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Abstract

This paper proposes a framework for solving large-scale nuclear norm
regularized least squares (NNRLS) problems based on the block Paige-
Saunders bidiagonalization (PSB) process. First, the original high-dimensional
NNRLS problem is projected onto the block Krylov subspace generated
by the k-step block PSB process, which reduces the original large-scale
problem to a small-scale NNRLS problem that is then efficiently solved
via the primal accelerated proximal gradient (PAPG) method. Second,
a convergence analysis is conducted for the proposed block PSB method:
it is proven that the distance between the global optimal solution and
the block Krylov search subspace converges linearly; when the optimal
solution is of full column rank, the convergence rate of the approximate
optimal value is comparable to that of the conjugate gradient method and
generally outperforms that of proximal gradient method. To alleviate the
memory consumption and computational burden arising from the increas-
ing dimension of the search subspace, a restarted block PSB algorithm is
developed in this paper. Numerical experiments verify that the proposed
algorithm exhibits superior computational efficiency and robustness in the
vast majority of test cases.
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1 Introduction

In many practical scenarios, we aim to find a low-rank matrix X € R™** that
minimizes the error between C X and D, with C € R™*", D € R™**. A widely
used effective approach is to introduce the nuclear norm || X|| . as a regularization
term in the objective function [17], where nuclear norm is defined as the sum
of the singular values of X. In this paper, we are interested in solving the
following large-scale nuclear norm regularized least squares (NNRLS) problem

[12, 17, 28]:

1
i X):=-||CX —DI|Z+pu| X}, 1
anin { £0) =1 B+ ulX]. 1)
where > 0 and || - ||r denotes Frobenius norm.

The NNRLS (1) arises from many practical problems. The convex multi-
task learning [3, 17] model for linear predictors g(w) = & w with nuclear norm
regularization can be written as the following optimization problem

J4 m
min > (Y Lwlz,,y*) | + u| X]|..
e T\
For the least squares loss L(s,t) = (s — t)?, this optimization problem re-

duces to NNRLS (1) with C = (wy,...,w,,)7, and the (i, )-th entry of D is
yZ(J) € {1, —1}. Here, {(wl,y§s)), cey (’wm,yy({?))} CR"x{-1,1},s=1,...,4,is
training data. Canonical Correlation Analysis (CCA) is a widely used technique
in machine learning. However, CCA suffers from the small sample size problem
when dealing with high-dimensional data. Li, Lu, Shu and Liu proposed a trace
norm regularized CCA model [11], which not only addresses the small sample
size problem but also reveals the underlying structures among target classes.
Specifically, owing to the appealing properties of the trace norm, the model
can characterize the intrinsic dimensionality of the transformation matrix. The

mathematical formulation of this model is exactly NNRLS (1) [I1]. In multi-
variate linear regression, given ¢ observations on ¢ responses b = (by, ..., bq)T
and p explanatory variables a = (ay, ..., ap)T, and

B=AX+EFE,

where B = (b!,...,b")T € R**7 and A = (a',...,a!)’ € R™P consist of the
data of responses and explanatory variables, respectively, X € RP*? is the
coefficient matrix, E is the regression noise. M. Yuan, A. Ekici, Z. Lu, and
R. Monteiro proposed a model that can simultaneously choose the number of
factors, determine the factors, and estimate the factor loading matrix [28]. This
model can be formulated as
min |AX — B} 2

min | 12, )
which is equivalent to NNRLS (1). In the color image denoising, a quaternion
weighted nuclear norm minimization (QWNNM) method was proposed [7, 8, 27],
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which requires solving the following problem:
(1, . .
min { ICX =~ DIR-+ X}
x

where C, D, and X are quaternion matrices, and II'“ lew,« denotes the weighted
nuclear norm [7, 8, 27]. The QWNNM problem is very similar to NNRLS
(1), and studying NNRLS helps solve the QWNNM. In addition, nuclear norm
regularization problems have also been extensively studied [5, 10, 16, .

Since the nuclear norm is nonsmooth, it complicates solving NNRLS (1).
The nuclear norm minimization problem can be reformulated as a semidefinite
program (SDP) [4, 21]. However, for large-scale NNRLS problems, SDP solvers
incur a high computational cost. To overcome the nonsmoothness, existing
works have reformulated NNRLS (1) into a nonconvex smooth form, which is
then solved by the conjugate gradient method or the alternating minimization
method [19, 25, 26]. Nevertheless, such a nonconvex reformulation introduces
spurious stationary points and cannot guarantee convergence to a global mini-
mum. Proximal gradient method are also widely used to solve NNRLS (1). The
convergence rate of proximal gradient method is typically O(k~!) or O(k=?)
[2], where k denotes the iteration count. Pong, Tseng, Ji, and Ye proposed new
equivalent primal and dual forms of NNRLS (1) [17], including a reduced dual
formulation that minimizes a convex quadratic function over an operator-norm
ball. The reduced dual problem can be solved by gradient-projection methods,
where an SVD of an n x ¢ matrix is required at each projection step. In [12],
Lu, Monteiro, and Yuan explore a variant of Nesterov’s smooth method [13, 14]
due to Tseng [23], as well as interior-point methods for solving (2).

In this paper, we propose an efficient subspace method based on the block
Paige-Saunders bidiagonalization (PSB) process to solve the large-scale NNRLS
problem. The core idea of our method is to project the original high-dimensional
NNRLS problem onto a low-dimensional block Krylov subspace generated by
the block PSB process, thereby reducing the original problem to a small-scale
NNRLS problem that can be solved efficiently by the primal accelerated prox-
imal gradient (PAPG) method [17]. We conduct a comprehensive convergence
analysis for the proposed block PSB method, proving that the distance between
the global optimal solution X, and the block Krylov subspace converges lin-
early with respect to the iteration number k. Notably, when the optimal so-
lution Xp is of full column rank, the convergence speed of f(Xy) — f(Xopt)
(where X, denotes the approximate solution) is comparable to that of the con-
jugate gradient (CG) method, which is faster than that of the proximal gradient
method. To address the issues of increasing memory consumption and computa-
tional complexity caused by the growing dimension of the block Krylov subspace
as k increases, we further develop a restarted block PSB algorithm that con-
strains the subspace dimension to a fixed size in each restart phase. Numerical
experiments on synthetic sparse data and real-world high-dimensional matrices
verify that the proposed restarted block PSB algorithm is effective. Compared
with gradient-based methods, Krylov subspace methods generally exhibit faster
convergence rates.
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This paper is organized as follows. In Section 2, we present some preliminary
results on NNRLS and introduce the block PSB process. In Section 3, we
propose a block PSB method for solving the large-scale NNRLS problem, and
the convergence analysis is presented in subsection 3.1. A restarted block PSB
method is introduced in Section 4. We present numerical experiments in Section

to demonstrate the effectiveness of the proposed algorithm. Some concluding
remarks are given in Section 6. Throughout this paper, we denote by (-)T the
transpose of a matrix or vector, by || - ||2 the 2-norm of a matrix or vector,
and by R(A) the range space of a matrix A. In this paper, A = 0 (A > 0)
indicates that A is a symmetric positive semidefinite (positive definite) matrix.
Let 0 and I denote the zero vector/matrix and identity matrix, respectively,
whose dimensions are clear from the context.

2 Preliminaries

2.1 Optimality conditions

In order to describe the optimality conditions for the NNRLS (1), we first char-
acterize the subgradients of the nuclear norm. Recall that for a convex function
¢ : E — R, the subdifferential of ¢ at # € E is the compact convex set [2, 2]

Op(x) :={d e E: ¢(y) = p(x) + (d,y —x), Vy € E}, (3)

where E is a Euclidean space, and (-, -) denotes the inner product on E. Let X
denotes the global optimal solution of NNRLS (1). Thus, the subdifferential of
the nuclear norm at Xp is [2, 24]

| Xopt |+ = {s ER™ Y|l > || Xope|l« + trace [(Y - Xopt)Ts] VY € R””}.
(4)
Consider the SVD decomposition of Xopy:

21 ‘/1T T nx4{
Xopt = (Ul UQ) 0 VT = U121V1 cR s
2
21 = diag(017027' .. 7UT) € R7‘Xr7 01209220, > 0,

where r = rank(X,p). Therefore, 0| Xopt ||« can be characterized via its SVD
decomposition [24, 18]:

)| Xops |l = {U1V1T +ULTV, € R ||, < 1}.

Specifically, if rank(X,p) = ¢, then

N|=

aHXOPtH* = U1V1T = XOpt(XOPtTXOPt)_

Notice that f(X) = ||CX — D||2 is convex. Thus, X, is a global optimal
solution of (1) if and only if (cf. [2, Theorem 3.72] and [2, Theorem 3.35])

_(CTCXopt - CTD) = _Vf(Xopt) € a(NHXopt”*) = K- 8HX0ptH*-
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From the above analysis, the following theorem can be readily derived.
Theorem 1 The Xopt is a global optimal solution of (1) if and only if
C'CX,p — C'D = —p(U V) +UsTVy') with || T2 < 1. (5)

2.2 The block Paige-Saunders bidiagonalization (PSB) pro-
cess

The block PSB process [1] is a natural extension of the PSB process, which was
originally proposed for solving least squares problems [15]. Let D = Py R, be
the economy-size QR decomposition of D with P; € R™*‘. We can use the
k-step block PSB process to generate an orthonormal basis for the block Krylov
subspace

Ky == Ky(CTC,CTP,) =span {C" P, (CTC)C"P,,...,(CTC)*'C"P}.
The following relation holds for the block PSB process
CW; = Ugy1Biy1, CTUy = Wi By, (6)

where the matrices Uy 1 = (P, ..., Ppy1) € R and Wy, = (Z4,...,2;) €
R™*%¢ have orthonormal columns and

Bk+1(Bk) € RUK+1)xtk

is lower block bidiagonal with lower triangular diagonal blocks L; € R®** and
upper triangular subdiagonal blocks R; € RO where Ej, = (0 I() € REXEE,

Moreover,
R(W) = K, R(U) = Kp(CCT, Py). (7)

The block PSB process is listed in Algorithm

3 A block PSB method for NNRLS

In this section, we propose a block PSB method to solve NNRLS (1). To this
end, our method addresses the minimization problem at step k:

min  f(X)=_min_[CX - D|}? + | X].

R(X)CKk R(X)CKk
=_min [|[CWY — DI} + pl|W,Y .
Y eR¢kxe
= in Ukt BenY — PRy | + Y.

2
k
BinY — B+ Y.,

= min
Y eRCExL
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Algorithm 1 The block PSB process [1].

Input: C, D and [ltp.x;

Output: Byj1, Ugi1, and Wy

1: Compute the economy-size QR factorization D = P, Ry;

2. F| = CTP1;

3. Compute the economy-size QR factorization F; = Z,L];

4: for k=1,...,Itnhax do

5 G, =CZ, — P, Lyg;

6:  Compute the economy-size QR factorization G = Pj+1R11;
7 Foy1 =C'Piyy — ZkR[ y;

8 Compute the economy-size QR factorization Fy1q1 = Zk+1L£+1§
9: end for

where ng) = (R] 0)T € RUF+DXE Tet

2
Y, =arg min Bk+1Y—R§k)“F+u||Y|\*,

YERZ e X L

we make use of

X, = W,Y, = i X).
k . Y argR(g)Hglka( )

(8)

(9)

as an approximation to the optimal solution X,p¢. We thus reduce the large-
scale NNRLS (1) to a small-size £(k + 1) X £k one, which can then be efficiently
solved in practice using the PAPG method [17] applied to (8). The proposed

algorithm is summarized in Algorithm

3.1 Convergence analysis

The aim of this section is to prove the convergence of Algorithm 2. To this end,

we require three lemmas.
Lemma 1 Let X, Y € R Z ¢ R?*", Then
(i) [22, Theorem 3.9] | ZX | < || Z]2| X .
(ii) [9, Theorem 3] If rank(X) = rank(Y) = £. Then

Vo[ X Y|
F maX{Ue(X)7U€(Y)}’

HX(XTX)—% YY) ?

where o;(+) denotes the i-th singular value of a matrix.

Lemma 2 If rank(X,p) = ¢, i.e., o0 > 0. Then

VY — X,
[Y]|l+ < [ Xopt|l« + trace (Y — Xopt)TUl‘/lT] i HT

(10)

2
Opt”F,VY c Rnxf.
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Algorithm 2 A block PSB method for NNRLS (1).

Input: C, D and [ltp.x;

Output: Xjy;

1: Compute the economy-size QR factorization D = P, Ry;
2. F| = CTP1;

3. Compute the economy-size QR factorization F; = Z,L];
4: for k=1,..., [ty do

5: G, =CZ, — P, Lyg;

6:  Compute the economy-size QR factorization G = Pj+1Rpy1;
7:  Solve the reduced NNRLS

Y, =arg min

2
B Y—R(k)H Yl.:
NSl das 1le + plY]|

8 if the convergence criterion is satisfied

9: Output X = WY,

10:  end if

11: Fk-',-l = CTPk+1 — ZkR-lqul;

12:  Compute the economy-size QR factorization Fj,1 = Z;H_lL;_H;
13: end for

Proof 1 Let ¢(t) = || Xopt + t(Y — Xopt)||« with t € [0,1]. Notice that

(o) = I1ZI%,

1 1
Xopt|l« < —f(X < -
Kol < - F(Kope) < >

It follows that
[ (t1) = (t2)] < | Xopt +11(Y = Xopt)[l+ — [ Xopt +2(Y = Xopt) ||«
< |t = taol[|[Y — Xopsll« < alts —taf, Vi1, t2 € [0,1],

2
where o = ||Y ||« + % < 00. Hence, () is Lipschitz continuous. Let Z(t) =

Xopt + (Y — Xopi). Consider the SVD of Z(t):
Z(t) =U(O)Z()(V ()" where Ui (t) € R™, B(t) € R and V() € R

Hence,

Ui(t)(V(1)" € d|Z ()], Vt€0,1],
and by (1), we have

1ZD)] = 12« + (= t)trace[(Y — Xope) UL(£)(V (1) 7], VE € [0,1].
That is,

B(E) = (t) + (F — t)trace(Y — Xopt) UL (V (1)), Vi € [0,1].
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It follows from (3) that
trace[(Y — Xope) "UL(t)(V (1)) 7] € Ov(t).

By [8, p. 24 eq. (4.2.6)],
1Y ][ = | Xoptll« = (1) —1(0) = /0 trace[(Y — Xope) "UL(t)(V(t))T]dt
= /01 trace[(Y — Xopt)T(Ul(t)(V(t))T - Ul(o)(V(O))T)]dt
+ trace[(Y — Xopt) "U1(0)(V(0))7].

Notice that
U1(0)(V(0))T = Xopt(Xpe Xopt) 2 = U1 V{7, and

N

UiV (0) = Z0)[(2.0)Z.0]

where
Z.(t) = Ui(t) (B(t) +eLe) (V(1))T = Z(t) + U (t)(V (1)), Ve > 0.
It follows that
Yl [ Xapi e — trace[(¥ — Xop) TUV/T]|

/01 trace{(y — Xops) (UL () (V ()T — U1(0)(V(0))T)} dt‘

1
< / 1Y — Xom |- [TV (0)T — T (0)(V(0)) || dt
(10) /5 1
< —HY—XoptnF-/ 1Ze(t) — Xope|F
gy 0
JB 1 .
<N~ Kopille | Y = Kopullr+ 1T V)T

V5 1
=220Y = Xopulle - (51Y = Xopulle + V).
O 2
Letting € — 07 yields (2).
For convenience, we let

H=C"'C and G=C"D.

We now consider the distance between the optimal solution X, and the search

subspace K.
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Lemma 3 Let

i = i | Xop — X = [T = WiW) Xopellr, > 1.

Then we have

k
x—1
b < 2 Xenile - (V2TT)

where s is the 2-condition number of H + U%I.

Proof 2 By (9),
H(Xopt Vi) — GVi = —plUy = —pU T VIS = —p(Xope Vi) S
It follows that

H, X, Viei=GVie; for i=1,2,...,r, where H; := H + Ly )
gi
Notice that
Ki(H;,GVie;) = Ki.(H,GVie;) = Kp(H,C"P (R Vie;)) C Kp,i =1,2,...,7.

Let P; denote the set of polynomials of degree at most j. Then

mln | XoptVie; — z||2 < min HXopt‘/lei — z||2

zek zeKy(H;,GVie;
= min o Vies - p(HYGViel)
< I- ) H| || H *\GVye;
min |1~ p (HL) | || B GVie]
< min |1 —p(H;) Hi [[Xopt Vieill, -
PEPK—1

Since H; = 0, it follows from [0, Section 3.1] that

min ||I p(H;) Hy|| <2 VEi—1 ' where k; = | H; ||, | H| (11)
pEPk— v VEi +1 ! ¢z th2e

Hence,

0 = 1T = WiW,[) Xope|[ = I(1 = WiW,[) Xope (Vi V2) |17

= 1T = WiW,) (XopeVi 0) ||E = Z I(I = Wi W) Xopi Vies 3

i=1

\/» 1 2k )
= Zznenn ”Xopt‘/lez - 2”2 < 42 NCES ||Xopt‘/1€iH2

2k 2k
\/> 1 2 \/;7 1 2
< <
_41<2<r<\/7+1 H‘XOP‘D‘/1||F—4 \/;_’_1 ||Xopt||/:7

which completes the proof.
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Next, we analyze the convergence of both f(Xj) and Xj.
Theorem 2 Under the previous notation, the following assertions hold
(i) It holds that
1
0 < f(Xy) = f(Xopt) < §||H||251% + V.

(i) If rank(Xop) = ¢, then
0 < 560 - £Xon) < 3 (11 + 2 )7

(iii) If rank(C) = n, then

71(C) <5k + 2“”) 5.

X — X <
H k Opt“F = Z(C) HHH2

Q

(iv) If both C' and Xopy have full column rank, then

01(C) Vb
Xi — Xoullr < 1+ .
1% = Xonlle < 5 @) VU ol %

Proof 3 Since f(X) = trace( X "THX) — trace( X 'G)
holds that
F(X) = f(Xopt)
:%trace(X THX) + trace[(Xop: — X) "G

1
+ (| X | = | Xopt|l+) = 5 trace(X gy H Xopt)

1 1
=3 trace( X "HX) — 3 trace(XoptHXopt)

+ trace| (Xop — X)T(G = pU Vi = pU>TV) |
(X = Xop) OV + UTVY))

—~

4 (IX e = | Xops | — trace
Xopt) n trace[(Xopt _ X)THXopt}

4 (IX e = 1 Xop e — trace[ (X = Xop) "0V + V2TV, )

1 1
) 5 trace X THX) — 3 trace(XoptH

1
= trace (X — Xopt) "H(X — Xopt)]

—~

1% (HXH* — || Xopt ||« — trace

+ D+ p)| X ||, it

(X = Xop)T(U1 VT + UQTVQT)D .

(12)
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Let X, = Wi W, X . Then ||§(ka* < || Xoptll« (see Lemma 1(i)). It follows
from (12) that

0 < F(X0) = FXopt) € F(Xn) = F(Xope)

1 . _ _
< Strace [(Xk — Xop) TH(X, —Xopt)} - ,utrace[(Xk — Xop) T (W] + UQTVQT)}

IN

; - - —~

thace {(Xk — Xopt) H(X), — Xopt)i| + pllUV) + UTV, HF HX’“ ’ OptHF
H —

|| ||2|| Xk Opt||F+’uH< T)HF HXk Xopt||F

HXk OptHF_H“/Z' ||Xk_X0Pt||F’

\ /\

||H||2

which implies assertion (1).
If rank(X,pt) = ¢, then

f(X) - f(XOpt) :%trace [(X - Xopt)TH(X - Xopt)]
1 (IX e = 1 Xop | — trace| (X = Xop) TUIVT))

Lem.2 | X — X 2
2L race [(X = Xopn) TH(X — X)) + 2Y01X = Xon
4

fu)

<||H||2 YOI X X

It follows that

0< f(Xk) - f(XOPt) < f(fk) - f(XOPt) < HXk 0pt||%—'»

N =

Vo
(11 + 22
which implies assertion (ii).

If rank(C) = n, then

Amm 1
7(HX,€ OptHi < §trace(Xk—Xopt)TH(Xk—Xopt)

= F(Xk) = F(Xop) = 1 (1Kl = Xopi | — trace (Xi— Xop)) (U1 V) + U2TV,)] )
<f(Xk) = f(Xopt),

where the last inequality follows from (1). Combining (i) and (ii) yields (iii)
and (iv).

Remark 3.1 The bound in Lemma 5 reveals a linear convergence rate of Oy,
and smaller s translates into fast convergence of 0. Moreover, this upper bound
1s similar to the convergence upper bound of the conjugate gradient method.

It can be seen from Theorem 2 that as 6 — 0, f(Xy) converges to f(Xopt)-
However, it is worth noting that when Xop is rank-deficient, the convergence
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rate of f(Xy) is the same as that of §i; whereas when Xopy, s of full rank, the
convergence rate of f(Xy) is the same as that of 6. Consequently, Algorithm
performs more effectively when rank(Xop) = £.

In contrast, gradient-type algorithms (e.g., the proximal gradient method,
the FISTA method) typically ezhibit a convergence rate of O(k~1) or O(k™2)
[?, Chapter 8 and Chapter 10]. Thus, if H + -1 is well-conditioned, the
convergence rate of Algorithm 2 will be significantly higher than that of gradient-
type algorithms. In fact, if C is well-conditioned or £~ is not small, H + ” I
will be a well-conditioned matriz. For p large, the solutzon Xopt 1s near 0 [
p. 3481]. In this case, 2~ I will dominate in H + “ I, and s will approach 1
This implies that Algomthm is effective when p is large

4 Restart method

In Algorithm 2, the number of columns of matrix Wy increases as k grows,
resulting in increased memory consumption. Furthermore, the dimension of the
reduced NNRLS problem (8) also grows with k, which significantly increases the
time required to compute Xy, thereby rendering Algorithm 2 computationally
inefficient. To address these issues, it is necessary to constrain the dimension
of K. Accordingly, to enhance the practical utility of Algorithm 2, a restarted
block PSB method is introduced in this section. The proposed algorithm is
presented in Algorithm

Next we describe how to solve NNRLS (15). Let (G X)) = PR be
the economy-size QR decomposition of (G X(i)) with Pl() € ]R”Xt,t = 2/.
Similar to (6) and (7), we applying the s-step block PSB process (see Algorithm

) to CT and Pl(i) yields

cw® =ul B, cul) =w®BI)T,

where Us(i)l = (Pl(i),...,Ps(Ql) € R+ and Wi = (Z@,...,Z@) €

R™*5t have orthonormal columns and Bgi) € R5¥st is lower block bidiagonal
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Algorithm 3 A framework of the restarted block PSB method for NNRLS (1).

Input: C € R™*" D € R™*¢ k, s, and Iterpy.

Output: X® and f(X®).

1: Perform the k-step PSB process (6) on C and D obtain B4 and Wi.
Obtain the solution Yj of NNRLS (8). Let X := X, = W, Y}, and i = 1;

2: while i < Iterpax

3: Let (G X(i)) = Pl(i)Rgi) be the economy-size QR decomposition of
(G XD) with P € R™<1,

1 Let K" .= K, (CTC, P\") = span{ P (CTC)P!" ... (CTC)*~'P"};

5: Obtain the solution X (t1) of

X0 —arg min  f(X); (15)
R(X)CKL

6: If the termination criteria are met, output the result X (+1) and f(X+1));

T i=1+1;
8: end while

and R(UM) = K .= K,(CTC, PY). Tt follows that

min_ f(X)= min_[|CX  D|2 + | X].
R(X)CKS) R(X)CkS)
) 2 ,
= min |cUOY - D|| +uUPY].
Y eRstx£ F
. . 2 . . 2
~ iy By - D[+ (- WO ol v
Ye]Rst,Xl F E
j (T 2
— i (B )y - (W.") D Y|, (13
y eroixe < 0 H(I_WS(Z)(WS(I))T)DHF F+MH [« (13)
i 2
(BO)T W) TD
= min ( p )Y_ (i) 2 + pl[Y ]
verir||\ 0 |~ | Wi D
F

Let

2

Y = arg min
Y eRstx#

+ullY .. (14)

(BT W'D
(%)= ool

Then X(+D = Uy ® = arg min,,

F

x0)cx f(X). Note that both [(Wi)T D2
and (Wg(i))TD can be computed recursively.

We now present the convergence analysis of Algorithm
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Lemma 4 Define
H(X):= HX + XA, where A =puViE'V]
If rank(X,pt) = €. Then
MDD = {R(X) | X=XD + p(H)YH(X D — Xop1),¥p € Ps_2} CKD, s> 2.
Proof 4 We have
H(X(i) — Xopt) = H(X(i) — Xopt) + (X(i) — Xopt)A
=HXY + XOA — (HX p + XopiA)
D HxO 4+ x0OA -G
(i) _ (7)
Hence, R (H(X Xopt)) C Ks” and
HAXD — Xop) = HHXD + XDA - @)
—H?’X") 1 2HXDA - HG + XDA? — GA.
It follows that R (HZ(X(i) — Xopt)) - K. By mathematical induction,
R (HJ(X@ - Xopt)) CK®,j=1,2...,52

which implies that ./\/lg) - ngi).
Theorem 3 Let XU = X, and

6 = min | X - Xopel, i=1,2,....
R(X)CKL)

Ifrank(XOpt) =/{. Then
5(,i) <2 (Vg L
s \/E‘f’ 1

where § = |[I; @ H+ A @ L ||2||(I, @ H + A® I,)"!|2 and “®” denotes the
Kronecker product.

s—1
) 1K — Xl (16)

Proof 5 Let Hy = I; @ H + A ® I,,. Note that Hy > 0 and vec(H(X)) =
Hvec(X). Then we have

vec (H? (X)) = Hyvec(H'~1(X)) = = H 'vec(H(X)) = H)vec(X), j>1,
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Algorithm 4 A restarted block PSB method for NNRLS (1).

Input: C € R™*" D € R™*¢ k and Itermax.

Output: X® and f(X®).

1: Perform the k-step block PSB process (6) on C and D to obtain By41 and
Wj.. Obtain the solution Y; to NNRLS (8). Let X := X, = W, Y},
Y©® =Y, and i =1;

2: while i < Iterpax

3: Let s = g Perform the s-step block PSB process (6) on CT and Pl(i) to

obtain Bgi), Us(i) and Wg(i);

4: Obtain the solution Y to NNRLS (14) via the PAPG method with initial
value Y (i—1):

5: Set X+ = y{y ),

6: If the termination criteria are met, output the results X 1) and f(X(“‘l));

T i=1+1;
8: end while

where vec(:) denotes the vectorization operator. By Lemma /, we obtain

min | X — Xopelr < min | X — Xopellr
R( ®

R(X)CK(? X)CM
= min [[(I —p(H)H)( X — Xopt)llF
[)67)572
o N @ _
,Jain ||vec [(I p(H)H)(X Xopt):| H2
= min (I —p(HA)HA)VeC(X(i) — Xopt)
PEPs_2 2
< min [T - p(Ha)Hally [|X 7 = Xopi | -
PEPs_2

According to (11), inequality (16) holds.

Remark 4.1 If rank(C) = n and rank(Xp) = €, it follows from Theorem
(iv) that

5D < 971(C) Vo (\/5“ n 1>s_1 P10

i+ < 1+ o,
a¢(C) ool H[[2 \VE+1

If s is sufficiently large such that as < 1, then the bounds in (16) imply that the

sequence {59} converges linearly. In this case, Theorem 2 yield that f(X(+D)
converges to f(Xopt) and X0+ converges to Xopt- Furthermore, the closer £
is to 1, the faster the convergence rate.
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5 Numerical experiments

In this section, we perform some numerical experiments to illustrate the numer-
ical behavior of the proposed algorithms. All the numerical experiments were
run on a AMD R7 5800H CPU 3.20 GHz with 16GB RAM under Windows 11
operation system. The experimental results are obtained from using MATLAB
R2022a implementation with machine precision tmachine = 2.22 x 10716,

To demonstrate the efficiency of Algorithm 4, we compare it with four ap-
proaches for solving (1), including the DGP method, the DAGP method, the
PAPG method, and PAPG,,, [17]. In all the experiments, we terminate the
iteration once the following condition is satisfied [17]

XD - XD
= <

; — 1078 17

Xi e S0 (17)

where X @ denotes the approximate solution obtained at the i-th iteration of
the algorithms, and we set k¥ = 20 and s = % In the numerical experiments,

we employ the PAPG method to solve NNRLS (14). To enhance computational
efficiency, we use Y 1) as the initial value for calculating Y (9. In summary,
the final algorithm we proposed is presented in Algorithm 4. For Algorithm 4,
we set the maximum number of iterations Itery,,, = 1000, and for the remaining
algorithms we set Iterp.x = 10000.

Following the suggestions in [17, Section 6], we report the results for the DGP
method with O as the initial value and step size « = 1 (DGP-Z) , the DAGP
method with Projg,<,(—C" D) as the initial value (DAGP-P), the PAPG
method with 0 as the initial value (PAPG-Z), the PAPG method with the least
squares solution C'TD as the initial value (PAPG-LS), and the PAPG.,,, method.
Here, Proj)gj,<, (") denotes the nearest-point projection onto {S | [|S|l2 < u}.

For the computation of CTD, we adopt the MATLAB’s built-in function
1sqr with the stopping criterion set to tol = 10~%. In addition, at each iteration
of the DGP method and DAGP method, it is required to solve a multiple right-
hand side linear system with CTC as the coefficient matrix (containing ¢ right-
hand sides); for this purpose, we use MATLAB’s division commend “\” to
perform the computation. For the sake of fairness, we include the computation
time for the initial values Projnsuzgu(—CTD) and CTD in the running time of
the algorithms.

5.1 Impact of £ on Algorithm 4 convergence

Within this section, we present one illustrative example to demonstrate the
impact of £ = [ H+A®L,|2||[(I; ® H+A®1I,) |2 on Algorithm 4. Let

c ]RZ.LOOOX 27

1
C' = sprandn(5000,4000,0.05) and Xope = | 0
0

S NN O
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. . . xW_x
Figure 1: Numerical results on Section 5.1: Convergence of w
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where sprandn is MATLAB’s built-in function. By Theorem 5, D should be
set to )
D = (CT)T(CTCXOPt + NXopt(XT Xopt) " ?)-

opt

Here, we compute D using MATLAB’s built-in function 1sqrmin. The experi-
mental results are presented in Figure 5.1. It can be observed from the figure
that as p increases, & decreases, and the convergence rate of X rises signifi-
cantly. This experimental observation is consistent with the theoretical analysis
given in Remark

5.2 Test on synthetic data

In this subsection, we conduct experiments on synthetic data generated with
MATLARB'’s built-in function sprandn and randn:

C = sprandn(m, n,density) and D = randn(m,{),

where density = 0.05, and ¢ = 10, 20, and 40, respectively. CPU(s) reports the
output of MATLAB cputime.

The numerical results are reported in Table . It can be seen from Ta-
ble that in terms of CPU time, Algorithm 4 performs significantly bet-
ter than PAPG-Z, PAPG-LS and PAPG,,; in most cases. When (m,n,u) =
(10000, 8000,1) and (m,n, u,£) = (10000, 8000, 10,40), Algorithm 4 performs
worse than or on par with DGP-Z and DAGP-P; in most other cases, Algorithm

outperforms DGP-Z and DAGP-P. In particular, when p = 100, Algorithm

performs significantly better than the other five methods. As analyzed in
Remark 3.1, when p is large, X,p¢ is close to 0, which implies that s is small.
Therefore, Algorithm 4 converges faster when p = 100.
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Table 1: Numerical results on subsection

¢ =10 £ =20 £ =40

Methods I —=porg; - CPU(s) X CPU(s) x@-
Alg. 3.5 6.9e-9 3.0 8.7e-9 5.1 2.8e-9
DGP-Z 5.0 8.1e-9 4.8 8.2e-9 5.0 8.3e-9
m = 8000 DAGP-P 5.3 7.6e-9 5.5 7.6e-9 6.1 8.1e-9
n = 3000 PAPG-Z 9.9 9.9e-9 17.8 9.9e-9 9.7 1.0e-8
(p=1) PAPG-LS 6.3 9.6e-9 10.8 9.7e-9 7.8 9.5e-9
PAPG;WF; 24.4 1.0e-8 41.9 1.0e-8 24.4 1.0e-8
Alg. 52.3 4.6e-9 36.8 7.6e-9 74.5 5.4e-9
DGP-Z 77.9 5.7e-9 78.5 5.4e-9 82.7 5.4e-9
m = 8000 DAGP-P 87.0 3.9e-9 87.7 3.9e-9 92.6 4.1e-9

n = 6000 PAPG-Z 2.8e+2 9.9e-9 5.0e+-2 1.0e-8 2.9e+-2 9.9e-9

(p=1) PAPG-LS 1.6e+4-2 1.0e-8 2.8e+2 9.9e-9 1.8e+2 9.9e-9

PAPG..g 7.0e+2 1.0e-8 1.2e+3 1.0e-8 7.6e+2 1.0e-8

Alg. 25.2 4.0e-9 18.4 1.9e-9 28.8 4.2e-9

DGP-Z 49.2 1.3e-10 48.5 1.3e-10 48.3 1.0e-10

m = 10000 DAGP-P 53.9 1.3e-9 54.6 1.4e-9 55.2 1.4e-9
n = 6000 PAPG-Z 1.1e+1 9.8e-9 2.0e+2 9.8e-9 1.1e+42 9.8e-9
(p=1) PAPG-LS 62.3 9.9e-9 1.1e+2 1.0e-8 69.7 1.0e-8
PAPG..g 3.4e+4-2 1.0e-8 6.2e4-2 1.0e-8 3.4e4-2 1.0e-8

Alg. 1.3e+2 8.9e-9 1.0e+2 8.0e-9 2.2e+2 9.5e-9

DGP-Z 1.1e+42 8.5e-9 1.1e+42 7.0e-9 1.1e+42 7.0e-9

m = 10000 DAGP-P 1.0e+2 5.5e-9 1.3e+2 5.5e-9 1.3e+2 5.0-9

n = 8000 PAPG-Z 7.7e+2 9.9e-9 1.4e+3 1.0e-8 9.2e+2 1.0e-8

(p=1) PAPG-LS 4.2e+4-2 9.9e-9 7.6e+-2 1.0e-8 4.8e+2 1.0e-8

PAPG.yg 1.3e+3 1.8e-8 2.4e+3 1.7e-8 1.5e+3 1.7e-8

Alg. 3.5 4.4e-9 3.0 7.4e-9 5.7 2.8e-9

DGP-Z 5.7 4.5e-10 6.0 4.4e-10 5.8 4.4e-10

m = 8000 DAGP-P 6.9 3.2e-9 7.4 3.5e-9 7.0 3.9e-9
n = 3000 PAPG-Z 10.6 9.8e-9 17.7 9.2e-9 10.6 9.8e-9
(p = 10) PAPG-LS 8.3 9.5e-9 14.4 9.2e-9 10.0 9.4e-9

PAPG.vg 47.1 9.9e-9 84.4 1.0e-8 48.1 1.0e-8

Alg. 48.5 6.5e-9 36.2 8.0e-9 75.1 6.3e-9

DGP-Z 83.5 5.1e-9 84.5 4.4e-9 84.3 4.9e-9

m = 8000 DAGP-P 99.4 6.2e-9 99.3 7.1e-9 1.0e+2 6.0e-9

n = 6000 PAPG-Z 2.6e+2 1.0e-8 4.8e+2 1.0e-8 2.9e+-2 9.0e-9

(p = 10) PAPG-LS 2.2e42 1.0e-8 3.8e+2 1.0e-8 2.4e4-2 1.0e-8

PAPG.. g 5.2e4-2 1.0e-8 9.6e4-2 1.0e-8 5.8e4-2 1.0e-8

Alg. 23.5 9.2e-9 19.4 5.0e-9 36.7 3.4e-9

DGP-Z 52.3 4.4e-9 52.0 4.7e-9 53.0 4.8e-9

m = 10000 DAGP-P 62.6 4.3e-9 64.0 4.3e-9 64.5 4.2e-9
n = 6000 PAPG-Z 1.2e+2 9.9e-9 1.9e+2 9.9e-9 1.2e+2 1.0e-8
(p = 10) PAPG-LS 85.0 1.0e-8 1.5e+2 9.9e-9 97.8 1.0e-8

PAPG. g 3.8e+2 1.0e-8 6.7e+2 1.0e-8 3.9e+2 1.0e-8

Alg. 1.1e+2 8.6e-9 1.0e+2 4.8e-9 1.6e+2 8.4e-9

DGP-Z 1.4e+2 2.0e-9 1.5e+2 1.9¢-9 1.5e+2 2.4e-9

m = 10000 DAGP-P 1.8e+2 6.8e-10 1.9e+2 1.0e-9 1.9e+2 1.7e-9

n = 8000 PAPG-Z 6.8e+-2 1.0e-8 1.2e+3 1.0e-8 7.3e+42 1.0e-8

(p = 10) PAPG-LS 5.7e+2 9.9e-9 9.8e+-2 1.0e-8 6.2e+-2 9.9e-9

PAPG. g 1.1e43 1.0e-8 2.0e+3 1.0e-8 1.0e+4-03 1.0e-8

Alg. 2.8 8.2e-9 2.8 3.5e-9 4.0 5.6e-9
DGP-Z 11.2 7.4e-9 11.9 7.0e-9 12.2 6e-9
m = 8000 DAGP-P 12.0 6.2e-9 12.7 9.3e-9 13.3 8.2e-9
n = 3000 PAPG-Z 7.7 9.2e-9 13.0 9.7e-9 7.7 9.2e-9
(p = 100) PAPG-LS 7.7 9.0e-9 13.4 9.5e-9 10.3 9.9¢e-9
PAPG..g 42.6 1.0e-8 78.6 1.0e-8 43.3 1.0e-8
Alg. 23.3 3.6e-9 18.5 6.2e-9 30.1 2.5e-9
DGP-Z 1.4e+2 7.7e-9 1.4e+2 7.8e-9 1.4e+2 5.7e-9

m = 8000 DAGP-P 2.8e+2 9.8e-9 2.8e+2 9.4e-9 2.9e+-2 2.4e-9

n = 6000 PAPG-Z 1.le+2 9.9e-9 2.0e+2 9.9e-9 1.1e42 9.7e-9

(p = 100) PAPG-LS 1.2e+2 9.9e-9 2.2e+2 9.8e-9 1.4e+2 1.0e-8

PAPG.g 3.0e+-2 1.0e-8 5.1e+42 9.9e-9 5.0e+-2 1.0e-8

Alg. 21.3 4.3e-9 16.4 5.2e-9 30.1 6.2e-9
DGP-Z 71.8 3.2e-9 76.6 4.5e-9 73.7 4.3e-9
m = 10000 DAGP-P 1.3e+2 1.7e-8 1.4e+2 4.3e-9 1.3e+2 5.6e-9
n = 6000 PAPG-Z 80.9 9.9e-9 1.4e+2 9.9e-9 1.2e+2 9.9e-9
(p = 100) PAPG-LS 81.7 9.8e-9 1.4e+2 1.0e-8 1.3e+2 9.9e-9
PAPG.yg 3.0e+2 1.0e-8 5.4e+-2 1.0e-8 3.6e+-2 9.9e-9
Alg. 54.2 3.0e-9 40.1 2.4e-9 70.1 7.3e-9
DGP-Z 2.6e+42 7.9e-9 2.6e4-2 7.0e-9 2.6e+-2 7.2e-9

m = 10000 DAGP-P 6.1e+42 8.7e-9 6.2e+-2 9.2e-9 6.2e+-2 9.6e-9

n = 8000 PAPG-Z 2.7e42 1.0e-8 4.9e+-2 9.9e-9 3.0e+-2 9.9e-9

(p = 100) PAPG-LS 3.0e+2 9.9e-9 5.3e+2 9.9e-9 3.2e+2 9.8e-9

PAPG..g 6.4e+42 1.0e-8 1.1e+43 1.0e-8 7.2e42 1.0e-8
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Table 2: Summary of test matrices.

A row dimension | column dimension | sparsity
relat8 345688 12347 0.03%
kneser_8_3_1 15737 15681 0.02%
GL7d14 171375 47271 0.02%
flower_ 5.4 5226 14721 0.06%
cat_ears 4.4 19020 44448 0.005%
ns3Da 20414 20414 0.40%
EX6 5226 14721 0.69%
D6-6 120576 23740 0.005%

5.3 Tests on real-world matrices

Consider the following matrices:

{ A if row dimension > column dimension

AT if row dimension < column dimension

where the selection of A refers to Table 2. The test matrices listed in Table 2 are
all from the University of Florida sparse matrix collection'. The construction
of D coincides with that in subsection and p = 1.

The numerical results are presented in Table 5.3. The symbol “-” in the
table indicates that the solver failed to obtain an approximate solution within
3600 seconds. In almost all test problems, the CPU time of Algorithm 4 is
lower than that of PAPG-Z, PAPG-LS, and PAPG,,, when ¢ = 10,20. When
£ = 40, Algorithm 4 does not perform well in terms of time. This is because, as
¢ increases, not only does the dimension of NNRLS (14) increase significantly,
but the time consumed by the QR decomposition in the block PSB procedure
also grows. The accuracy index x; of Algorithm 3 is generally higher than that
of PAPG-Z, PAPG-LS, and PAPG,,.

The DGP-Z method fails to produce valid results for most test problems, and
DAGP-P performs significantly better than Algorithm 3 only in kneser_8_3_1
(¢ = 40) and flower_ 5.4 (¢ = 40), while failing to converge in relat8, GL7d14,
ns3Da, and D6-6. This indicates that the applicability and stability of both
DGP-Z and DAGP-P are limited. This is because, at each iteration of the DGP-
Z and DAGP-P methods, one must solve a linear system with multiple right-
hand sides (containing ¢ right-hand sides) where CTC serves as the coefficient
matrix. When CTC is of large dimension or ill-conditioned, solving such a
system becomes extremely time-consuming. Overall, Algorithm 4 performs the
best in both efficiency and robustness, especially when £ is small.

Thttps://sparse.tamu.edu.
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Table 3: Numeri(éal results on subsez:tion ;
=10 =20 =40

p=1 Methods 50T [CPUS T x| CPOG) | x
Alg. 4.1 1.9¢-9 7.7 5.4e-9 23.0 1.3e-9

DGP-Z - - - - - -

DAGP-P - - - - - -
relat8 PAPG-Z 11.0 9.5e-9 29.3 9.9¢-9 35.8 8.8¢e-9
PAPG-LS 9.7 9.8e-9 24.4 7.8e-9 32.9 9.2e-9
PAPGavg 25.0 1.0e-8 59.6 1.0e-8 76.8 1.0e-8
Alg. 9.5 6.6e-9 27.8 8.8e-9 94.4 8.9¢-9

DGP-Z - - - - - -
DAGP-P 72.2 4.6e-11 72.1 4.9e-11 71.9 5.0e-11
kneser_8.3_.1 | PAPG-Z 23.4 1.0e-8 60.3 1.0e-8 98.8 1.0e-8
PAPG-LS 18.0 1.0e-8 46.5 9.9¢e-9 75.8 1.0e-8
PAPGavg 30.3 1.4e-8 71.0 1.4e-8 1.1e+2 1.4e-8
Alg. 16.4 3.0e-9 20.9 2.0e-9 44.8 6.1e-10

DGP-Z - - - - - -

DAGP-P - - - - - -
GL7d14 PAPG-Z 88.5 9.7e-9 1.7e+2 9.4e-9 1.6e+2 9.9¢-9
PAPG-LS 41.3 9.9¢-9 80.4 9.6e-9 88.5 9.3e-9
PAPGave 1.5e+2 1.0e-8 3.4e+2 1.0e-8 3.3e+2 1.0e-8
Alg. 1.5 7.5e-9 4.7 3.1e-9 16.8 6.5e-9
DGP-Z 1.3 8.4e-9 1.4 5.6e-9 1.6 4.3e-9
DAGP-P 3.1 1.3e-9 3.3 1.5e-9 3.5 2.6e-9
flower_5_4 PAPG-Z 2.1 9.9¢-9 5.3 9.5e-9 11.5 9.9¢-9
PAPG-LS 1.6 9.2e-9 5.1 9.8e-9 10.8 9.8e-7
PAPGavg 3.3 1.0e-8 8.4 1.0e-8 21.0 1.0e-8
Alg. 11.4 8.5e-9 30.0 6.8e-9 1.0e+2 8.6e-9
DGP-Z 40.0 2.7e-9 98.5 2.0e-9 1.0e+2 1.4e-9
DAGP-P 1.1e+2 9.9¢-9 1.1e+2 9.5e-9 1.2e+2 8.4e-9
cat_ears_4.4 | PAPG-Z 27.4 9.9e-9 68.0 1.0e-8 1.2e+2 1.2e-8
PAPG-LS 23.1 1.0e-8 57.0 9.9¢-9 1.le+2 9.9¢-9
PAPGave 31.0 1.0e-8 82.3 1.0e-8 1.2e+2 1.0e-8
Alg. 39.0 9.6e-9 43.5 5.8e-9 1.1e+2 7.9¢e-8

DGP-Z - - - - - -

DAGP-P - - - - - -
ns3Da PAPG-Z 2.5e+2 1.0e-8 4.7e+2 1.0e-8 3.6e+2 1.0e-8
PAPG-LS | 3.5e+2 2.0e-8 6.9e+2 1.3e-8 5.7e+2 2.0e-8
PAPGavg 2.8e+2 1.0e-8 5.8e+2 1.0e-8 4.2e+2 1.0e-8
Alg. 17.2 7.9e-9 21.3 3.0e-9 52.5 7.1e-9

DGP-Z - - - - - -
DAGP-P 36.4 1.8e-9 37.1 1.5e-9 40.0 1.4e-9
EX6 PAPG-Z 1.0e+2 1.0e-6 2.0e+2 9.2e-7 1.3e+2 8.9e-7
PAPG-LS 1.0e+2 5.9e-9 2.0e+2 5.2e-8 1.5e+2 5.2e-8
PAPGavg 1.0e+2 9.4e-8 2.1e+2 9.5e-8 1.3e+2 1.0e-7
Alg. 1.6 8.3e-9 4.7 1.0e-8 16.2 7.2e-9

DGP-Z - - - - - -

DAGP-P - - - - - -
D6-6 PAPG-Z 3.0 9.3e-9 8.0 9.6e-9 14.5 1.0e-8
PAPG-LS 2.0 5.3e-9 5.2 5.6e-9 9.3 5.9¢-9
PAPGave 15.0 1.0e-8 39.2 1.0e-8 68.5 1.0e-8
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6 Conclusions

This paper investigates the large-scale NNRLS problem. We propose a frame-
work based on the block PSB process, and further develop a restarted block
PSB algorithm to solve NNRLS.

First, the original high-dimensional NNRLS problem is projected onto the
block Krylov subspace K generated by the k-step block PSB process, which
reduces the original problem to a small-scale NNRLS problem. The projected
small-scale NNRLS problem is then solved by the PAPG method.

Second, we conduct a convergence analysis of the proposed algorithm: we
prove that the distance d;, between the optimal solution X,p¢ and the search
subspace K, converges linearly with respect to the iteration number k; when the
optimal solution is of full column rank (i.e., rank(Xgp) = ¢), the convergence

2
rate of the objective function error f(Xj)— f(Xopt) can achieve O <<ﬁ:) k) |
which generally outperforms the O(k~1) or O(k~2) rates of gradient-type meth-
ods such as the proximal gradient method.

Third, to constrain the dimension of the subspace and improve the efficiency
of the algorithm, we further propose a restarted block PSB algorithm and sub-
sequently prove its convergence.

Finally, to verify the performance of Algorithm 4, we present a series of nu-
merical experiments and compare the algorithm with DGP-Z, DAGP-P, PAPG-
Z, PAPG-LS and PAPG,ys. The experimental results demonstrate that Al-
gorithm 4 exhibits remarkable effectiveness and robustness in most test cases,
especially when £ is small. The method proposed in this paper is effective for
small values of £. How to develop Krylov subspace methods for large ¢ deserves
future research.
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