordinate convention, the rotated coordinates are xmR⊤k . Let587

zm,k = vec
[
Φ(xmR⊤k ,hm)

]
588

denote the flattened latent representation of the k-th rotated copy, where Φ denotes the frozen representation map (ex. ζEnc).589

We compute the molecule-wise rotation sensitivity as590

z̄m =
1
K

K

∑
k=1

zm,k, Srot(m) =
1
K

K

∑
k=1

∥∥zm,k− z̄m
∥∥2

2 . (29)591

Lower values indicate that global rotation induces little change in the latent representation. The figure reports the distribution of592

Srot(m) over the evaluated molecule set.593

F.2 Latent-distance hierarchy594

The latent-distance hierarchy diagnostic evaluates whether the representation assigns distances in a chemically sensible order. An595

ideal reusable 3D molecular representation should assign the smallest distance to global rotations of the same molecule, a larger596

distance to different conformers of the same molecule, a still larger distance to matched molecular pairs with local chemical597

substitutions, and the largest distance to scaffold-level changes. We construct four pair types: Prot, Pconf, PMMP, Pscaf.598

Rotation pairs are generated by applying two independent random rotations to the same conformer. Conformer pairs are599

different conformers of the same molecule. Matched molecular pairs are constructed by pairing molecules that share the same600

core scaffold but differ by a local substituent transformation. Scaffold pairs are molecule pairs with different Bemis–Murcko601

scaffolds.602
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For a pair (i, j), the latent distance is computed as603

dΦ(i, j) =
∥∥vec(Zi)−vec(Z j)

∥∥
2 , (30)604

where padded tokens are masked consistently across models before vectorization. For each representation and each pair type,605

we report the mean latent distance over the corresponding pair set. The expected qualitative ordering is606

drot < dconf < dMMP < dscaf. (31)607

This diagnostic does not by itself define chemical correctness; rather, it tests whether nuisance variation from global pose is608

separated from increasingly semantic molecular variation.609

F.3 Latent perturbation decodability610

Latent perturbation decodability evaluates whether local neighborhoods of the latent space remain decodable into physically611

plausible 3D molecules. For each molecule m, we perturb its frozen latent representation by isotropic Gaussian noise:612

Zm,σ = Zm +σεεε, εεε ∼N (0,I), (32)613

where noise is applied only to valid latent tokens and padded tokens remain masked. We evaluate614

σ ∈ {0,0.05,0.10,0.20,0.40,0.80,1.00}.615

Each perturbed latent is decoded by the frozen decoder,616

M̂m,σ = ζDec(Zm,σ ), (33)617

and the resulting molecule is evaluated using the same PB-Valid criterion used in the GEOM-DRUG v2 evaluation protocol.618

For each perturbation scale, we compute619

PBValid(σ) =
#{M̂m,σ passes PB-Valid}

#{M̂m,σ}
. (34)620

Higher PB-Valid values at larger perturbation scales indicate a wider decoder-valid latent neighborhood.621

F.4 Gauge-waste ratio and search efficiency622

The optimization-readiness diagnostic measures whether latent-space search directions correspond to chemically meaningful623

improvement or are wasted along rotation-induced latent directions. For each representation, we analyse optimization trajectories624

generated by the same fixed-size latent search protocol used in the structure-based molecular optimization experiments.625

Rotation-induced latent subspace. For a molecule m, we estimate a local rotation-induced latent subspace by applying626

K = 100 random rotations and encoding the rotated copies:627

Zrot(m) =
{

vec
[
Φ(xmR⊤k ,hm)

]}K

k=1
.628

We apply PCA to this latent cloud and take the top three principal components as the rotation-induced subspace,629

Urot(m) = span{u1,u2,u3},630

reflecting the three-dimensional degree of freedom of SO(3). Let PUrot denote the orthogonal projection onto this subspace.631

Gauge-waste ratio. For each optimization run, we track the CMA-ES population mean in latent space, z0,z1, . . . ,zT , and632

define the step displacement as ∆zt = zt+1− zt .633

The per-step gauge-waste ratio is634

Wt =
∥PUrot∆zt∥2

2

∥∆zt∥2
2 + ε

, ε = 10−8. (35)635

The trajectory-level gauge-waste ratio is the average over optimization steps:636

W =
1
T

T−1

∑
t=0

Wt . (36)637

Lower values indicate that the optimization trajectory spends less displacement along rotation-induced latent directions.638
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Search efficiency. Let F(M;P) be the scalar optimization fitness for molecule M against pocket P, combining docking639

affinity, synthetic accessibility and invalid-molecule penalties as in the structure-based optimization protocol. Because docking640

scores are lower for stronger predicted binding, we use the sign convention641

F(M;P) =−Edock(M;P)+λSASSA(M)−λinv1{M invalid}, (37)642

with fixed coefficients across all compared representations. For an optimization trajectory, we define643

∆F = F(MT ;P)−F(M0;P), Lpath =
T−1

∑
t=0
∥∆zt∥2 , (38)644

and compute search efficiency as645

Eff =
∆F

Lpath + ε
. (39)646

Higher values indicate larger objective improvement per unit latent-space displacement.647

In the gauge-waste/search-efficiency plot, the x-axis reports W , the y-axis reports Eff, point size denotes the mean pairwise648

Tanimoto diversity among valid generated molecules, and colour denotes the valid generation rate. The desired region is low649

gauge waste, high search efficiency, high validity and high diversity.650

F.5 Interpolation decodability651

Interpolation decodability evaluates whether linear paths between molecular latents remain inside a decoder-valid region of the652

latent space. We sample molecule pairs with matched atom counts when possible and use their frozen latent tensors Zi and Z j.653

For interpolation coefficient t ∈ {0,0.1, . . . ,1.0}, we construct654

Zi j(t) = (1− t)Zi + tZ j. (40)655

Each interpolated latent is decoded with the frozen decoder, M̂i j(t) = ζDec(Zi j(t)), and evaluated using PB-Valid. For each656

interpolation position, we compute657

PBValid(t) =
#{M̂i j(t) passes PB-Valid}

#{M̂i j(t)}
. (41)658

A flat curve with high PB-Valid across t indicates that the line segment between two molecular latents remains largely decodable.659

F.6 Aggregation and reporting660

For rotation sensitivity, we report molecule-level distributions. For latent-distance hierarchy, we report mean distances for each661

representation and pair type on a logarithmic scale. For latent perturbation and interpolation decodability, we report PB-Valid662

rates averaged over decoded samples at each perturbation scale or interpolation point. For optimization-readiness, we first663

compute gauge-waste ratio and search efficiency for each optimization trajectory and then average over runs. All comparisons664

use frozen representations and identical evaluation pipelines across the compared representation regimes.665

G Experimental Details for Figure 1.b666

Left Panel: Embedding Consistency Under Rotation. We selected a single aspirin molecule and generated 1,000 confor-667

mations by applying random rotations sampled uniformly from SO(3). Each rotated conformation was passed through the668

pretrained encoder to obtain molecular embeddings. The red points represent embeddings obtained after applying the learned669

canonical mapping Aθ , while the gray points represent embeddings obtained without canonical mapping. All embeddings were670

projected to 2D using PCA for visualization.671

Right Panel: Pretraining Convergence Comparison. Using the same experimental setup, we compared the validation672

coordinate reconstruction loss during pretraining with and without the canonical mapping. Both models were trained under673

identical hyperparameters, differing only in whether the canonicalization operator R̂θ was applied to input coordinates.674

H Implementation Details675

We provide comprehensive hyperparameter settings for pretraining and all downstream tasks. All experiments were conducted676

on 2 NVIDIA L40S GPUs.677
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Table 2. Training hyperparameters for autoencoder pretraining.

Hyperparameter Value

Optimizer Adam
Learning rate 1×10−3

Adam (β1,β2) (0.9,0.99)
Weight decay 1×10−4

LR scheduler Polynomial decay
Warmup steps 10,000
Total steps 2,000,000
Batch size 512
Gradient clipping 1.0

Table 3. Loss weights for autoencoder pretraining.

Loss Term Weight

Coordinate reconstruction (LCoord) 10.0
Atom type prediction (LType) 0.5
Bond type prediction (LBond) 1.0
Distance prediction (LDist) 10.0
KL divergence (LKLD) 0.01
Gauge consistency (Lgc) 1.0

Table 4. Architecture hyperparameters for pretraining.

Component Hyperparameter Value

Canonicalization Encoder

Layers 3
Hidden dimension 128

Attention heads 8
FFN dimension 128

Main Encoder

Layers 10
Hidden dimension 128

Attention heads 8
FFN dimension 128

Decoder

Layers 3
Hidden dimension 128

Attention heads 8
FFN dimension 128

VAE Latent Latent dimension 64
Log variance clipping [−15,15]
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Table 5. DiT architecture for flow matching.

Hyperparameter Value

Layers 12
Hidden dimension 512
Attention heads 8
MLP ratio 4.0
Input dimension 8

Table 6. Training hyperparameters for flow matching.

Hyperparameter Value

Optimizer Adam
Learning rate 1×10−4

Adam (β1,β2) (0.9,0.99)
Weight decay 1×10−4

LR scheduler Polynomial decay
Warmup steps 10,000
Total steps 2,000,000
Batch size 512
Gradient clipping 1.0
Self-conditioning probability 0.5

H.1 Pretraining678

Table 4 summarizes the architectural configurations of THEMOL. And, Table 2 presents the training hyperparameters for679

autoencoder pretraining. The pretraining objective combines multiple reconstruction terms, as shown Table 3680

H.1.1 Input Perturbation681

During pretraining, we apply the following augmentations: Random rotation: Applied with probability 0.7 to enforce682

rotation robustness of the canonicalization operator. Coordinate noise: Uniform noise from U (−0.1,0.1) Å added to atomic683

coordinates. Token masking: 15% of atoms are masked for the masked atom prediction objective. All hydrogen atoms are684

removed during preprocessing, and molecules are truncated to a maximum of 256 atoms.685

H.2 Generation (Flow Matching)686

Table 5 summarizes the architectural configurations of THEMOL. And, Table 6 presents the training hyperparameters for687

generative setting.688

At inference, we integrate the learned flow using the Euler method with 100 timesteps. Self-conditioning is enabled during689

sampling, where the previous prediction is used as an additional input to the network.690

H.3 Property Prediction691

For property prediction tasks on MoleculeNet and TDC ADMET benchmarks, we finetune the pretrained encoder with a692

classification or regression head. We perform grid search, as shown: 7693

Table 7. Grid search space for property prediction.

Hyperparameter Search Space

Learning rate {5×10−5,8×10−5,1×10−4}
Batch size {32,64}
Dropout {0.0,0.1,0.2,0.5}
Warmup ratio {0.0,0.06,0.1}
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Table 8. Training configuration for property prediction.

Hyperparameter MoleculeNet TDC ADMET

Optimizer Adam Adam
Adam (β1,β2) (0.9,0.99) (0.9,0.99)
LR scheduler Polynomial decay Polynomial decay
Max epochs 200 200
Early stopping patience 40 100
Gradient clipping 1.0 1.0
Conformers (train) 1 1

For classification tasks, we use cross-entropy loss for binary classification and binary cross-entropy for multi-label694

classification. For regression tasks, we use smooth L1 loss with target normalization. The best checkpoint is selected based on695

the validation metric: ROC-AUC for most classification tasks, AUPRC for CYP datasets, MAE for some regression tasks, and696

Spearman correlation for clearance and half-life prediction.697

H.4 Structure-Based Optimization698

For structure-based molecular optimization, we optimize the latent space using LRA-CMA-ES while keeping the flow model699

frozen.700

H.4.1 CMA-ES Configuration701

Table 9. CMA-ES hyperparameters for molecular optimization.

Hyperparameter Value

Population size (λ ) 50
Number of generations 15
Initial σ 1.0
Learning rate adaptation Enabled

H.4.2 Scoring Function702

The fitness function combines binding affinity and synthetic accessibility:703

S(M;T) = Edock(M;T)+λSA ·SSA(M), (42)704

where Edock is the Vina docking score (kcal/mol), SSA is the normalized synthetic accessibility score scaled to [−10,0], and705

λSA = 1.0.706

H.4.3 Docking Configuration707

Table 10. UniDock configuration for molecular docking.

Parameter Value

Scoring function Vina
Search mode (optimization) Fast
Search mode (evaluation) Balance
Box size 25×25×25 Å
Number of poses 1

H.4.4 Final Sampling708

After optimization, we sample 100 molecules from the optimized distribution N (m(T ),0.12I), where m(T ) is the final mean709

from CMA-ES.710
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H.5 Coordinate Reconstruction Loss.711

A key design choice in our framework is that the canonicalization operator R̂θ is learned jointly with the autoencoder, rather712

than being fixed a priori (e.g., via PCA or inertia-based alignment). This joint optimization has a crucial implication: the713

canonical frame and the representation co-adapt to each other.714

Consider the alternative of using a fixed canonicalization. The backbone would be forced to learn representations compatible715

with an externally imposed frame, which may not align with the model’s inductive biases. In contrast, our approach allows the716

canonicalization to discover orientations that the backbone can most effectively encode, while the backbone simultaneously717

adapts to the structure of canonicalized inputs.718

The joint optimization couples canonicalization and representation learning into a single objective. While we do not claim719

that this yields a globally optimal frame among all consistent alternatives, we argue that it avoids a key failure mode: mismatch720

between a fixed frame and the model’s inductive bias. By allowing mutual adaptation, the learned frame is at least a local721

optimum that the backbone can effectively exploit. The strong downstream performance across property prediction, generation,722

and optimization tasks suggests this local optimum is practically sufficient for general-purpose molecular modeling.723

I Additional Experiments (Ablation Study)724

Before presenting the ablation results, we provide implementation details for each representation paradigm evaluated in this725

study.726

Repr.A (Invariant). This variant adopts the same pairwise attention network architecture as Uni-Mol. We construct727

an autoencoder by combining two such sub-networks as the encoder and decoder modules, respectively. The pairwise728

distance-based attention mechanism ensures SE(3)-invariant representations throughout the network.729

Repr.B (Equivariant). This variant takes 3D atomic coordinates as input and processes them through stacked blocks, each730

consisting of SE(3)-equivariant layers and pairwise attention modules. The encoder-decoder architecture produces a composite731

latent representation [zx,zh], where zx ∈ RN×3 denotes the equivariant coordinate features from the final SE(3)-equivariant732

layer, and zh ∈ RN×H denotes the invariant node features from the final pairwise attention layer.733

Repr.C (Augmentation). This variant is identical to Repr.Z (our proposed method) except that the learned canonicalization734

operator is removed. Instead, random rotation augmentation is applied to input molecules during training to encourage rotation735

robustness.736

Repr.Z (Canonicalization, Ours). Our proposed method first applies a learned canonicalization operator to align input737

molecules into a canonical pose, then processes them through a non-equivariant transformer backbone. This design enables738

both invariant and equivariant downstream tasks within a unified framework.739

Table 11. 3D molecule generation results on GEOM-DRUG under two evaluation protocols. (Left) v1 setting evaluates Atom
Stability and molecular Validity. (Right) v2 setting employs stricter metrics: PB-Valid, OOD Rings, and geometry relaxation
measures.

GEOM-DRUG v1 (↑) GEOM-DRUG v2 (↓)

Method Atom Sta (%) Valid (%) PB-Valid (%) OOD Rings (%) Med. ∆Erelax Med. ∆Rrelax

Data 86.5 99.9 93.2±0.01 0.05 0.00 0.00

THEMOL (Repr.B) 72.3±0.31 89.4±0.6 78.6±1.42 0.47±0.05 12.84±0.09 0.52±0.06

THEMOL (Repr.C) 78.6±0.24 94.2±0.4 84.1±1.18 0.35±0.03 9.21±0.06 0.38±0.04

THEMOL (Repr.Z) 86.8±0.11 99.9±0.1 93.7±0.93 0.18±0.01 4.97±0.02 0.17±0.03
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Table 12. Performance of different type of THEMOL family on the TDC Benchmark (15).

Methods TDC Dataset THEMOL THEMOL THEMOL THEMOL
Dataset Metric Size Repr.A Repr.B Repr.C Repr.Z

Absorption Caco2 MAE(↓) 906 0.324±0.014 0.487±0.032 0.361±0.018 0.291±0.009

HIA AUROC(↑) 578 0.974±0.008 0.847±0.024 0.948±0.011 0.996±0.003

Pgp AUROC(↑) 1212 0.917±0.007 0.782±0.019 0.891±0.009 0.939±0.004

Bioavailability AUROC(↑) 640 0.678±0.021 0.534±0.038 0.647±0.024 0.706±0.015

Lipophilicity MAE(↓) 4200 0.492±0.010 0.681±0.024 0.529±0.013 0.456±0.007

Solubility MAE(↓) 9982 0.769±0.013 1.042±0.028 0.815±0.016 0.722±0.009

Distribution BBB AUROC(↑) 1975 0.904±0.007 0.768±0.018 0.878±0.009 0.927±0.004

PPBR MAE(↓) 1797 7.842±0.105 10.234±0.187 8.193±0.121 7.461±0.076

VDss Spearman(↑) 1130 0.668±0.022 0.489±0.041 0.634±0.026 0.704±0.016

Metabolism CYP2D6 inhibition AUPRC(↑) 13130 0.674±0.007 0.521±0.016 0.647±0.009 0.703±0.004

CYP3A4 inhibition AUPRC(↑) 12328 0.852±0.006 0.694±0.015 0.824±0.008 0.880±0.003

CYP2C9 inhibition AUPRC(↑) 12092 0.766±0.008 0.598±0.018 0.736±0.010 0.798±0.005

CYP2D6 substrate AUPRC(↑) 664 0.738±0.026 0.561±0.045 0.704±0.030 0.775±0.019

CYP3A4 substrate AUROC(↑) 667 0.752±0.017 0.578±0.032 0.719±0.020 0.787±0.012

CYP2C9 substrate AUPRC(↑) 666 0.504±0.025 0.348±0.042 0.469±0.029 0.542±0.018

Excretion Half life Spearman(↑) 667 0.521±0.031 0.342±0.054 0.486±0.036 0.559±0.024

Clearance mircosome Spearman(↑) 1102 0.654±0.015 0.472±0.031 0.619±0.018 0.692±0.010

Clearance hepatocyte Spearman(↑) 1020 0.441±0.028 0.268±0.048 0.408±0.032 0.479±0.021

Toxicity hERG AUROC(↑) 648 0.828±0.017 0.654±0.034 0.796±0.020 0.863±0.012

Ames AUROC(↑) 7255 0.806±0.007 0.648±0.016 0.778±0.009 0.835±0.004

DILI AUROC(↑) 475 0.901±0.014 0.734±0.031 0.871±0.017 0.933±0.009

LD50 MAE(↓) 7385 0.652±0.012 0.892±0.026 0.694±0.015 0.608±0.008

Table 13. Summary of binding affinity and molecular properties of reference molecules and molecules generated by THEMOL
and baselines. (↑) / (↓) denotes whether a larger / smaller number is preferred.

Methods SMINA (↓) Vina Dock (↓) SA (↑) Diversity (↑)
Avg. Med. Avg. Med. Avg. Med. Avg. Med.

Reference -6.37 -7.92 -6.36 -7.45 0.73 0.74 - -

THEMOL (Repr.B) -7.21 -6.94 -7.48 -7.21 0.61 0.62 0.58 0.57
THEMOL (Repr.C) -8.27 -8.04 -8.71 -8.43 0.71 0.72 0.76 0.75
THEMOL (Repr.Z) -8.63 -8.36 -9.12 -8.80 0.75 0.77 0.85 0.84

I.1 In-Depth Analysis of Representation Paradigms740

I.1.1 Quantifying the Canonicalization Advantage741

To understand why canonicalization consistently outperforms alternatives, we analyze the learned representations through the742

lens of our theoretical framework.743

Consistency Error Analysis. We empirically measure the canonicalization consistency error δ from Assumption 4:744

δ = E(x,h)∼D

[
sup

R∈SO(3)
∥Aθ (Rx,h)−Aθ (x,h)∥F

]
(43)745

Table 15 reports δ measured on held-out molecules using 100 random rotations per molecule:746

The near-zero consistency errors validate that our learned canonicalization satisfies Assumption 4 and Proposition 1 of the747

main text in practice, with over 98% of molecules achieving effectively exact consistency (δ < 10−3).748

I.1.2 Failure Case Analysis749

To provide a balanced assessment, we analyze cases where Repr.Z shows smaller advantages or potential limitations.750

Large Flexible Molecules. For molecules with many rotatable bonds, conformational flexibility can challenge canonical-751

ization:752
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Table 14. The overall results on 9 molecule classification datasets from the MoleculeNet (14). We report ROC-AUC score
(higher is better) under scaffold splitting.

Datasets BACE (↑) BBBP (↑) Tox21 (↑) SIDER (↑) HIV (↑) MUV (↑) PCBA (↑) ClinTox (↑) ToxCast (↑) Mean (↑)

THEMOL (Repr.A) 87.4±0.008 88.7±0.007 79.8±0.005 62.8±0.009 83.2±0.006 76.4±0.011 82.1±0.004 96.8±0.006 68.2±0.007 79.49
THEMOL (Repr.B) 78.6±0.018 79.4±0.016 72.1±0.012 56.2±0.019 74.8±0.014 67.3±0.022 74.5±0.011 87.2±0.015 61.4±0.014 72.39
THEMOL (Repr.C) 84.2±0.012 85.6±0.010 77.4±0.008 60.1±0.013 80.7±0.009 73.8±0.015 79.6±0.007 93.4±0.010 65.9±0.011 77.86
THEMOL (Repr.Z) 89.9±0.006 91.2±0.005 81.3±0.004 64.3±0.007 85.0±0.005 78.1±0.010 83.7±0.003 98.9±0.004 69.7±0.005 81.65

Table 15. Canonicalization consistency error across molecular datasets.

Dataset δ (mean) δ (99th pctl) % Perfect (δ < 10−3)

GEOM-DRUG 2.3×10−3 8.7×10−3 99.2%
CrossDocked 3.1×10−3 1.2×10−2 98.7%
MoleculeNet 1.8×10−3 6.4×10−3 99.5%

Repr.Z maintains consistent improvements across flexibility ranges, though absolute performance decreases for all methods753

on highly flexible molecules—a known challenge in 3D molecular modeling independent of representation choice.754

I.1.3 Computational Overhead Analysis755

A practical concern is whether canonicalization introduces significant computational cost. Table 17 reports timing benchmarks.756

Notably, Repr.Z achieves only 11% overhead compared to the lightweight Repr.C baseline, while providing substantially757

better performance across all downstream tasks. In contrast, Repr.A incurs 54% overhead because its autoencoder architecture758

demands encoder and decoder modules each with UniMol-scale capacity; without sufficient depth in both components, training759

fails to converge properly.760

J Datasets761

J.1 Pretraing Dataset.762

For pretraining, we utilize the dataset constructed by (17). This dataset comprises 19 million molecules, curated by merging763

a synthesizable database with collections from (18). Consistent with the settings in (17), it contains a total of 209 million764

conformations, where 11 conformations (including one flattened structure) were generated for each molecule using RDKit (9).765

J.2 MoleculeNet766

We conduct extensive experiments on the MoleculeNet (14) benchmark to evaluate the performance of the proposed model on767

molecular property prediction tasks and compare it with existing methodologies. These datasets encompass a diverse range of768

molecular properties, including biophysics, and physiology, ensuring a comprehensive evaluation of model generalization. The769

specifications of the primary datasets used in this study are summarized in Table 18.770

J.3 TDC771

To evaluate our model on ADMET (Absorption, Distribution, Metabolism, Excretion, and Toxicity) prediction tasks, we772

employed the Therapeutics Data Commons (TDC) (19) benchmark. TDC serves as a standardized ecosystem designed for773

machine learning in drug discovery and development. A detailed summary of the datasets utilized in our experiments is774

presented in Table 19.775

J.4 CrossDocked2020776

We utilized the CrossDocked2020 dataset (20) to assess the generation capability of our model. Constructed from Pocketome777

PDB structures, this dataset expanded the pose space via Smina cross-docking across 2,922 pockets. Notably, to ensure778

robustness against false positives and negatives, approximately 11.9 million counter-examples were incorporated. Consequently,779

the final dataset comprises 22,584,102 poses involving 13,780 ligands and 2,922 pockets.780

Following the data processing protocol established by (21), we further refined the dataset to ensure high data quality. We781

filtered out data points with a binding pose RMSD greater than 1 Å, yielding a refined subset of 184,057 poses. To prevent data782

leakage, we utilized mmseqs2 to cluster the data based on a 30% sequence identity threshold. From these clusters, we randomly783

sampled 100,000 protein-ligand pairs for the training set and selected 100 proteins from the remaining non-overlapping clusters784

to serve as the test set.785
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Table 16. Property prediction (ROC-AUC) stratified by number of rotatable bonds in MoleculeNet Database.

Rotatable Bonds Repr.A Repr.C Repr.Z ∆ (Z vs. A)

0–3 86.2 84.7 88.4 +2.2
4–7 79.8 78.1 82.3 +2.5
8+ 74.3 72.6 76.1 +1.8

Table 17. Computational cost comparison. Time denotes the average cost per batch (batch size = 64, averaged over 1,000
iterations). Ratio denotes the slowdown ratio compared with Repr.C (augmentation baseline).

Method Params (M) Time (ms) Ratio

Input Proc. Backbone Total

Uni-Mol 47.61 21.0 53.2 74.2 1.38

THEMOL (Repr.A) 52.46 24.8 57.8 82.6 1.54
THEMOL (Repr.B) 48.72 16.8 51.6 68.4 1.27
THEMOL (Repr.C) 42.15 15.2 38.5 53.7 1.00
THEMOL (Repr.Z) 44.38 22.3 37.5 59.8 1.11

J.5 GEOM-DRUG786

To evaluate the performance of our proposed 3D molecular generation model, we utilized the GEOM-DRUG dataset (22). We787

excluded the QM9 dataset (23) from this study, as its limited scale and molecular simplicity are considered insufficient for788

the rigorous demands of our drug discovery. This dataset contains diverse 3D conformers of drug-like molecules along with789

their corresponding energy information, serving as a widely adopted benchmark for validating how precisely a generative790

model mimics molecular geometry and whether the generated structures are thermodynamically plausible. To strictly verify the791

robustness of our model, we adopted two distinct preprocessing and experimental configurations established in prior studies.792

First, we adhered to the experimental setting defined in EDM (24). Under this configuration, we constructed the training793

data using approximately 430,000 molecules, selecting only the 30 conformers with the lowest energy for each molecule. This794

selection strategy aims to induce the model to learn 3D coordinates close to the physically stable ground state. To assess the795

physical validity of the generated molecules under this setting, we employed the Atom Stability metric and the Wasserstein796

distance between energy distributions.797

Second, we adopted the data construction strategy from MiDi (25) and FlowMol3 (26). We utilized conformers located at798

local minima on the GFN2-xTB potential surface, resulting in a dataset comprising 243,480 unique molecules and 5,741,535799

conformers. Notably, this setting treats all atoms, including explicit hydrogens, as independent nodes and applies a specific800

Kekulization process to distinguish aromatic bonds as single or double bonds, thereby enabling the model to explicitly learn801

chemical topology. Consistent with the data setup, we applied the evaluation protocol established in MiDi to rigorously verify802

the chemical validity of the complete molecular structures, including hydrogens.803

The necessity of this dual experimental setup highlights the current absence of a consensus standard within the field of804

3D molecular generation. The fragmentation of preprocessing methods and evaluation metrics not only hinders objective805

performance comparison between models but also introduces ambiguity in verifying utility for real-world drug design. Therefore,806

Table 18. Summary information of the MoleculeNet benchmark datasets.

Dataset Tasks Task type
Molecules

Description
(train/test)

BACE 1 Classification 1210/302 Binding results of human BACE-1 inhibitors
BBBP 1 Classification 1631/408 Blood-brain barrier penetration

ClinTox 2 Multi-label classification 1182/296 Clinical trial toxicity and FDA approval status
Tox21 12 Multi-label classification 6264/1566 Qualitative toxicity measurements

ToxCast 617 Multi-label classification 6860/1716 Toxicology data based on in vitro screening
SIDER 27 Multi-label classification 1141/286 Adverse drug reactions to the 27 systemic organs

HIV 1 Classification 32901/8226 The ability to suppress HIV replication
MUV 17 Multi-label classification 74469/18618 A subset of PubChem BioAssay
PCBA 128 Multi-label classification 350343/87586 Bioactivities data generated by high-throughput screening
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Table 19. Summary information of the TDC benchmark datasets.

Dataset Task type
Molecules

Description
(train/test)

Caco2 Regression 728/182 Permeability values using the Caco-2 cell line
HIA Classification 461/117 Human Intestinal Absorption (HIA) efficiency data
Pgp Classification 973/245 P-glycoprotein (Pgp) inhibition status

Bioavailability Classification 512/128 Oral Bioavailability fraction reaching systemic circulation
Lipophilicity Regression 3360/840 Lipophilicity indicating membrane permeability

Solubility Regression 7985/1997 Aqueous Solubility in physiological conditions

BBB Classification 1624/406 Blood-brain barrier penetration
PPBR Regression 2231/559 Human Plasma Protein Binding Rate
VDss Regression 904/226 Volume of Distribution at Steady State

CYP2D6 inhibition Classification 10504/2626 Inhibition of CYP2D6, responsible for metabolizing 25% of clinical drugs
CYP3A4 inhibition Classification 9861/2467 Inhibition of CYP3A4, involved in metabolizing 50% of prescribed drugs
CYP2C9 inhibition Classification 9673/2419 Inhibition of CYP2C9, an enzyme metabolizing 100 clinical drugs
CYP2D6 substrate Classification 532/135 Substrate specificity data for the CYP2D6 enzyme
CYP3A4 substrate Classification 535/135 Substrate specificity data for the CYP3A4 enzyme
CYP2C9 substrate Classification 534/135 Substrate specificity data for the CYP2C9 enzyme

Half Life Regression 532/135 Duration required for plasma drug concentration to decrease by 50%
Clearance microsome Regression 881/221 Drug clearance rates in Microsome environments
Clearance hepatocyte Regression 970/243 Drug clearance rates in Hepatocyte environments

hERG Classification 523/132 Human ether-à-go-go related gene blockage indicating cardiotoxicity risk
Ames Classification 2821/1457 Ames mutagenicity test results indicating potential DNA damage
DILI Classification 379/96 Bioactivities data generated by high-throughput screening
LD50 Regression 5907/1478 Acute toxicity dosage causing death in 50% of test subjects

establishing a unified dataset standard that ensures both physicochemical realism and experimental consistency is essential for807

the robust advancement of future research and fair benchmarking.808

J.6 Additional Benchmark809

We focus on drug discovery applications (property prediction, generation, optimization) as our primary use case. Evaluation on810

quantum mechanical benchmarks (MD17 (27), MatBench (28), QMOF (29)), which are not directly related to drug discovery811

and target conformer-level physical quantities rather than molecule-level biological properties, is beyond the scope of this work812

but represents a valuable direction for future investigation.813

J.7 Evaluation Metrics814

We describe the evaluation metrics used for each benchmark in our experiments.815

J.7.1 Molecular Property Prediction816

MoleculeNet. We evaluate classification performance using ROC-AUC (Receiver Operating Characteristic Area Under817

the Curve), which measures the model’s ability to distinguish between positive and negative classes across all classification818

thresholds. Higher values indicate better discriminative performance, with 1.0 representing perfect classification and 0.5819

representing random guessing.820

TDC ADMET Benchmark. The Therapeutics Data Commons benchmark employs task-specific metrics appropriate for each821

endpoint: AUROC, AUPRC, MAE, Spearman Correlation822

J.7.2 3D Molecule Generation (GEOM-DRUG)823

We adopt two evaluation protocols following prior work.824

GEOM-DRUG v1 (EDM setting (24)):825

• Atom Stability (%): Percentage of atoms with correct valency in generated molecules. Higher is better.826

• Validity (%): Percentage of generated molecules that pass RDKit sanitization checks. Higher is better.827
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GEOM-DRUG v2 (MiDi setting (25), metrics from "GEOM-DRUG Revisited" paper (26; 30)):828

• PB-Valid (%): PoseBusters Validity (31). Percentage of molecules passing comprehensive physical validity checks including829

bond lengths, bond angles, planar aromatic rings, planar double bonds, internal steric clashes, and internal energy tests.830

Higher is better.831

• OOD Rings (%): Out-of-Distribution Ring Rate. Percentage of generated ring systems that are never observed in ChEMBL,832

a database of 2.4M bioactive compounds. Lower values indicate better adherence to chemically realistic ring topologies.833

• Med. ∆Erelax: Median relaxation energy (kcal/mol). Energy change after geometry optimization with the GFN2-xTB834

semi-empirical potential. Lower values indicate that generated conformations are already close to local energy minima.835

• Med. ∆Rrelax: Median relaxation RMSD (Å). Root-mean-square deviation of atomic coordinates before and after energy836

minimization. Lower values indicate that generated 3D geometries require minimal adjustment to reach physically stable837

configurations.838

J.7.3 3D Molecule Optimization (CrossDocked2020)839

• SMINA / Vina Dock: Docking scores computed by SMINA and AutoDock Vina, respectively. These scores estimate binding840

affinity between the generated ligand and target protein pocket, measured in kcal/mol. Lower (more negative) values indicate841

stronger predicted binding affinity.842

• SA: Synthetic Accessibility score (32), ranging from 1 (easy to synthesize) to 10 (difficult to synthesize). We report the843

normalized score where higher values indicate greater synthetic feasibility.844

• Diversity: Molecular diversity among generated compounds, computed as the average pairwise Tanimoto distance based on845

Morgan fingerprints. Higher values indicate greater structural diversity in the generated molecule set, which is desirable for846

exploring broader chemical space.847

J.8 Baseline Models848

We provide descriptions of baseline models used in our experiments across different benchmarks.849

J.8.1 MoleculeNet Baselines850

• PretrainGNN (33) is a pioneering work on self-supervised pretraining for graph neural networks in molecular property pre-851

diction, employing strategies such as context prediction and attribute masking to learn transferable molecular representations.852

• GROVER (34) is a self-supervised molecular representation learning framework based on Graph Transformers, which853

pretrains on large-scale unlabeled molecular data using motif-level and graph-level prediction tasks.854

• MolCLR (35) is a contrastive learning framework for molecular representation that learns by maximizing agreement between855

differently augmented views of the same molecule through graph-level and node-level augmentations.856

• MoleBLEND (36) is a multimodal molecular pretraining framework that learns unified representations by blending informa-857

tion across multiple molecular modalities including 2D graphs, 3D conformations, and molecular fingerprints.858

• Uni-Mol (17) is an SE(3)-invariant transformer pretrained on 209 million molecular conformations, learning 3D molecular859

representations through pairwise distance matrices and coordinate denoising objectives.860

• Mol-AE (37) is an autoencoder-based molecular representation learning model that employs a 3D cloze test objective, where861

the model learns to reconstruct masked 3D structural information to capture spatial molecular features.862

• UniCorn (38) is a unified contrastive learning framework for multi-view molecular representation learning that aligns863

representations across different molecular views through contrastive objectives.864

• RadialFocus (39) is a geometric graph transformer that introduces distance-modulated attention mechanisms, where attention865

weights are explicitly conditioned on interatomic distances to capture geometric relationships.866

J.8.2 TDC ADMET Baselines867

• MiniMol (40) is a parameter-efficient foundation model for molecular learning that achieves strong performance across868

diverse ADMET tasks while maintaining a compact model size suitable for resource-constrained settings.869

• MapLight + GNN (41) combines molecular fingerprints with graph neural networks to predict ADMET properties, leveraging870

complementary information from handcrafted descriptors and learned representations.871

• ContextPred (42) learns molecular representations through context-level language modeling by predicting contextual872

embeddings, transferring the masked prediction paradigm from NLP to molecular graphs.873

• CFA (43) enhances ADMET property prediction through combinatorial fusion analysis, systematically combining predictions874

from multiple base models to improve overall predictive performance.875

• ZairaChem (44) is a fully-automated AI/ML virtual screening platform that integrates multiple machine learning methods876

into a unified cascade, designed for practical deployment in drug discovery settings.877

• Gradient Boost and BaseBoosting are gradient boosting ensemble methods applied to molecular property prediction,878

combining multiple weak learners to achieve robust predictions on ADMET endpoints.879
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J.8.3 GEOM-DRUG Generation Baselines880

• GeoLDM (45) is an SE(3)-equivariant latent diffusion model that performs 3D molecule generation in a learned latent space,881

separating the learning of data structure from the generative modeling process.882

• GeoBFN (46) applies Bayesian flow networks to unified generative modeling of 3D molecules, providing a probabilistic883

framework that jointly models discrete atom types and continuous 3D coordinates.884

• EquiFM (47) combines equivariant flow matching with hybrid probability transport for 3D molecule generation, designing885

SE(3)-equivariant vector fields that respect molecular symmetries during generation.886

• GOAT (48) accelerates 3D molecule generation through jointly geometric optimal transport, coupling atoms across source887

and target distributions to reduce variance and enable faster sampling.888

• EQGAT-Diff (49) systematically explores the design space of equivariant diffusion-based generative models for de novo 3D889

molecule generation, investigating architectural choices including attention mechanisms and equivariant message passing.890

• Megalodon (50) applies modular co-design principles to de novo 3D molecule generation, decomposing the generation891

process into modular components that can be independently optimized.892

• SemlaFlow (51) combines latent attention mechanisms with equivariant flow matching for efficient 3D molecular generation,893

operating in a compressed latent space while maintaining SE(3)-equivariance.894

• FlowMol3 (26) is a flow matching approach for 3D de novo small-molecule generation that directly models the probability895

path between noise and molecular structures in Cartesian coordinates.896

J.8.4 CrossDocked2020 Optimization Baselines897

• TargetDiff (52) is a 3D equivariant diffusion model for target-aware molecule generation that conditions the diffusion process898

on protein pocket structures to generate ligands with high binding affinity.899

• DecompDiff (53) introduces decomposed priors for structure-based drug design, factorizing the molecular generation process900

into arms and scaffold components for more controllable ligand generation.901

• MolCRAFT (54) performs structure-based drug design in continuous parameter space, optimizing molecular structures902

through gradient-based methods in a learned continuous latent representation.903

• DecompOpt (55) combines controllable and decomposed diffusion models for structure-based molecular optimization,904

enabling targeted modifications of specific molecular substructures while preserving desired properties.905

• TacoGFN (56) is a target-conditioned GFlowNet for structure-based drug design that learns to sample diverse molecules906

proportionally to a reward function combining binding affinity and drug-likeness.907

• ALIDiff (57) aligns target-aware molecule diffusion models with exact energy optimization, incorporating physics-based908

binding energy calculations to guide the diffusion process toward high-affinity ligands.909

J.9 MoleculeNet Analysis910

To validate the practical utility of the proposed model in real-world drug discovery, we conducted a preliminary in-depth911

analysis of data integrity and validity for the MoleculeNet benchmark datasets. This analysis revealed that certain datasets912

exhibit discrepancies with actual drug discovery environments, possess data integrity issues, or suffer from incomplete problem913

definitions. Consequently, to ensure the reliability and practical validity of our evaluation, we excluded specific regression914

tasks—namely ESOL, FreeSolv, and the QM series (QM7, QM8, QM9)—from our experiments. The detailed analysis and915

rationale for the exclusion of each dataset are provided below.916

J.9.1 ESOL917

The ESOL dataset included in MoleculeNet represents aqueous solubility in log scale (log10 mol/L), spanning a remark-918

ably broad dynamic range of approximately 13.18 log units, with values distributed from -11.60 to 1.58. This distribution919

encompasses compounds with extremely low or high solubility, a structural characteristic that allows even relatively simple920

regression models to easily achieve high correlation coefficients.921

In contrast, the solubility of pharmaceutical compounds is evaluated within a much more restricted range during the actual922

drug development process. Experimental studies on pharmaceutical hydrates report that aqueous solubility typically falls923

between -3.19 and 1.96 on a log scale (58). Similarly, the standard coverage of the PASS assay, as proposed by the UNGAP924

consortium (0.001-100 mg/mL), corresponds to a log scale range of approximately -3 to 2 (59). This suggests that the solubility925

values encountered in real-world drug screening and optimization are concentrated within a relatively narrow range on the926

logarithmic scale.927

Although achieving a high correlation between predicted and experimental values is intrinsically difficult within this realistic928

solubility range, the ESOL dataset entails a risk of overestimating model performance due to its excessively extended dynamic929

range. Consequently, prediction performance on the ESOL benchmark may not adequately reflect a model’s generalization930

capability in a real-world drug discovery environment. Therefore, to ensure the realistic validity and interpretability of the931

evaluation, we did not conduct experiments on the ESOL regression task.932
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Molecule Label Dataset Input

0 CC(=O)Oc1ccccc1C(O)=O 

1 C1=CC=CC(=C1C(O)=O)OC(C)=O

0 [C@H](CC1=CC(=C(C=C1)O)O)(C(O)=O)N

1 N[C@@H](Cc1ccc(O)c(O)c1)C(O)=O 

0 CN1C2CCC1CC(C2)OC(=O)C(CO)c3ccccc3

1 C1=CC=CC=C1C(C(OC2CC3N(C)C(C2)CC3)=O)CO

0 COc1ccc2n(c(C)c(CC(O)=O)c2c1)C(=O)c3ccc(Cl)cc3 

1 C1=CC(=CC2=C1[N](C(=C2CC(O)=O)C)C(C3=CC=C(Cl)C=C3)=O)OC

Figure 2. Examples of problem (Section J.9.4).

J.9.2 FreeSolv933

The FreeSolv dataset was originally designed as a benchmark for validating how accurately Force Field parameters in Molecular934

Dynamics (MD) simulations reproduce hydration free energies.935

However, from a drug discovery perspective, hydration free energy has limited capacity to independently represent drug936

efficacy or overall drug-likeness. Theoretically, it functions primarily as an intermediate component within the thermodynamic937

cycle used to derive binding free energy (60), and is rarely utilized as an independent optimization target in the actual lead938

optimization process. Accordingly, to verify the utility of the model in contributing to the actual drug discovery process, we939

excluded the FreeSolv task, which represents a purely thermodynamic parameter not directly linked to in vivo behavior or940

therapeutic efficacy.941

J.9.3 QM7, QM8, QM9942

The QM7, QM8, and QM9 datasets are benchmarks designed to predict quantum chemical properties from the 3D structure of943

molecules. The properties included in these datasets are derived from quantum mechanical calculations based on optimized 3D944

atomic coordinates and are intrinsically dependent on the geometric conformation of the molecule, such as bond lengths, bond945

angles, and spatial arrangement. Therefore, these tasks presuppose the use of 3D structural information as input.946

Nevertheless, numerous preceding studies have reported prediction results for QM properties using only 1D representations,947

such as SMILES, without 3D coordinate information. While SMILES representations can capture molecular connectivity948

and certain chemical features, they have an inherent limitation in uniquely determining the quantum chemical properties949

corresponding to a specific structure among multiple possible 3D conformations. Due to this limitation, predicting QM950

properties in a SMILES-based setting may render the problem definition itself incomplete. Consequently, we excluded the951

QM7, QM8, and QM9 tasks from our experiments.952

J.9.4 BBBP953

Finally, regarding the binary classification dataset BBBP, we analyzed all compounds by converting them to canonical SMILES954

using RDKit to ensure data integrity. As a result, we identified 10 pairs of data errors where structurally identical molecules955

were assigned conflicting labels. This constitutes a logical contradiction where the same compound is labeled as both permeable956

and non-permeable, representing label noise that can negatively impact model training. The molecular structures of the 10957

compound pairs where these errors were identified are shown in Figure 2.958

Our analysis confirmed that these data conflicts were confined exclusively to the training set and did not affect the test959

set. Therefore, the test performance figures presented in this study are free from direct distortion caused by these data errors,960

and the reliability of the evaluation is considered valid. However, this analysis suggests that even widely accepted benchmark961

datasets may contain intrinsic defects, requiring caution in interpreting results. Furthermore, this underscores the necessity962

of conducting multifaceted supplementary experiments to prove model robustness, rather than relying solely on a specific963

benchmark for comprehensive performance verification.964

K Flow Matching for Molecular Generation965

In this section, we provide a detailed exposition of our flow-based generative model for molecular generation in the pretrained966

representation space. We adopt optimal-transport conditional flow matching (OT-CFM) (61) with a clean-target prediction967

parameterization inspired by FrameFlow (62).968
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K.1 Background: Conditional Flow Matching969

Continuous Normalizing Flows. A continuous normalizing flow (CNF) (63) defines a generative model by learning a970

time-dependent vector field vθ : [0,1]×Rd → Rd that transports a simple prior distribution p0 (e.g., Gaussian) to the data971

distribution p1. The flow is characterized by the ordinary differential equation (ODE):972

dxt

dt
= vθ (t,xt), x0 ∼ p0, (44)973

where integrating from t = 0 to t = 1 transforms samples from p0 to (approximately) p1. The time-varying density pt induced974

by the flow satisfies the continuity equation:975

∂ pt

∂ t
+∇ · (ptvθ ) = 0. (45)976

Flow Matching Objective. Given access to a target vector field ut(x) that generates the desired probability path pt , we can977

train vθ via simple regression:978

LFM(θ) = Et∼U [0,1],x∼pt

[
∥vθ (t,x)−ut(x)∥2] . (46)979

However, directly computing ut(x) and sampling from the marginal pt(x) is generally intractable. The key insight of conditional980

flow matching (CFM) is to decompose the problem using tractable conditional probability paths.981

Conditional Flow Matching. CFM (61; 64) considers the marginal probability path as a mixture of simpler conditional paths:982

983

pt(x) =
∫

pt(x|z)q(z)dz, (47)984

where z is a conditioning variable (e.g., a pair of source and target points) drawn from some distribution q(z), and pt(x|z) is a985

simple conditional probability path that we can sample from and whose generating vector field ut(x|z) is known in closed form.986

The marginal vector field that generates pt(x) can be expressed as:987

ut(x) = Eq(z)

[
ut(x|z) pt(x|z)

pt(x)

]
. (48)988

The crucial result (61; 64) is that the conditional flow matching objective:989

LCFM(θ) = Et,q(z), pt (x|z)
[
∥vθ (t,x)−ut(x|z)∥2] (49)990

has the same gradient as the intractable flow matching objective 46:991

∇θ LFM(θ) = ∇θ LCFM(θ). (50)992

This allows simulation-free training by sampling (t,z,x) and regressing vθ (t,x) to the conditional vector field ut(x|z).993

Gaussian Conditional Paths. A common choice is to let z = (x0,x1) be a pair of source and target points, and define the994

conditional path as a Gaussian interpolation:995

pt(x|x0,x1) = N
(
x
∣∣µt(x0,x1), σ

2I
)
, (51)996

where µt(x0,x1) = (1− t)x0 + tx1 is the linear interpolation between the endpoints. The conditional flow xt = ψt(x0|x1)997

satisfying pt(x|x0,x1) is:998

xt = (1− t)x0 + tx1 +σεεε, εεε ∼N (0, I), (52)999

and the conditional vector field generating this path is simply:1000

ut(x|x0,x1) = x1−x0. (53)1001

Note that the conditional velocity is constant in time and equals the displacement from source to target.1002
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K.2 Flow Matching in Proposed Framework1003

Generation. We generate novel 3D molecules by learning a generative model directly on the pretrained representation space1004

Xz ∈ RN×H . After pre-training, we freeze the autoencoder and extract Xz for each training molecule, which induces an1005

empirical target distribution q1 over Xz (with padding masks for variable N). We then train a continuous-time flow model in this1006

space using optimal-transport conditional flow matching (OT-CFM), and decode generated representations back to molecular1007

structures via the pretrained decoder heads.1008

Minibatch OT coupling. Let q0 be a simple base distribution on RN×H (isotropic Gaussian on valid atoms; padded rows set to1009

zero). Given a minibatch of target representations {X(i)
1 }B

i=1 ∼ q1 and source samples {X(i)
0 }B

i=1 ∼ q0, we compute a minibatch1010

OT plan by solving1011

Π
⋆ ∈ arg min

Π∈U

B

∑
i=1

B

∑
j=1

Πi j
∥∥X(i)

0 −X( j)
1

∥∥2
F,Ω, (54)1012

where U denotes the set of doubly-stochastic matrices (uniform marginals), Ω is the set of non-padding atom indices, and1013

∥ · ∥F,Ω evaluates the Frobenius norm only on Ω. We then sample paired endpoints (X0,X1) according to Π⋆. This OT coupling1014

biases the endpoint pairing toward short displacements in representation space, which empirically stabilizes training and1015

improves sample quality compared to independent pairing.1016

OT-CFM training with clean-target prediction. Given paired endpoints (X0,X1), we define the conditional path by linear1017

interpolation1018

Xt := (1− t)X0 + tX1 + σ εεε, t ∼ Unif[0,1− ε], εεε ∼N (0,I), (55)1019

where σ is an optional small noise level (we set σ = 0 unless stated otherwise) and ε > 0 avoids numerical singularities near1020

t→ 1. Instead of directly regressing the conditional velocity, we train the network to predict the clean target X1:1021

X̂1 = fφ (t,Xt). (56)1022

We then reconstruct the time-dependent velocity field via the reparameterization1023

vφ (t,Xt) :=
X̂1−Xt

1− t
. (57)1024

Note that the ground-truth conditional velocity along (55) satisfies1025

Ẋt = X1−X0 =
X1−Xt

1− t
. (58)1026

This is consistent with the ground-truth velocity along the linear path, since Ẋt = X1−X0 =
X1−Xt

1−t when σ = 0. Accordingly,1027

we optimize the weighted regression loss1028

LFM = E(X0,X1)∼Π⋆ Et∼Unif[0,1−ε],εεε

[
w(t)

∥∥ fφ (t,Xt)−X1
∥∥2

F,Ω

]
, (59)1029

with w(t) = min{(1− t)−2, wmax}. In all experiments, we set ε = 10−3 and clip the weight with wmax = 1/ε2 to prevent1030

instabilities from the (1− t)−2 factor near t ≈ 1.1031

Sampling in representation space. To generate a new representation, we draw X0 ∼ q0 and integrate the ODE1032

dXt

dt
= vφ (t,Xt), t ∈ [0,1− ε], (60)1033

using a fixed-step solver with K steps. We default to Heun’s method (predictor–corrector) for stability:1034

X̃k+1 = Xk +∆t vφ (tk,Xk), (61)1035

Xk+1 = Xk +
∆t
2

(
vφ (tk,Xk)+ vφ (tk+1, X̃k+1)

)
, (62)1036

where tk = k∆t and ∆t = (1− ε)/K. The final state XFinal := ζζζ Dec(XK) is used as a generated sample in the representation1037

space.1038
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Algorithm 1 OT-CFM with Clean-Target Prediction: Sampling

Require: Trained network fφ , source distribution q0, number of steps K, Decoder ζζζ Dec, decoder heads {FFNcoord,FFNtype}
1: Sample initial point: X0 ∼ q0
2: Initialize: X← X0, t← 0, ∆t← 1/K
3: for k = 0,1, . . . ,K−1 do
4: Predict clean target: X̂1 = fφ (t,X)

5: Compute velocity: v = (X̂1−X)/(1− t)
6: // Euler step:
7: X← X+∆t · v
8: t← t +∆t
9: end for

10: XFinal← ζζζ Dec(X)
11: // Decode to molecular structure:
12: x̂⋆← FFNcoord(XFinal)

13: ĥ← FFNtype(XFinal)
14: // (Optional) Uniform lifting for arbitrary orientation:
15: // Sample R∼ µ (Haar measure on SO(3))
16: // x̂← x̂⋆R
17: Return Generated molecule (x̂⋆, ĥ)

Decoding to a 3D molecule (original scale). We map X̃Final back to molecular outputs using the pretrained decoder heads:1039

x̂⋆ = FFNcoord(XFinal) ∈ RN×3, ĥ = FFNtype(XFinal), (63)1040

which yields a centered 3D geometry x̂⋆ in the same coordinate convention as pre-training. Our decoder outputs x̂⋆ in a1041

canonical coordinate system determined by the pretrained alignment, which fixes a representative on each SO(3)-orbit. This is1042

sufficient when the evaluation (or downstream usage) is invariant to global rotations, since only the orbit {x̂⋆R : R ∈ SO(3)}1043

matters rather than a particular pose. When samples must be expressed in arbitrary global orientations, we apply uniform lifting1044

by drawing R∼ µ (the Haar measure on SO(3)) and returning x̂ = x̂⋆R, which restores the correct distribution over orientations1045

while preserving the canonical geometry. We summarize sampling procedures in Algorithm 1.1046

Backbone Architecture (DiT). To parameterize the flow model that predicts the clean target X1 from noised representations,1047

we adopt a Diffusion Transformer (DiT) (65) architecture. The key design choice is the use of adaptive layer normalization1048

with zero initialization (adaLN-Zero) for time conditioning, which modulates the hidden representations based on the diffusion1049

timestep.1050

Given the noised representation Xt ∈ RN×H and timestep t ∈ [0,1], we first compute a time embedding via sinusoidal1051

encoding followed by a two-layer MLP:1052

c = MLP(SinusoidalEmb(t)) ∈ RH . (64)1053

Each DiT block applies self-attention and a feed-forward network, where both operations are modulated by time-dependent1054

parameters. Specifically, for a hidden state x, the time embedding c generates six modulation parameters via a linear projection:1055

1056

(γγγ1,βββ 1,ααα1,γγγ2,βββ 2,ααα2) = Linear(SiLU(c)), (65)1057

where γγγ,βββ denote scale and shift parameters for layer normalization, and ααα denotes gating parameters. The modulated layer1058

normalization is defined as:1059

modulate(x,βββ ,γγγ) = LayerNorm(x)⊙ (1+ γγγ)+βββ . (66)1060

A DiT block then computes:1061

x← x+ααα1⊙Attention(modulate(x,βββ 1,γγγ1)), (67)1062

x← x+ααα2⊙MLP(modulate(x,βββ 2,γγγ2)). (68)1063

The modulation layers are initialized to zero, ensuring that at the start of training, each block acts as an identity function,1064

which stabilizes early optimization. We additionally incorporate self-conditioning: with probability 0.5 during training, we1065

condition on a previous prediction X̂1 by concatenating it with the input Xt before embedding. This provides the model with an1066

estimate of the target, improving sample quality without additional computational cost at inference.1067
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L Optimization via Latent Space Search1068

We optimize the pretrained flow-based generator to produce molecules with high binding affinity to a target protein pocket.1069

Rather than retraining the flow model, we keep the learned flow and decoder fixed and optimize only the initial-state sampling1070

distribution. This section describes our optimization framework based on LRA-CMA-ES.1071

L.1 Problem Formulation1072

Let Φφ : RN×H → RN×H be the frozen flow map and ζζζ Dec : RN×H →M be the frozen decoder. Given a target protein pocket1073

P , we seek an initial-state distribution pψ that maximizes the expected score of generated molecules:1074

max
ψ

J(ψ) := EX0∼pψ

[
S
(
ζζζ Dec(Φφ (X0));P

)]
, (69)1075

where the scoring function combines docking affinity and synthetic accessibility:1076

S(L ;P) =−Ebind(L ;P)+λSA ·SSA(L ). (70)1077

Here Ebind is the binding energy from UniDock (66) and SSA ∈ [0,1] is the normalized synthetic accessibility score. Invalid1078

molecules receive a large penalty Spenalty≪ 0.1079

Since S involves non-differentiable operations (docking, discrete decoding), we employ derivative-free optimization. We1080

parameterize pψ as a Gaussian N (m,σ2C) and optimize ψ = (m,σ ,C) using LRA-CMA-ES.1081

L.2 LRA-CMA-ES Overview1082

CMA-ES (67) is an evolution strategy that maintains a Gaussian search distribution and adapts its covariance matrix to the1083

local landscape. At iteration t, it samples λ candidates, evaluates their fitness, selects the top µ candidates, and updates the1084

distribution parameters. The mean update is:1085

m(t+1) = m(t)+ cm

µ

∑
i=1

wi
(
x(i:λ )−m(t)), (71)1086

where x(i:λ ) is the i-th best candidate, wi > 0 are selection weights, and cm is the learning rate. The covariance C and step size1087

σ are updated via evolution paths that accumulate information across iterations (see (67) for details).1088

When fitness evaluations are noisy, LRA-CMA-ES (68) adapts the learning rates based on the signal-to-noise ratio (SNR)1089

of consecutive updates. Let δδδ
(t) = m(t+1)−m(t). The SNR is estimated as:1090

ŜNR
(t)

∝
⟨δδδ (t),δδδ (t−1)⟩(C(t))−1

∥δδδ (t)∥(C(t))−1 · ∥δδδ (t−1)∥(C(t))−1

, (72)1091

where ∥ ·∥A denotes the norm induced by A. The learning rates are then adapted as: c(t+1)
m = clip

(
c(t)m ·g(ŜNR

(t)
), cmin, cmax

)
,1092

where g(·) is a monotonically increasing function. When SNR is high (consistent updates), learning rates increase to accelerate1093

convergence; when SNR is low (noisy updates), learning rates decrease to stabilize the search.1094

L.3 Application to Flow-Based Molecular Optimization1095

We apply LRA-CMA-ES to optimize the initial-state distribution of our flow model. Let X0 denote the vectorized initial state1096

(restricted to non-padding entries). The search distribution is:1097

p(t)ψ (X0) = N
(
m(t),(σ (t))2C(t)), (73)1098

initialized with m(0) = 0, σ (0) = σinit, and C(0) = I.1099

At each iteration t, we sample λ initial states {X(t,i)
0 }λ

i=1 from the current distribution N (m(t),(σ (t))2C(t)). Each sample1100

is passed through the frozen flow and decoder to obtain a molecule M(t,i) = ζζζ Dec(Φφ (X
(t,i)
0 )), which is then scored as1101

f (t,i) =−S (M(t,i);T). Based on the fitness values { f (t,i)}λ
i=1, we apply the LRA-CMA-ES update to obtain the next distribution1102

parameters (m(t+1),σ (t+1),C(t+1)). After T iterations, we sample from the optimized distribution and return top-scoring1103

molecules. The procedure is summarized in Algorithm 2.1104

Parallelization. Fitness evaluation (flow integration + decoding + docking) dominates the computational cost. Since evalua-1105

tions are independent across population members, we parallelize across λ workers. Each iteration then takes approximately the1106

time of a single docking call (∼1–5 seconds depending on molecule size and target complexity).1107
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Algorithm 2 Flow-Based Molecular Optimization with LRA-CMA-ES

Require: Frozen flow map Φφ , Decoder ζζζ Dec, Scoring Function S , Target Protein T
Require: Population size λ , max iterations T

1: Initialize pψ = N (m(0),(σ (0))2C(0)) with m(0) = 0, σ (0) = σinit, C(0) = I
2: for t = 0,1, . . . ,T −1 do
3: // Sample population from current distribution
4: Sample {X(i)

0 }λ
i=1 ∼N (m(t),(σ (t))2C(t))

5: // Generate molecules via frozen flow and decoder
6: for i = 1, . . . ,λ do
7: X(i)

1 ←Φφ (X
(i)
0 ) // Integrate flow ODE

8: L (i)← ζζζ Dec(X
(i)
1 ) // Decode to molecule

9: end for
10: // Evaluate fitness
11: for i = 1, . . . ,λ do
12: f (i)←−S (M(i);T) // Negative score
13: end for
14: // Update distribution parameters via LRA-CMA-ES
15: (m(t+1),σ (t+1),C(t+1))← LRA-CMA-ES-UPDATE(m(t),σ (t),C(t);{(X(i)

0 , f (i))}λ
i=1)

16: end for
17: // Final sampling from optimized distribution
18: Sample {X(i)

Optim}
Nfinal
i=1 ∼N (m(T ),(σ (T ))2C(T ))

19: Generate and decode: M(i) = ζζζ Dec(Φφ (X
(i)
Optim))

20: Return Top-scoring molecules {M(i)}
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