eAppendix B
Bayesian Neural Network (BNN) Specification and Results
Can National Administrative Data Identify Optimal Nurse Staffing? Estimand Instability and Data Quality Failures in CMS Home Health Panel Data

B.1  Purpose
Approach B (Bayesian Neural Network) was implemented to assess whether nonlinear dose–quality or dose–cost relationships exist in the CMS Home Health Compare data that would be invisible to the linear specifications of Approach A. The BNN constitutes a nonparametric sensitivity check rather than a primary estimator; because it does not produce frequentist confidence intervals, its results are treated as corroborating evidence and reported as point estimates only. Approaches A and B were designed as epistemic complements rather than redundant checks: Approach A is theory-driven and data-integrated (functional form specified ex ante by the production-function framework), whereas Approach B is data-driven and theory-integrated (no functional form imposed).

B.2  Architecture
A Wide & Deep neural network (Google, 2016) architecture was implemented using PyTorch 2.0:

Wide component (linear):
•  Input: raw dose variable (RN FTE per 100 patients), state indicators, year indicators
•  Direct linear connection to output layer (captures main effects)

Deep component (nonlinear):
•  Input: dose variable + agency-level covariates (patient volume log, share of Medicare patients, geographic region)
•  Hidden layers: [256, 128, 64] neurons with ReLU activation
•  Monte Carlo Dropout (Gal & Ghahramani, 2016) with dropout rate p = 0.20 applied at each hidden layer during both training and inference
•  Output: concatenated with wide component; final linear projection to scalar outcome

Outputs estimated: (1) Average 4Ts quality composite; (2) skilled nursing labor cost per patient.

B.3  Uncertainty Quantification
Predictive uncertainty was estimated via Monte Carlo Dropout: at inference time, the dropout mask was sampled T = 200 times for each observation, generating a distribution of predictions from which the predictive mean and 95% credible interval were derived. This approach approximates a Bayesian posterior over network weights without requiring a full variational inference procedure (Gal & Ghahramani, 2016).
Because MC Dropout uncertainty does not yield a frequentist hypothesis test, formal equivalence testing (TOST) was not applied to BNN estimates. Results are reported as predictive means with credible intervals.

B.4  Training Procedure
	Hyperparameter
	Value
	Rationale

	Data split
	CCN-group-stratified 70/15/15 (train/validation/test)
	Prevents leakage across agency-year observations from the same agency

	Loss function
	Mean squared error (MSE)
	Standard regression objective

	Optimizer
	Adam (lr = 0.001, β₁ = 0.9, β₂ = 0.999)
	Adaptive learning rate; robust to sparse gradients

	Batch size
	256 agency-year observations
	Balances gradient noise and convergence speed

	Early stopping
	Patience = 20 epochs on validation MSE
	Prevents overfitting; average training terminated at epoch 84

	L2 weight decay
	λ = 1×10⁻⁴
	Additional regularization beyond dropout

	Input standardization
	Z-score within training fold; applied to validation/test
	Prevents scale sensitivity in deep layers



B.5  Dose Ablation Design
To isolate the marginal contribution of staffing dose to predictive performance, two models were estimated for each outcome:
•  Full model: dose + state + year + agency covariates
•  Dose-ablated model: state + year + agency covariates only (dose variable removed)
The difference in out-of-sample R² between the full and ablated models quantifies the incremental predictive value of dose information beyond what is explained by state, year, and observable agency characteristics.

B.6  Results
	Outcome
	Full Model R² (test)
	Ablated Model R² (test)
	Dose Marginal R²
	Interpretation

	Average 4Ts quality
	0.412
	0.407
	0.005
	Negligible incremental predictive value of dose for quality

	Labor cost per patient
	0.891
	0.443
	0.448
	Large incremental predictive value of dose for cost



Predictive mean estimates for the dose–quality relationship across the observed staffing distribution are flat within ±0.08 T-score units across the interquartile range of dose (0.8–2.9 RN FTE per 100 patients), with overlapping 95% credible intervals. No nonlinear optimum (interior maximum or inflection point) was detected in the dose–quality surface within the observed range.
The dose–cost relationship was strongly positive and approximately linear across the observed staffing distribution (predictive mean slope ≈ +$410/100 patients per FTE unit), consistent with Approach A linear estimates.

B.7  Conclusion
The BNN results corroborate the linear Approach A findings: staffing dose has substantial predictive value for labor cost but negligible incremental predictive value for quality beyond state, year, and observable agency characteristics. The absence of detectable nonlinearity in the dose–quality surface is consistent with the TOST equivalence finding from Approach A and reinforces the interpretation that the data do not support identification of an interior staffing optimum.
Reference: Gal Y, Ghahramani Z. Dropout as a Bayesian approximation: representing model uncertainty in deep learning. In: Proceedings of the International Conference on Machine Learning. 2016:1050–1059.
