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Abstract

We study the gravitational-wave (GW) emission from periodic orbits of a massive test particle around a noncommutative-inspired
black hole surrounded by a quintessence (NCiBHSQ) field with equation-of-state parameter w, = —2/3. The geometry is governed
by two parameters: the quintessence field strength parameter p and the noncommutative parameter ®, which deform the spacetime
in complementary radial domains. Using the Hamiltonian formalism, we derive the equations of motion and analyze the effective
potential, the specific energy and angular momentum of circular orbits, and the innermost stable and innermost bound circular
orbits (ISCO and IBCO). We classify timelike periodic orbits by the zoom-whirl taxonomy with three topological integers (z, w, v)
and compute representative GW waveforms in both the plus (4.) and cross () polarizations within the kludge approximation.
We find that the linear term restricts the existence of bound periodic orbits to a narrow band of p, and that both p and ® leave
measurable imprints on the orbital energies and on the emitted waveforms: increasing ® shifts the orbital structure inward, while a
more negative p raises the energy of periodic orbits. The characteristic strains fall in the millihertz band accessible to space-based
detectors such as LISA, suggesting that future GW missions could probe or constrain noncommutative and quintessence corrections
in the strong-field regime.

Keywords: noncommutative geometry, quintessence, periodic orbits, gravitational waves, zoom-whirl orbits, effective potential,
ISCO, test particle dynamics, extreme mass-ratio inspiral

1. Introduction Stellar-mass compact objects or neutron stars are frequently
found on tight orbits around supermassive BHs, forming ex-

The advent of gravitational-wave (GW) astronomy, opened treme mass-ratio inspirals (EMRIs), which are among the pri-
by the detection of GWs by LIGO and Virgo in 2015 [1, 2], mary targets of future space-based detectors such as LISA

has provided a new observational window onto the most ener- [0 7]. Because the energy radiated per orb.it is a tiny fractif)n
getic processes in the Universe and onto the strong-field regime ~ ©f the total energy of the system, the inspiral proceeds adia-
of gravity. Together with the first horizon-scale images of su- batically and the orbital dynamics of the smaller body is well

permassive BHs by the Event Horizon Telescope [3], these approximated by a sequence of periodic orbits [8]. Analyzing

achievements allow theoretical models of accretion and orbital  the corresponding GW signals therefore yields precise informa-

dynamics near compact objects to be confronted with obser- tion about the orbital motion and the gravitational field of the
vations. Among the trajectories of test particles around BHs, ~ central ObJeCt: o o . .
periodic orbits are of particular importance: they govern the A systematic classification of periodic orbits for massive par-

long-term stability of bound systems, they encode the structure tiCI?S was introduce.d by Levin and Perez-Giz [.4]3 every closed
of the underlying spacetime, and every generic bound orbit can ~ orbit around a BH is labelled by three topological integers de-

be regarded as a small deformation of a periodic one [4, 5]. scribing its zoom, whirl, and vertex structure. Under this taxon-
omy, periodic orbits and their GW emission have been studied

in a wide range of spacetimes, including Schwarzschild, Kerr,
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Schwarzschild background have attracted considerable atten-
tion. The first is the quintessence field [15], which models
the large-scale effect of a surrounding dark-energy-like fluid
characterized by an equation-of-state parameter w, and a field
strength parameter p. The second is the noncommutative cor-
rection to the central source [16—18], motivated by the noncom-
mutative structure of spacetime coordinates, which replaces the
point-like mass by a smeared, regular mass distribution con-
trolled by a noncommutative parameter ® with a characteristic
length scale V@. While p governs the long-range, large-radius
modification of the geometry, ® encodes the short-distance
smearing of the mass near the horizon, so that the two correc-
tions act in complementary radial domains.

In this work, we combine these two effects and study a static,
spherically symmetric NCiBHSQ with w, = -2/3, for which
contribution becomes linear in the radial coordinate. We in-
vestigate the timelike periodic geodesic orbits of a massive test
particle in this background and compute the associated GW ra-
diation. We map the parameter space of energy and angular
momentum that supports bound motion, identify the character-
istic orbital radii (ISCO and IBCO), classify the periodic orbits
by the integer triplet (z, w, V), and evaluate the plus and cross
GW polarizations within the kludge approximation [19-21].
We show how the quintessence parameter p and the noncom-
mutative parameter ® modify both the orbital structure and the
emitted waveforms.

The paper is organized as follows. In Section 2, we intro-
duce the NCiBHSQ metric and discuss its horizon structure. In
Section 3, we derive the equations of motion of a test particle
using the Hamiltonian formalism. Section 4 analyzes the ef-
fective potential, the specific energy and angular momentum of
circular orbits, and the ISCO and IBCO radii. In Section 5,
we classify the periodic orbits and tabulate their energies. Sec-
tion 6 presents the GW radiation emitted by these periodic or-
bits. Finally, Section 7 summarizes our conclusions. Through-
out the paper, we use the metric signature (—, +, +, +) and units
in which G = ¢ = 1, unless stated otherwise.

2. The NCiBHSQ metric

We consider a static, spherically symmetric spacetime that
combines two physically distinct effects: the quintessence field
surrounding the BH, characterized by the field strength param-
eter p, and a noncommutative correction to the central source,
described by the noncommutative parameter ®. The line ele-
ment reads

d 2
ds* = —f()di* + T+ 2 (46 +sin>6d¢?). (1)
S
In the commutative Kiselev spacetime, the metric function is
[15]
2M p
f(”)=1—7—m, ()

where M is the BH mass and w, is the equation-of-state pa-
rameter of the surrounding quintessence field. The parameter
p measures how strongly the quintessence field modifies the

Schwarzschild geometry, and in the limit p — 0 the spacetime
reduces to the Schwarzschild solution.

The noncommutative correction is introduced by replacing
the point-like source with a smeared mass distribution, mo-
tivated by the noncommutative structure of spacetime coordi-
nates [x4, x*] = i8%’, where 6% is an antisymmetric tensor and
the scalar parameter ® sets the smearing length scale Vo [17].
The constant mass M is thus replaced by a radial mass function
obtained from the smeared density profile,

MO

(2 + 7r®)2 ’

pe(r) = 3

which yields, for small ®, the leading-order mass M(r,®) =~
M- % VO. Inserting this smeared mass into the Kiselev ge-
ometry gives the metric function

2M SM
\/— p

f(r) =1- T + ﬁ,ﬂ — r3wq+1 . (4)
In this work we focus on the quintessence case
2
wg = -3 &)

for which the Kiselev contribution becomes linear in r and
Eq. (4) reduces to

2M M

fn=1 T+W\@ pr. (6)
This expression clearly separates the two corrections. The term
o« VO/r? is controlled by the noncommutative parameter and
mainly affects the near-horizon region, while the term —pr is
controlled by the quintessence field strength parameter and be-
comes more relevant as the radial distance increases. The lim-
iting cases provide useful consistency checks: for ® — 0 one
recovers the ordinary Kiselev BH with w, = -2/3; forp — 0
the noncommutative-inspired Schwarzschild solution is recov-
ered; and for ® — 0 and p — 0 one obtains the standard
Schwarzschild spacetime. Throughout, we set M = 1.

2.1. Horizon structure

The horizons are the positive roots of f(r) = 0, and the rel-
evant event horizon is the outer root. Since the two correc-
tion terms have different radial dependences, they modify the
horizon position through different mechanisms. The bound-
ary between BH and no-BH configurations follows from the
degenerate-horizon conditions f(r) = 0 and f’(r) = 0. We
find that the existence of an event horizon is restricted by the
combined values of ® and p: as p becomes more negative,
the parameter domain admitting BH solutions becomes nar-
rower. Motivated by this behaviour, we adopt the intervals
® € (0,0.04) and p € (-0.10,0) in what follows, which keep
the solutions inside the physically relevant BH region.

Figure 1 shows the radial profile of f(r) for different val-
ues of the field strength parameter p at fixed ® = 0.01. Since
p < 0, the field strength enters as —pr = |p|r; hence, more neg-
ative values of p raise the metric function in the intermediate
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Figure 1: Radial profile of the metric function f(r) for different values of the
quintessence field strength parameter p at fixed ® = 0.01.
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Figure 2: Radial profile of the metric function f(r) for different values of the
noncommutative parameter ® at fixed p = —0.05.

and outer regions and move the outer horizon toward smaller
radii. Figure 2 shows the effect of the noncommutative param-
eter O at fixed p = —0.05. In contrast to the p term, the non-
commutative correction is proportional to V®/r? and is there-
fore concentrated in the inner region: increasing ® changes the
near-horizon profile more strongly than the outer part of the
spacetime, reflecting the smearing of the central mass source.

3. Test-particle dynamics

We consider the motion of a massive test particle in the
NCiBHSQ. The dynamics follows from the geodesic La-
grangian 2L = g,,X*%”, where the overdot denotes differenti-
ation with respect to the proper time 7. The stationarity and
spherical symmetry of the metric (1) give two conserved quan-
tities associated with the Killing vectors fz) = (1,0,0,0) and
fé’ 5 = (0,0,0,1) [22], namely the specific energy & and the
specific azimuthal angular momentum £,

E=fni,  L=rsin"0¢. @)
Adopting the Hamiltonian formalism H = %g’“’pﬂ Dy [23], the
cyclic nature of ¢ and ¢ confirms the conservation of p, = —&
and py = L. Using Hamilton’s equations ¥ = 0H/dp,
and p, = —0H/dx", and restricting the motion to the equa-
torial plane 6 = m/2 with = 0, the normalization condition
gu i = —1 for timelike geodesics gives the radial equation

2
=8 —f(r)(l + L—z) ®)
r
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Figure 3: Effective potential Vg for different values of the quintessence field
strength parameter p at fixed ® = 0.01 and £ = 4M.
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Figure 4: Effective potential Vg for different values of the noncommutative
parameter O at fixed p = —0.05 and L = 4M.

This can be written in the form i2 + Vg(r) = &%, with the effec-
tive potential

2
Veir(r) = f(r) (1 + %) ©))

4. Effective potential and circular orbits

Using the metric function (6), the effective potential becomes

2M 8SM
V ={1-—
e (1) ( , + \/;rz

As expected for an asymptotically flat background, the term
proportional to V@/r> dominates the inner region, while the
linear term —pr modifies a wider radial domain. Figures 3
and 4 show the separate influence of the two corrections. In
Fig. 3, since p < 0, the term —pr gives a positive contribution
to the metric function, so decreasing p shifts Veg upward and
raises its local minimum, indicating that the quintessence field
increases the specific energy required for circular motion and
weakens the binding of the corresponding orbits. In Fig. 4, the
®-dependent correction is concentrated in the inner region: in-
creasing O raises the inner part of the potential and makes the
local peak more pronounced, reflecting the short-distance mod-
ification of the central mass distribution.

2
«/@—pr)(1 + %) (10)
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Figure 5: Specific energy &, for circular orbits as a function of r/M. Top:
different values of p at fixed ® = 0.01. Bottom: different values of @ at fixed
p =-0.05.

4.1. Circular motion

Circular orbits satisfy Veg(r) = & and dV.g/dr = 0. For
a static, spherically symmetric spacetime these conditions yield
the specific energy and angular momentum of a massive particle
on a circular orbit,

o 2P0 2(8 VOM — Nxr2M + r(pr— 1))

CT2f(N = rf(D) T g36M + r(pr - 2)) — 32 A VOMr2
(1)
oo Pre _ r(16Nemy yar(pr -m))

2f(r)=rf'(r)  \ar(6M + r(pr - 2)) — 32NVOM

(12)
The denominator 2f — rf” determines the admissible range of
circular motion, while the radial dependence of f(r) encodes
the separate contributions of p and ®. Figures 5 and 6 display
the radial profiles of & and L. The variation of p changes2®
these profiles through the linear term —pr, which grows with ra-
dius for w, = —2/3 and therefore affects both the near-horizon
and the intermediate circular-orbit domains. The noncommu-
tative parameter ©, entering through VO/r2, mainly modifies
the strong-field region close to the compact object. Thus the
circular-orbit structure is shaped by two complementary effects:
p controls the quintessence-field deformation, whereas ® con-
trols the short-distance noncommutative correction.

4.2. Innermost stable and innermost bound circular orbits

The ISCO is the marginally stable circular orbit, ob-
tained by imposing the circular-orbit conditions together with
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Figure 6: Specific angular momentum £, for circular orbits as a function of
r/M. Top: different values of p at fixed ® = 0.01. Bottom: different values of
O at fixed p = —0.05.

d*Veg/dr* = 0. Equivalently, for a static, spherically symmet-
ric spacetime the ISCO radius solves [24-26]

FOF O =207 OF + 2 for =0 (3
The IBCO is the innermost bound circular orbit, with &, = 1; it
marks the threshold between bound and plunging orbits and sat-
isfies dVeg/dr = 0 with Vg = & = 1 [12, 24]. For the metric
(6) both conditions are transcendental and are solved numeri-
cally. Figure 7 shows the dependence of rigco on p and ®. In
the adopted parameter range, more negative values of p shift the
ISCO inward, while the radius approaches the Schwarzschild
value 6M as p — 0. Increasing ® also moves the ISCO in-
ward, mainly through the inner correction VO/r?; compared
with the quintessence term, this effect is more localized in the
strong-field region.

To reduce the number of free parameters in the periodic-orbit
analysis, we follow Refs. [4, 12] and fix the angular momentum
at

_ Lisco + Lisco

Lav - 2 ’

so that Lisco < Lay < Lisco- Table 1 lists risco, rscos Liscos
Lisco, and L,, for representative parameter sets. We note an
important physical feature of this geometry: because the p term
is linear and grows with r for w, = —2/3, the bound-orbit re-
gion between the ISCO and the IBCO shrinks rapidly as |p|
increases, and the IBCO ceases to exist for p < —0.02. The
periodic-orbit analysis is therefore restricted to the narrow band

(14)
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Figure 7: Dependence of the ISCO radius on the quintessence field strength
parameter p (left, curves of ®@) and on the noncommutative parameter © (right,
curves of p).

Table 1: Characteristic radii and angular momenta of circular orbits around the
NCiBHSQ. Upper block: fixed ® = 0.01 with varying p. Lower block: fixed
p = —0.005 with varying ® (® = 0 corresponds to the quintessence limit). The
Schwarzschild values rigco = 6M, ripco = 4M are recovered for ® = p = 0.

r1sco reco  Lisco  LiBco La
0 =0.01
p=0.000 52567 3.5009 3.2252 3.7511 3.4881
p=-0.002 5.1229 3.5476 3.2539 3.6984 3.4762
p=-0.004 5.0144 3.6033 3.2797 3.6459 3.4628
p=-0.006 49232 3.6718 3.3032 3.5932 3.4482
p=-0.008 4.8445 3.7595 3.3247 3.5401 3.4324
p=-0.010 4.7753 3.8798 3.3445 3.4861 3.4153
= —0.005
®=0.000 5.6083 4.2139 3.5534 3.8390 3.6962
®=0.010 49670 3.6357 3.2917 3.6196 3.4556
®=0.020 4.6471 3.3593 3.1653 3.5105 3.3379
®=0.030 4.3660 3.1206 3.0570 3.4155 3.2362
®=0.040 4.0928 2.8899 2.9548 3.3240 3.1394

of p in which an IBCO exists, which we adopt below. As a con-
sistency check, in the Schwarzschild limit (® — 0, p — 0) we
TECOVEr risco = 6M and rBCO = 4M.

5. Periodic orbits

We now investigate the periodic orbits of test particles around
the NCiBHSQ using Levin’s classification scheme [4, 27].
Bound orbits oscillate in both the radial coordinate r and the
angular coordinate ¢. A periodic orbit arises when the ratio of
the angular to radial orbital frequencies, ¢ = wy/wy, is a pos-
itive rational number, so that the trajectory closes after a finite
interval. The rational number g can be expressed in terms of
three integers (z, w, v) as

g=w+-=—-1, (15)

where

Iy 2
Ap=2 ?dr— f Lir . (16)
- VE - fin(+ ,[,2/1’2)

The integer z denotes the number of zooms (leaves), w the num-
ber of whirls, and v the number of vertices. The radial motion is
bounded between the two turning points r_ and r,, the perias-
tron and apastron, which are the roots of i? = 0, i.e. & = Viq.
Fixing £ = L, the rational number ¢ in Egs. (15)-(16) de-
pends only on the orbital energy &, which we invert numerically
to obtain the energy of each (z, w, v) orbit.

Tables 2 and 3 list the energies of the (z, 1, 1) periodic orbits
for fixed ® = 0.01 with varying p, and for fixed p = —0.005
with varying ©, respectively. The Schwarzschild values, re-
covered for ® = p = 0, agree with those reported in the lit-
erature [12]. Table 2 shows that, at fixed ®, making p more
negative raises the energy of the periodic orbits monotonically;
the missing (1, 1,0) entry at p = —0.010 reflects the shrink-
ing of the bound-orbit window discussed above. Table 3 shows
that, at fixed p, increasing ® lowers the periodic-orbit energies
and shifts £,, to smaller values, consistent with the inward dis-
placement of the characteristic radii.

Table 2: Energy & and corresponding .L,, of periodic orbits (z, 1, 1) around the
NCiBHSQ for fixed ® = 0.01 and various p.

p Loy Eatom Sy Eain  Eann
0.000 3.4881 0.9608 0.9640 0.9635 0.9631
—-0.002 34762 09675 09699 0.9695 0.9692
—-0.004 3.4628 0.9733 0.9754 09751 0.9748
—-0.006 3.4482 0.9787 0.9807 0.9804 0.9801
—0.008 3.4324 0.9838 0.9858 0.9855 0.9852
—-0.010 3.4153 - 0.9907 0.9903 0.9901

Table 3: Energy & and corresponding L,, of periodic orbits (z, 1, 1) around
the NCiBHSQ for fixed p = —0.005 and various ®. The first row (@ = 0)
corresponds to the Kiselev limit.

(C) Lay S Gern  Eain Sany
0.00 3.6962 009819 0.9836 0.9833 0.9831
0.01 34556 09760 09781 0.9777 0.9775
0.02 3.3379 09726 09750 09746 0.9743
0.03 3.2362 09692 09721 09716 09712
0.04 3.1394 09655 09690 0.9684 0.9680

Figure 8 illustrates the zoom-whirl periodic orbits of mas-
sive particles lying between the ISCO and the IBCO around the
NCiBHSQ for ® = 0.01 and p = —0.005, plotted in the Carte-
sian plane x = (r/M) cos ¢, y = (r/M) sin ¢. The Schwarzschild
(1, 1,0) orbit is shown for comparison in the first panel. Each
orbit, identified by its triplet (z, w, v), corresponds to a distinct
energy: the number of leaves equals z and the number of central
loops reflects the whirl behaviour. The orbits exhibit qualitative
similarities to those in Schwarzschild and Kerr spacetimes, but
the noncommutative and quintessence corrections compress the



orbits toward the BH and modify their energy profiles, as quan-
tified in Tables 2 and 3.

6. Gravitational wave radiation from periodic orbits

We now study the GW radiation emitted by periodic orbits of
a test particle in the NCiBHSQ background. We model the sys-
tem as an EMRI, in which the orbiting body has mass m < M
and is treated as a perturbation to the central BH. When the en-
ergy & and angular momentum £ of the particle vary slowly
through GW emission, the adiabatic approximation holds and
the motion closely follows the periodic orbits over several cy-
cles.

To compute the waveforms we adopt the kludge approach
[19], in which the periodic trajectory is obtained by numer-
ically solving the geodesic equations and the GW signal is
constructed from the mass-quadrupole formula, valid up to
quadratic order [13, 14, 20, 21],

hi.i = 4;;—]:/[ (V,VJ - %n,’l’lj) , (17)
where n = Mm/(M + m)? is the symmetric mass ratio, Dy is
the luminosity distance, V; are the spatial velocity components
of the particle, and »; is the unit radial vector. Projecting onto
the transverse-traceless gauge yields the plus and cross polar-
izations [12, 20]

2n M?

O (1 + cos’ L)COS (20 +20), (18)
DL r
4n M?

hy = _20 2 ose sin (2¢ + 20), (19)
DL r

where ¢ is the inclination angle between the orbital angular mo-
mentum and the line of sight, and ¢ is the latitudinal viewing
angle. For definiteness we fix ¢ = { = n/4 and D = 200 Mpc,
and we convert the strains to physical units using M — GM/c?
and 1 Mpc = 3.085677581 x 10°> m, with G = 6.67430 x
107" m¥kg™'s72 and ¢ = 2.99792458 x 10% ms~!; the strains
are shown normalized by 102! for a central mass M = 10% M,
and companion m = 10 M.

Figures 9 and 10 show the periodic orbit and the correspond-
ing h, and hy waveforms for the triplet (3, 1, 1) at two represen-
tative parameter sets, while Fig. 11 overlays the two cases. Fig-
ures 12—14 present the analogous results for the triplet (4, 1, 1).
In all cases the waveforms exhibit the characteristic zoom-whirl
structure: during the zoom phase the particle moves along an
extended, elliptical segment far from the BH, where the gravi-
tational field is weaker, producing the quiet portions of the sig-
nal that correspond to the leaves of the orbit. As the particle
spirals inward it enters the whirl phase, executing tight, nearly
circular loops in the strong-field region, which generate sharp,
high-amplitude bursts. The number of quiet intervals equals the
number of zoom leaves, while the number of bursts reflects the
number of whirls, so that the waveform directly encodes the
orbital structure specified by (z, w, v).

Comparing the two parameter sets in Figs. 11 and 14, the
combined effect of the noncommutative and quintessence cor-
rections introduces a clear phase shift and a modulation of

the amplitude relative to one another. A more compact orbit
(larger ® and more negative p, with smaller apastron) shortens
the radial period and increases the burst repetition rate, while
the quieter zoom segments are correspondingly compressed.
These deviations, although modest, are imprinted directly on
the GW phase evolution and constitute observable signatures
of the underlying spacetime parameters. For the supermassive-
mass scale adopted here, the characteristic frequencies fall in
the millihertz band, within the sensitivity range of space-based
detectors such as LISA, so that future observations of EMRI
waveforms could in principle probe or constrain the noncom-
mutative parameter ® and the quintessence field strength pa-
rameter p.

7. Conclusion

In this work, we investigated the periodic orbits of a mas-
sive test particle and the associated gravitational-wave radi-
ation around the NCiBHSQ. The geometry is controlled by
two parameters acting in complementary radial domains: the
quintessence field strength parameter p, which enters the met-
ric function as a linear term and modifies the intermediate and
outer regions, and the noncommutative parameter ®, which
smears the central mass and modifies the strong-field, near-
horizon region.

Analyzing the effective potential and the specific energy and
angular momentum of circular orbits, we determined the ISCO
and IBCO radii and showed that both corrections move the
characteristic radii inward relative to the Schwarzschild case,
with the standard values risco = 6M and rigco = 4M recov-
ered in the appropriate limit. We found an important struc-
tural feature of this spacetime: because the Kiselev term grows
with radius for w, = —2/3, the bound-orbit region between the
ISCO and the IBCO contracts rapidly as |p| increases, and the
IBCO disappears for p < —0.02. Consequently, bound zoom-
whirl periodic orbits exist only within a narrow band of the
quintessence parameter, which is itself a constraint that obser-
vations of such orbits could test.

We classified the periodic orbits using the zoom-whirl tax-
onomy and tabulated the energies of the (z, 1, 1) orbits as func-
tions of p and ®. A more negative p raises the orbital energies,
whereas increasing ® lowers them and shifts £,, to smaller val-
ues. We then computed the plus and cross GW polarizations of
representative (3, 1, 1) and (4, 1, 1) orbits within the kludge ap-
proximation. The waveforms display the characteristic zoom-
whirl pattern of quiet zoom segments interrupted by sharp whirl
bursts, with the number of leaves and loops directly encoded
in the signal. Varying ® and p introduces a measurable phase
shift and amplitude modulation, and shrinks the orbit so that the
burst repetition rate increases. For supermassive central masses,
these signals fall in the millihertz band accessible to LISA, indi-
cating that future space-based GW observations of EMRIs may
provide a route to probing or constraining noncommutative and
quintessence corrections to the strong-field geometry.
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Figure 8: Zoom-whirl periodic orbits for the triplets (1, 1,0), (2,1,1), (3,1, 1), and (4, 1, 1) around the noncommutative-inspired Kiselev BH with ® = 0.01 and
p = —0.005, plotted using x = (r/M) cos ¢, y = (r/M) sin ¢. The first panel shows the Schwarzschild (1, 1, 0) orbit for reference.
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Figure 11: Upper panel: combination of the &, waveforms of Figs. 9 and 10.
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Figure 10: The case ® = 0.02, p = —0.008, L,y = 3.31648 and & = 0.981955.
The periodic orbit (left) and the GW polarizations /. (top right) and iy (bottom

Figure 12: The case ® = 0.01, p = —0.005, L,y = 3.45564 and & = 0.977487.
right) for the triplet (3, 1, 1).

The periodic orbit (left) and the GW polarizations /., (top right) and 4y (bottom
right) for the triplet (4, 1, 1).
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