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In this Supplemental Material, we present detailed derivations supporting the results reported in the main text. This document
is composed of four parts:

Supplementary Note I: Bipartite-graph representation of the quadratic bosonic quantum networks;

Supplementary Note II: Dark-mode determination using the symplectic-singular-value decomposition method;

Supplementary Note III: Derivation of the linearized Hamiltonian of the optomechanical networks;

Supplementary Note IV: Collective cooling of the mechanical modes and generation of optomechanical entanglement in the
optomechanical networks.

Supplementary Note I: Bipartite-graph representation of the quadratic bosonic quantum networks

In this section, we introduce a (M + N)-mode quadratic bosonic quantum network and present its Hamiltonian. We also present
detailed derivations concerning the bipartite-graph representation for this (M + N)-mode quantum network. This quantum
network consists of a type-a subnetwork with M nodes (each node is a type-a bosonic mode, aj,as,--- ,ay) and a type-b
subnetwork with N nodes (each node is a type-b bosonic mode, by, by, - - - , by) [Fig. S1(a)]. The Hamiltonian of this (M + N)-
mode quadratic bosonic quantum network consists of three parts,

ﬁnw = ﬁa + ﬁb + ﬁaba (Sl)

where H,, Hy, and H,;, describe the Hamiltonians of the type-a subnetwork, type-b subnetwork, and inter-node coupling between
the two subnetworks, respectively. Concretely, these Hamiltonians take the form (i = 1)
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where ad; and &,t are, respectively, the annihilation and creation operators of the kth mode in the type-a subnetwork, with reso-

nance frequencies w,,, and f,((;)

the kth and k’th type-a modes. In addition, E- and IQT are, respectively, the annihilation and creation operators of the jth mode

(ggj) is the coupling strength corresponding to the rotating-wave (counter-rotating) term between

in the type-b subnetwork, with resonance frequency wp;, and 77(’) (n(c)) is the coupling strength of the rotating-wave (counter-

rotating) term between the jth and j'th type-b modes. The variable g(r) (g(c)) is the coupling strength of the rotating-wave
(counter-rotating) term between the kth mode in the type-a subnetwork and the Jjth mode in the type-b subnetwork.
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(a) Bare-mode representation of the quadratic bosonic quantum network (b) Bipartite-graph representation of the quadratic bosonic quantum network
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FIG. S1: (a) A quadratic bosonic quantum network composed of two coupled bosonic subnetworks: the type-a subnetwork consisting of M
nodal modes {a;,--- ,a,--- ,ay} and the type-b subnetwork consisting of N nodal modes {b;,---,b;, - ,by}. (b) Bipartite-graph repre-
sentation of the quadratic bosonic quantum network obtained by diagonalizing both the type-a and -b subnetworks. The nodes of the two
subnetworks expressed in the bipartite-graph representation are these type-a and -b normal modes. Without loss of generality, here we assume
that these normal modes {B;, B,,--- , By, } {By,+1, Bu,+1," - - , By, }) within the dashed box constitute the first (second) degenerate normal-mode
subspace and share a common resonance frequency Q; (€2,).

By introducing the operator vectors
o=ty ay.aal gyt S3
r, = (al’aZ; »am, al’aZ’ aaM) s ( a)
ty = (b1, ba,- -+ by, B, BL, - BT, (S3b)

with the notation “T” denoting the matrix transpose, the Hamiltonian of the whole network can be expressed as

N 1 . H, | H i 1 1
_ Lot b a ab r, 2t 1t
A = 2<ra,rb>(ﬁJﬁHab - )( - ) JTila] - TrIB, (s4)

where “Tr” denotes the trace operation of the involved matrices. In Eq. (S4), the block matrices H,, H,, and H,;, are expressed

as
_[e ¢ _(B 1 (& &
Ha_(f‘{' Q’T)’ Hb_(’l'i“ BT)? Hab_(g: g:), (SS)

where we introduce the following submatrices
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The elements of these submatrices have been introduced in Eq. (S2).

To transform the network into a bipartite-graph network, we need to diagonalize the Hamiltonians of the two subnetworks
in advance, and then express the network using the normal modes of the two subnetworks. To obtain the normal modes of the
subnetwork beyond the rotating-wave approximation, we prefer to work in the quadrature-operator representation, in which the
two subnetworks can be described by the quadrature-operator vectors

2 A ~ A N A A T
Y, = (X4, Xass o 5 Xapps Pars Pans > Day) > (S7a)
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Here, these quadrature operators of these bosonic modes are defined by
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fork=1,2,--- ,Mand j=1,2,---,N. The quadrature-operator vectors satisfy the commutation relations
[Fo. B3] = iJa [y, ] = iJ.
where we introduce the symplectic matrices
[0 Iy [0 Iy
Ja—(_IM 0)’ Jb—(_IN 0)’
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(S8b)
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with I, (Iy) being the M (N)-dimensional identity matrix. Note that the relations between the two operator-vector sets {Fq, T}

and {t,, 5} are given by

r, = Laf‘m B, = Lbf.ln
where we introduce two unitary matrices
L:L Iy iy L:L Iy ily
¢ \/j Iy, -y )’ b \/E Iy -y}’

In the quadrature-operator representation, the Hamiltonian (S4) can be expressed as

R o [ H, |H,
A, = l(fu, ) b ,
2 i, m,

where these real symmetric coefficient matrices H,, H,, and H,, are defined by
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Here, the notations “Re(:)” and “Im(-)” denote the real and imaginary parts of “(-)”, respectively. In addition, we ignored the constant terms
=Tr[a]/2 - Tr[B]/2 in Eq. (S4).

Generally, it is a challenging task to clearly analyze the dark-mode effect of a coupled bosonic network in the bare-mode representation,
since Eq. (S13) contains various coupling terms. Instead, we prefer to analyze the dark-mode effect in the normal-mode representation. To this
end, we firstly apply a symplectic transformation S, to the quadrature-operator vector t, for these bare modes of the type-a subnetwork,

R, = (XApXAza"' ,XAM,IA)AI,FAZ,"' ,PAM)T = S;'fa, (S17)

where f(Ak and PAk are the quadrature operators (namely the dimensionless coordinate and momentum operators) for the kth normal mode A,
of the type-a normal-mode subnetwork. According to Williamson’s theorem [S1], the positive definite real matrix H, can be diagonalized with
a symplectic transformation operator S,, namely,

H, = STH,S, = L ® diag(A, Ay, - -+ , Aw), (S18)

where the notation “®” denotes the direct product of matrices, “diag(-)” gives a diagonal matrix with the elements of (-) on the main diagonal,
and A, is the resonance frequency of the kth normal mode for the type-a normal-mode subnetwork.
Similarly, we apply the symplectic transformation S, to the quadrature-operator vector F, for these bare modes of the type-b subnetwork,

R; = (XB],XBZ"" ,XBNaIA)BI’PBzy"' ,PBN)T = Szlf'b, (S19)

where X p; and f’Bj are the quadrature operators for the jth normal mode B; of the type-b normal-mode subnetwork. In this case, the coefficient
matrix H,, can be diagonalized as
Hp = S;H,S), = L, ® diag(Q), Qa, -+, Qu), (520)
where Q; is the resonance frequency of the jth normal mode B; for the type-b normal-mode subnetwork.
In the normal-mode representation, the coupling matrix between the two subnetworks is transformed into

C(XAXB) C(XAPB)

s = STHLS, = ( (s21)

C(PAXB) C(PAPB) >

with the element Czj) = G;{’).. Here, the variable G]((/) denotes the effective coupling strength between the normal modes A, and B; corresponding
to the four coupling cases {X4Xp, X4 P, PaXp, PAPg}.

Based on the fact that the dark modes only exist within the same degenerate normal-mode subspaces (all the normal modes have identical
frequencies in this subspace), below we analyze the dark-mode effect within the degenerate normal-mode subspace. This is because the
frequency mismatch among nondegenerate modes will induce cross couplings among the expected dark and bright modes, and then prevent
the formation of the real dark modes.

Based on the above analyses, we assume that the type-b normal-mode subnetwork is composed of various groups of degenerate normal
modes. Namely, we can divide all these modes into either degenerate normal-mode subspaces or nondegenerate normal-mode subspaces
[Fig. S1(b)]. For convenience and without loss of generality, we assume that all these modes in the same degenerate normal-mode subspace
are labeled with consecutive numbers. For example, we assume that the first n; normal modes are degenerate with the frequency €, and
the next (n, — n;) normal modes are degenerate with the frequency €2,. The last degenerate normal-mode subspace has (n; — n,_;) normal
modes with frequency ;. Note that n, = N for the network. In this case, the Hamiltonian of the system can be expressed in the normal-mode
representation as

A = 5@ (T2 )
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(S22)



where Hg) = QIx(y—n,_,) is the coeflicient submatrix of the /th type-b degenerate normal-mode subnetwork. Here, the degenerate normal-mode
frequency €, is the common resonance frequency of these normal modes {B,, ,+1, By, _,+2,"* , By} in the /th degenerate normal-mode subspace,
and the normal-mode quadrature-operator vector in this subspace can be expressed as

NCRESIE o o b 5 5 T
Ry = Xp,_ oo XBy 0o Xpys Py o Py oo P (S23)

Notice that, to describe these mode spaces uniformly, we can treat the nondegenerate normal-mode subspace as a special degenerate-mode
subspace, with degeneracy f = 1. We also point out that there is no dark mode in the nondegenerate normal-mode subspace because there is
no quantum interference channel. In Eq. (S22), the submatrix ng"””’ Vis the coupling matrix between the type-a normal-mode subnetwork
and all these normal modes in the /-th degenerate subspace of type-b normal-mode subnetwork, and it can be expressed as

(Xa.XB) (Xa.XB) (Xa.XB) (Xa.PB) (Xa.PB) (Xa-PB)
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(X4.Xp) (XA.XB) . G(XA,XB) (X4.Pp) (X4.PB) . G(XAvPB)

Clu-1+D~m] _ Mn_j+1) I M@y_y+2) Mn; My_+1) I My_1+2) Mny (S24)
AB - GG’A,XB? G(PAvXB) .. G(PAVXB) (P4.Pp) (PA.Pp) . G(PA Pp) |-

1(ny_ +1) 10— +2) 1ny I(n/,}l+1) l(n/,li+2) 1ny
GPaXp) PaXp) . GgPaXB) | GPAEB) PaPp) L GPaP)
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(Pa.XB) (P4.Xp) (Po.Xp) (P4.Pp) (Pa.Pp) (P4.Pp)
GM(nHH) GM(n,,1+2) e GMn, GM(n,,, +1) GM(m,,+2) . GMn,

In principle, the dark-mode effect in the whole network can be investigated by analyzing the existence of dark modes in all these degenerate
normal-mode subspaces.

Supplementary Note II: Dark-mode determination using the symplectic-singular-value decomposition method

For a quadratic bosonic quantum network consisting of a type-a subnetwork and a type-b subnetwork, the coupling Hamiltonian between
the two subnetworks can be expressed in the normal-mode representation as

Hub = ﬁ: CABRB’ (S25)

where the operator vectors R, and Ry are given in Eqgs. (S17) and (S19), and the coupling matrix C,p is described by Eq. (S22). Since the
dark modes are confined within the same degenerate normal-mode subspace, we can determine the number of type-b bright and dark modes
within each of these degenerate normal-mode subspaces of the network. As an example, we analyze the dark-mode effect in the first degenerate
normal-mode subspace composed of these type-b normal modes B, described by the quadrature operators {XB,, f’B,} forl=1,2,---,n;, which
share the degenerate normal-mode frequency Q;. In this degenerate normal-mode subspace, the coupling matrix can be expressed as

(X4.XB) (X4.XB) (Xa.XB) (X4.Pp) (X4.Pp) (Xa.PB)
G<1)]f Xp) Gb% X G(IQIX) G& Py) G(‘)% o G(])'PP)
AsAB A>AB AsAB. AI'B AI'B A-I'B
G21 Gzz G2n] G21 Gzz G2n]
(X4.Xp) (X4.XB) (Xa.XB) (X4.Pp) (X4.Pp) (Xa.Pp)
ci," = G?M ) G?n e wanl ) G<M] ) G<M2 e wanl ) (526)
AB - Pa.Xp Pa.Xp Py.Xp Pa.Pp Pa,Pp Pa.Pp) |*
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GMl GMz GMnl GMI GM2 GMnl

The matrix element G;‘l) in Eq. (S26) denotes the effective coupling strength between the normal modes A, and B, related to these four coupling
cases {XsXp, XaPp, P+Xp, P4Pg}. Based on the above analyses, the coupled bosonic network associated with the first type-b degenerate
normal-mode subspace can be described by the coupling configuration shown in Fig. S2(a). In addition, the Hamiltonian of the network
including all these type-a modes and these n; type-b modes {B;-i.,, } can be expressed as

AT 1 (AT  All~n] H cli~ml RA
~m] _ T 4
L )( iy g | g
1 & 1 u
) Z A&l + i)+ EQ' Z(Xé/ + P%/) + Z Z(GgAXB)XAkXBJ + G/E);APB)XAkPBj + GY;AXB)PAkXBj + G(kI;APB)PAkPB/)’
=1 =1 =1 =l

ny

(S27)

where the operators {}A(Ak,ISAk} and {)A(B/., ﬁBj} are given in Eqgs. (S17) and (S19).



(a) Quadratic bosonic network associated with the first type-b (b) Quadratic bosonic network after the symplectic-singular-value decomposition
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FIG. S2: Deformation of the quadratic bosonic network for determining the dark modes. (a) Quadratic bosonic associated with the first
type-b degenerate normal-mode subspace. (b) Quadratic bosonic network after the symplectic-singular-value decomposition. The straight
lines represent connections between the two subnetworks described by the Hamiltonian R}Dlﬁg ~ml /2, with R/{ = QX ] ﬁA; while the curved
lines denote the internal connections within the two subnetworks. Here, these modes A, A,, -+ , Ay might be non-orthogonal, while these
modes By, By, -+, B,, form a set of coupled modes. Within this set, the subset {B,,,+1, By, +2, - - - » By, } is completely decoupled from the type-a
subnetwork, forming a type-b isolated subnetwork, while the modes in the complementary subset {B}, B, ..., B’ml} are directly or indirectly
coupled to the type-a subnetwork and form a coupled-cluster subnetwork. (c) Semi-bipartite-graph bosonic network formed by diagonalizing
the type-a non-normal-mode subnetwork in the quadratic bosonic network described by panel (b). (d) New bipartite-graph quantum network
formed by considering the symplectic matrix Sg, to be an orthogonal-symplectic matrix, i.e., S};]SB1 = I,,. In this case, all these normal
modes E_,- for j=1,2,---,ny are orthogonal.

To analyze the dark-mode effect within the degenerate normal-mode subspace, we introduce the symplectic-singular-value decomposition
for the coupling matrix CL'; ™1 Since the CL'; ™1 is a real matrix, there always exists a symplectic-singular-value decomposition [S2],

cl," = Q, DSy, (S28)

where Q,, is an orthogonal matrix with dimension 2M x 2M, and S, is a symplectic matrix with dimension 2n; X 2n;. In addition, the matrix
D, with dimension 2M X 2n; takes the form

Sl 0 0 0 0
0 | SR 0 0 0 0
D, = 0 0 Q== sl gl glam-p—nl | (529)
0 0 QP2M=2uy—viam —py —nuy ] 0 0 0
where Y1l = diag(o-(l”, 0-(2”, e ,a'f,ll)), and the superscripts “[/,/']” in these submatrices denote their row and column numbers. In addition,

~ni]

~ T .
the symplectic singular value o, is determined by both the skew-symmetric matrix C\ JLZ”‘ 2m1CtmI™ and the orthogonal matrix Q 4, [S2].



Accordingly, the operator vectors in Eq. (S22) become

RA - (Xfil’XvA-z’ ... ’XAHM’PA[’PAP' .. ’PA_M)T = QXRA’ (S30a)
[om] 2 2 2 2 2 2 2 2 T 1 1~ni]
R ! (XBl’XB"7’ Bp+qy ’X[?plwnl’ Tt ’XBﬂ[ ’PB’1’P5‘2’ e ’P3p+q’PBm+q1+l’ o PBn ) = SB R (S30b)

Based on Egs. (S30), the Hamiltonian of the system (including the type-a subnetwork and those type-b modes restricted within the first type-b
degenerate normal-mode subspace) can be expressed as

A = %(ﬁ},(ﬁg“’”)T)( II){XAB }11); )( ﬁﬁf‘m ) (S31)

with the coeflicient submatrices
H; = Q) HAQ,,. (S32a)
iy = ST HY'S, = Q8] Sp,. (S32b)

In Eq. (529), the rank of D, is (2u; + v;), and both the submatrices corresponding to the third and sixth columns are zero matrices,
thus these type-b modes By sy, 415 Byysvi+2,+++ » By, are not directly coupled to any modes in the type-a subnetwork. Since the matrix Sg,
is the symplectic matrix, the coefficient matrix H“anJ may contain the off-diagonal elements, which indicates that there may be internal
couplings among these modes B\, B, -- ,B,,l Therefore some modes in the subset { ,JIWIH,B,,HVWZ, e ,B,,l} may either couple to the
type-a subnetwork indirectly via these modes By, By, - - - B,,I +v, or remain decoupled from it entirely. In this case, we can divide these modes
in the subset {Bl, Bz, e B,,] } into two subsets: type-b coupled-cluster subset (named type-b coupled-cluster subnetwork containing directly-
coupled modes B, B, - - - Bmm and 1nd1rectly coupled modes B 14y 41 B v 425 " B,,,l) and type-b isolated subset (named type-b isolated
subnetwork containing modes Bml+1 s B,,,] 42, B,,]) These modes in the isolated subnetwork are always decoupled from type-a subnetwork
and the type-b coupled-cluster subnetwork. In addition, since the matrix Q,, is merely orthogonal, it cannot guarantee that the operators in the

vector (S30a) satisfy the canonical commutation relation [Xy,, Pa,, ] = i, which means that these modes {A;, A,, -+ , Ay} might be non-
orthogonal. Based on the above analyses, the coupled bosonic network after the symplectic-singular-value decomposition can be described by
the coupling configuration as shown in Fig. S2(b).

In Fig. S2(b), we cannot obtain the explicit expression for the real couplings between the bright modes (B,B,,--, Emﬂ,l} and the normal
modes in type-a subnetwork. To clearly analyze the real couplings between the type-b bright modes and the modes in type-a normal-mode
subnetwork, we need to transform these non-normal modes {A, A,, - - - , Ay} into normal modes. To this end, we reintroduce the orthogonal
matrix Q,, to diagonalize the coefficient matrix H;, namely

H, = Q, H;Qj (S33)

then the operator vector R; becomes R4. In this case, this network after the symplectic-singular-value decomposition becomes a semi-
bipartite-graph bosonic network in Fig. S2(c). Consequently, the Hamiltonian of the semi-bipartite-graph bosonic network can be expressed

as
AT~ 1 AT A1~ HA Dl RA
Aleml _( ,(R n1])T)( )( -~ ) (S34)
2\ D, [H; /I RS

where we introduce the new coupling matrix 3

D, = Q4D (S35)
Since Q,, is an orthogonal matrix, i.e., QAIQ}1 = I, we have le' = Q}]. Therefore, left-multiplying D; by Q,, does not change the
rank of D, [Rank(D;)=Rank(D;)], which means that the nonzero column vectors in D, are linearly independent, and the transformation

preserves the null subspace without introducing new ones. When the directly-coupled set {By, Ba, - , B+, } and indirectly-coupled set
{Bm+w+1’ Byﬁy,ﬂ, .- ,1;’,,,1 } are decoupled, the Hamiltonian of the network can be expressed as

M H1tvy

1 2 2 2 2 2 2 2
DA+ PR+ Q0 D 1T S8 X X, + (S5, S0 ) iy X Py + (S5, S Py X, + (S} S sy Xp Xy
k=1

JJ'=1

=

| —

m

1 2 2 2 2 2 2 2 2
z Z [(StT;l S5, )j,j’XBJ-XB’j, + (S;]SBl)j,nl+j'XB_,PB/, + (StT;l SBl)n|+j,j’PBjXB/r + (S[T;,SB,)n|+j.n1+j'PB,PB/,]
JJ =1y +
ny n " n n n N N R
Z [(StT;l SBI)_i,j’XI‘;,-XI"?j, + (S;,SBl)j,nl+ij1§,-P1§,, + (SEI SBl)n1+j,j’Pl~?fXI§jr + (S[T;,SB,)nl+j,nl+/P1§,-P§/,]
o' =my+1
Ot ~XaXp o B ~XaPp o B ~(PaXp) p & ~(PaPp) s 3
+ Z Z G R Xy, + G PRy Py + GV Py Xy + GNP Py ), (S36)
=1 =1

where the variable G~1(€j) denotes the effective coupling strength between the normal modes A; and B; related to these four coupling cases



{XaX3, XaPp, PaXp, PAP5). Thus, there exist (u; + v;) type-b bright modes By, B,,--+,B,+,, and (n; — p; — v;) type-b dark modes
B/,t1+v1+l, Bﬂ]+v1+2a ) Bnl .

Although the number of dark modes can be determined under the current condition, their explicit forms remain inaccessible because the
modes within the dark-mode subnetwork may still be coupled. To clearly identify the forms of the dark modes, we need to impose an additional
condition on the symplectic matrix Sg, . As required, when Sg, is also an orthogonal matrix, i.e.,

ST Sy, =L, (S37)

the coefficient matrix I:Ig) becomes a diagonal matrix with the diagonal elements Q;I,, , which means that all these normal modes
By, B,,--- , B, are orthogonal. Thus, there are no couplings between the bright-mode and dark-mode subnetworks, and then the semi-bipartite-
graph network becomes a bipartite-graph quantum network [Fig. S2(d)]. In this case, the Hamiltonian (S36) becomes

M M pp+vy

Allen 1 (XaXp) o ~(XaPp) ¢ ~(PaXp) £ ~(PaPp) g

A" = 2 A&+ B+ QIZ(XZ + P+ )L DG R Xy + G VR Py + GV Py Xy + GV Py Py ). (S38)
k=1

k=1 j=1

Using the same method, we can determine the dark modes in all these degenerate normal-mode subspaces. Based on the above analyses,
we can determine the total number of the type-b dark modes in the quadratic bosonic quantum network, which equals to the sum of the dark
mode number in all degenerate-mode subspaces.

A. Reduced to the beam-splitter-type coupled bosonic networks under the rotating-wave approximation

In this section, we show that our present method can be reduced to the arrowhead-matrix method for determining the dark-mode effect in the
beam-splitter-type coupled bosonic networks [S3], which can be obtained by discarding all the counter-rotating coupling terms in the present
networks. For the (M + N)-mode beam-splitter-type coupled bosonic network, the Hamiltonian can be expressed in the quadrature-operator
representation as

A= ( H, |Hy (S39)
= —(r,, )
¢ h Hub Hb
where the operator vectors ¥, and ¥, are given in Eqs. (S7), and the coefficient matrices are given by
-~ 1{ a+a" i(@-a"
H.=3 ( —il@e-a") a+a’ | (S40a)
S _L( B+p iB-p )
H,=-( , S40b
’ 2(—l(ﬂ—ﬂT) B+B (5400
5 _ 1 e+eg g -g)
H,=-| 5 "°, roeriy S40
b ( -i(g, - 8&) & +& (540c)

with @, B, and g, given in Eq. (S6a). Namely, the submatrices &, 7, and g. in Eq. (S6b) become zero submatrices. To diagonalize the coefficient
matrices H, and H,, we introduce two symplectic matrices

_ [ Re(U,) -Im(U,)

S, _(Im(Ua) Re(U,) ) (S41a)
_( Re(Uy) -Im(U,)

S, ‘(Im(U,,) Re(Up) ) (S41b)

with U, and U, being the unitary matrices. In this case, the coefficient matrices H, and H, can be diagonalized as

H, = STH,S, = I, ® diag(A;, Ay, - -+ , Ay), (S42a)
Hp = S;H,S, = L ® diag(Q;, Qa, -+, Qy), (S42b)
respectively, where we use the two relations
UjaU, = diag(A1, Ay, -+, Ay), (S43a)
UjBU, = diag(Q;, Q.-+, Q). (S43b)

Note that these notations have been introduced in Supplementary Note I of this supplementary material. In addition, the coupling matrix
between the two normal-mode subnetworks becomes

CAB = Szﬁahsb =

Re(G,) —Im(G,) ) (S44)

Im(G,) Re(G,)

where we introduce the effective coupling matrix
G, =Ulg,U,. (845)



Accordingly, the new operator vectors in the normal-mode representation can be expressed as

R, = (XA],Xsz"' 7XAMvPA1»PA2a"' ,PAM)T = S;lf'a, (S46a)
ﬁB = ()?B]s)?st"' ’)?BN’IA)B]si)BZ"" ,}A)BN)T = S;jlf'b- (S46b)

To clarify the idea for analyzing the dark-mode effect in the beam-splitter-type coupled bosonic network, we now focus on the case with one
degenerate normal-mode subspace composed of n; < N type-b normal modes B; (j = 1,2,--- ,n;). In this degenerate normal-mode subspace,
the corresponding coupling matrix reads

(~m] _ [ Re(GI"™™1) —Im(GL"™™1)
climl = ( (G Re(GlIM) | (S47)
Based on Eq. (S28), the symplectic-singular-value decomposition of the coupling matrix in Eq. (S47) can be obtained as
C,;"' = QDs;, (S48)
where the orthogonal and symplectic matrices are given by
_ [ Re(Us) —-Im(Uy)
Q= ( Im(U,) Re(U,) |’ (5492)
_ [ Re(Up) —Im(Up)
Sp = ( Im(Us) Re(Up) |- (S49b)
After some algebra, we obtain
- 20
(1~
D:Q}CAB]SB:(O 2)7 (SSO)
where the matrix 2’ takes the form
Z[Hl#l] 0 0
Z=UGUz=| 0 o»! 0 , (S51)
0 0 OlM*m*Vlvnl*M*h
with the diagonal matrix Z[""’“] = diag((r(ll) s 0'(21), e ,o'f,'f) and y; = min(M, n;). Here, ((J'f,'l))2 is the p-th eigenvalue of the matrix G,GI, and

the unitary matrix U, (Up) is composed of the eigenvectors of G,‘GT, (GZG,). Based on Eq. (S51), the symplectic-singular-value-decomposition
method is reduced to the singular-value-decomposition method in the beam-splitter-type quantum networks. Thus, our method can cover the
arrowhead-matrix method as a special case for the beam-splitter-type coupled bosonic networks.

B. The dark-mode determination in the (2 + 3)-mode linearized optomechanical networks

We consider a (2 + 3)-mode optomechanical network, which is composed of two optical modes and three mechanical modes. For conve-
nience, we consider the case where the frequencies of the two optical modes (three mechanical modes) are degenerate, i.e., 6, = 04 = dq
(wp, = wp, = wp, = wy), and the real coupling strengths between the mechanical oscillators are equal, namely 7, = 1713 = 1723 = 1. In this
case, the linearized Hamiltonian (the linearized Hamiltonian of the optomechanical network will be presented in Supplementary Note III) in
the normal-mode representation can be expressed as

rpl44] | l4.6] 2
Al = S8 ﬂj & ‘f;gm ( L ) (S52)
2 HabY Hb ' T
where we introduce the coefficient matrices
12.21 ~[3.3] [2.3]
e [4.4] @ 0 ~ [6.,6] 0 = [4.6] g 0
with
wp 2n 27y
22 = ( g:al ?2 ), BB,S] =[ M w, 2 ], g3 = ( ;gll ;glz ;gIS ) (S54)
12 Oay 2 2 w 821 «822 4823
Note that here we introduced the superscript [s, s’] to mark the dimension of the submatrices. The fluctuation operator vectors are defined as
o = Rays X0y Pays Pan) s (S55a)
5 = Ry, Ry Xy Poys Py Py) - (S55b)
To diagonalize the two coefficient matrices I:I[lf’4J and I:I[b()'ﬂ, we introduce two symplectic matrices S, and S,
U, 0
S. = ( 0 U, ) (S56a)
147 m—1/4
w Ub:. 0
Sy, = ( b 0 b w;”“Ul,E;M , (S56b)



with the orthogonal matrices

1 1 1
_L\F L\F V2 FE V3
— 2 A2 — N2 L
Ua = ( 1 1 ), Ub - 0 3 V|’
2 2 L S .
V2 V6 V3
and the diagonal matrix
33 wp — 21 0 0
5, =UB"U,=| 0 w-2y 0
0 0 wp + 47

16,61

. N . .
Therefore, the two coefficient matrices Hlll "and H, ™ can be diagonalized as

44 _ QTR44q _ 60— &n 0
H,™ =S,H, S“_Iz®( 0 da+é&n )
6,61 (e =20 . 0
Hy* = STH;S, = L 0 wn(wp=2m) 0

0 0 Vwp(wp + 4n)

. . . 46
In this case, the coupling matrix th ' becomes

[4.,6] Tyyl4-6] G G, Gis 2,3]
=STH =
Ciz =SHuy S, (G21 Gy Gn o0

with the effective coupling strengths

1/4

G = m(gu — 813~ 81 +8&0),
1/4
Gp=—" —-2g1 + - + 285 — s
12 \/g(wb o)A (g1 812 + 813 — 821 82 — 823)
1/4
Gz = L(—gn — 81— 813+ & +8n +8n)
V3(wp + 4n)'/4
1/4
Gy = m(—gn + 813 — 821 + 823),
1/4
Gp=-—-2—— —2812+ 813+ 80 —28n + ,
22 \/§(wb P (g1 812 T 813 T §21 82 + 823)
Vi)
G (g1 + 812+ 813+ 821 + 80 +80)

"7 Vw + a1
The Hamiltonian (S52) can be expressed in the normal-mode representation as
N 11 a1 ((HP [ CRO YR
Hlin = _(RAv RB) ( [2‘,6] ?6?6] ﬁA s
C,;" |Hp B
where we introduce the new fluctuation operator vectors

Ry = (Xay. Xny, Pay o))" =S, 'Fa
lA{B = (XBI’XBZ,XByP&aPBZ,pB3)T = S;lf‘b,

10

(S57)

(S58)

(S59a)

(S59b)

(S60)

(S61a)

(S61b)

(S61c)

(S61d)

(S61le)

(S61f)

(S62)

(S63a)
(S63b)
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with

o 1 (w, -2 1 (w, -2

Xp, = =Tt ——1/4 Xpss (S64a)
V2w, V2

5 1 (w,—2p)"* ‘/_(wb—2n)”“ 1 (wp = 2"

X32 = ——7)61,1 Txhz - —Tx;,j, (S64b)
Vo o w, V3 Vo o w,

. 1 o+ 1 +4)‘/4A 1 (wp+4p)'*

B e s Y LI (et

b

| Wl | 1/4

Pp=— . (S64d)

B V3 (@ —217)'/4pb‘ B (@ _2,7)1/41”13’
1/4 1/4 1/4
. 1 w, A V2 1
P = P R T (5650
1/4 1/4 1/4
. 1 1 1
P, = (S64f)

P \/_(U)b+477)1/4pb1 \/_(w;,+477)”4pb2 N +4n)1/4pb3

We can see from Eq. (S59b) that there exists two degenerate type-b normal modes: B, with the operators X By 1331 } and B, with the operators
{Xs,, P, }, thus the dark modes of the (2 + 3)-mode linearized optomechanical networks only exist in this degenerate normal-mode subspace.
Here, the coupling matrix can be expressed as

G G, 00

=44 _ | Gy Gn 0 0

Cyp = 0 0 00 (S65)
0 0 0O

To further analyze the dark modes in the (2 + 3)-mode linearized optomechanical network, we introduce an orthogonal matrix Q, = Uy @ Uy
and a real symplectic matrix Sz = Vp @ Vjp, with the orthogonal matrices U4 and V. Then the symplectic-singular-value decomposition of

the coupling matrix Cfé‘” can be obtained as
cly = Q,DLS,' (S66)
with the diagonal matrix
U0 00
i = o ‘Tg) 00 (S67)
0 0 00

In Eq. (S67), the symplectic singular values 0'(1) and 0'(1) can be calculated as

(1)

ol = (S68)

J (G} +G +G+ G+ \/(GZ +G3 = G}, = G2, + 4(G11G1y + G2 Gp)?
5 .

In addition, the orthogonal matrices U, and V are composed of the eigenstates of the matrices C[4 4]C[4 4" and C[4 Al Cf;], respectively. Note
that the dark modes appear when either of the singular values 0'(l> or 0'“) vanishes.

Based on the above decomposition, we will analyze several cases accordmg to the tunable coupling strengths g,, and g3, where other
coupling strengths are equal (g1 = g12 = 813 = 821 = &)-

(i) In the case g = g3 = g, the effective coupling strengths can be expressed as G;; = Gy = G = Gi3 = Gy = 0 and Gy3 =

2 V6[w,/(w, + 4m)]'/4, and then the symplectic singular value can be obtained as 0'(1'; = 0. In this case, there exist two dark modes {)A(B1 s 1331 }

and {X3,, P,}.
(ii) In the case g2, = g23 # g, the effective coupling strengths in Egs. (S64f) become

1 1 w
Gp=Gpn=—72G;=—=Gy=—""—(823—8), (S69a)
12 2 7 11 i 21 V3(wn — 21 23
2V2w)
Gi=——"—(gn-29), (S69b)
V3(w, + 4m)'/4
G 2207 s (S69¢)
= — (g + g»). c
Y VA
Thus we can obtain the symplectic singular values
2v20)!
= L (g2 - g), oy =0, (S70)

o2V
b VBw, -2
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which means that there exists one dark mode

s 1 (wy-2mpt s 1 w,* R R
X3, = @T()‘hz = %), Py, = ﬁm(l’bz = Pis)- (S71)
(iii) In the case g2, = g and g3 # g, the effective coupling strengths Gy; can be expressed as
1 ] 1/4
Gi=Gp=-—G=-——=Gy = —"——(g—gn), (S72a)
] V3 N3 VBl -2
Vi)
Gz = W(gB -8 (S72b)
Vaw)"
Gy = W(Sg + 82)- (872c¢)
Wp
Substituting Egs. (S72) into Eq. (S68), we can obtain the symplectic singular values
230}
(1 b (1)
- —9), =0, S73
1 \/g(w;, P (g3 -9 g, ( )
which indicates that the following normal mode becomes a dark mode
/4
o 1 (@=2pt S
X3, = ET(%I = Xp,), Py, = $m(1)h, = Pby)- (S74)
(iv) In the case g3 = g and g2, # g, based on Eq. (S61), we can obtain the effective coupling strengths
Gy =G =0, (S75a)
20
Gn=Gp=——"—"—(@@n~-9), (S75b)
1 V3(w, — 2114
NG
Gi3= ——————(gn -9 (S75¢)
V3(wy + 4n)'/*
NG
Gy = ——————(5¢ + gn). (S75d)

V3(wy + dn)'74

In this case, the symplectic singular values are obtained as

2V
(1) b (1)
o= =T (g, — ), o =0. (S76)
U Bwy — 2 2

Therefore, there exists one dark mode

1 0.)1/4

s 1 (w2 _ b
V2 (wp = 21/

XBz - \/E w[l}/4

By analyzing the symplectic singular values a'(llé for various values of g, and g,3 within the degenerate-mode subspace, we can obtain the
conditions for the existence of the dark modes.

(Xpy — &p,)s Pg, (Pvy — Dby)- (S77)

Supplementary Note III: Derivation of the linearized Hamiltonian of the optomechanical networks

In this section, we present the detailed derivation of the linearized Hamiltonian of the optomechanical networks. Concretely, we consider
an optomechanical network consisting of M optical modes and N mechanical modes, where these optical modes are coupled to each other
through the photon-hopping interactions, while these mechanical modes are coupled to each other through the phonon-hopping interactions.
The optical modes are coupled to the mechanical modes via the radiation-pressure interaction. In addition, each optical mode is driven by
a monochromatic field with the driving strength A; and the same driving frequency w;. In a rotating frame defined by the transformation
operator V = exp(—iwyt Z,’Ll Elék), the Hamiltonian of the optomechanical network can be expressed as

M M N N
Ay = ZS%a};ek + Z Ew@lep +2le0+ Z wa,dd; + Z nip(d +dpd, +dy)
k=1

k=1k<k’ J=1 J=Lj<j

M
+ Byt ed] + d)) + D\ M@ + &), (S78)

k=1

.MZ

o~
I

~.
1]
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where ¢, (éz yand d i (Jj.) are, respectively, the annihilation (creation) operators of the kth driving optical mode and the jth mechanical mode
in the optomechanical network, with the corresponding driving detuning d,, and resonance frequency wq;, and &y (17;) is the photon-hopping
(phonon-hopping) coupling strength between the kth (jth) and k’th (j'th) optical (mechanical) modes. The variable g;; is the single-photon
optomechanical coupling strength between the kth optical mode and the jth mechanical mode.

Due to the inevitable interactions between the system and the environments, we assume that each optical mode is coupled to a vacuum bath,
while each mechanical mode is coupled to a heat bath. Within the Markovian-dissipation framework, we can obtain the Langevin equations of
the system operators as

N
= (i, + K1) — nglkck =i Y geid] + d)) = ih + V2Kie, (S79a)
k>1 Jj=1
N
eﬁ4mﬁm&—@aﬁz@aﬁzg@@+wﬁm+2mm, (S79b)
k>2 j=1
(zéLM + Ky )y — 1 Z Emlr — i Z gM,cM(d + d D) = iAy + V2kmCpin, (S79¢)
Jj=1
me-+yodl—z}§:nxd +d>-—z§]gueé + V2y1din, (S79d)
j>1
X M
@:—m%+m@—mmﬂmo4§ﬁaﬂﬂmd§ﬁmm+vmmm (S79)
j>2 k=1
=4ww+ym@—z2hmw-uu—szWcQ+J%w%m (S796)

k=1

where «; and y; j are, respectively, the decay rates of the kth optical mode ¢ and the jth mechanical mode d;. In addition, the operators ¢y,

(ék ) and d;; jin (d ,) are the noise operators associated with the kth optical mode and jth mechanical mode, respectively. These noise operators
have zero average values and satisfy the correlation functions [S4]

(@] (0w () = 0, (S80a)
(Crin(0)e}, ) (1)) = Srardt = 1), (S80b)
@in(Od), (1)) = () + 1), 6t = 1), (S80c)
dl (dy i) = 76,6t = 1), (S80d)

where 7i; is the mean thermal phonon number associated with the jth mechanical mode.
In the strong-driving regime, we can linearize the optomechanical Hamiltonians by expanding the operators ¢; and d; as a summation of
their steady-state mean values and quantum fluctuation operators,

&= (G + s & =@+, (S81a)
d; = (d)s + b;, di = (dy)i, + bl (S81b)
Note that for keeping the notation consistent, we consider the operators a; and b ; to represent the fluctuation operators of the optical mode
¢, and the mechanical mode d;, respectively. Further, for working in the quadrature-operator representation, we introduce the quadrature

operators corresponding to the linearized fluctuation operators of the system. The expressions of these quadrature operators are given in
Egs. (S8). Accordingly, we introduce the quadrature noise operators associated with these linearized fluctuation operators as

2in LIPA o S ¢
i = T(C,t_m + Bin)s P = 17(%“ — Sin)s (S82a)
’AC};'} = \/_(d, ot djin), f?},‘; =i— \/_(dj'm — din). (S82b)
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Then the linearized Langevin equations of the system can be expressed in the quadrature-operator representation as

M
fay = =KiRe, + 00 0P + ) Eupa, + V2K, (S83a)
k>1
M N
Pay = =0 Fay = KiPay = D Euda, =2 ) 1%, + V2K Pl (S83b)
k1 j=1
M-1 )
Rar = Say Payy = Kntay + ) ExaPa, + 2Kz, (S83¢)
k=1
M-1 N
Pay = ~OaryRayy = KnPay = ) Ecta, =2 ) @i, + \2Kupl,» (S83d)
k=1 j=1
Xp, = Wy P, — V1%, + 201K (S83e)
N M )
B = = By = V1Py, =2 Mk, =2 ) guke + 201D}, (S83f)
j>1 k=1
JACbN = Wpy Doy = YNEby + ZVNJACE;,, (S83g)
N-1 M
Py = =Wy oy = Yoy =2 D Minis; =2 ) Qv + V2nPly- (S83h)
j=1 k=1

Here, we introduce the effective detunings d,, = 6., + 2,& L 8 (), + (d))ss), the resonance frequencies wy; = wg;, and the coupling strengths
8kj = 8kj{Ck)ss» Where the corresponding (Cy)ss and d i)ss are the steady-state mean values of the operators ¢, and c?_,, which are governed by

—i Y Enlr)ss — iA

<61 >ss = (K] T 1'6(-1) s (5843)
(e = ZE12(Cs — i N EulEds —ia (S84b)
(k2 + i6c,)

=i S5 En(Cidss — iAm

(Cardss = (Ky + 0., s (S84c¢)
@ = —iZ?il m;(dp) + <dAj>ss‘) iy gk1<ék>ss<ék>;, (S84d)
O + iwa,)
- —inp(di Y + (di)) — i XY, n2j<<z?{->:s +{dps) — i T, gkz<ak>ss<ék>;;, (s540)
(y2 + iwy,)
iy = ZEEI NS+ () = T BB @ (584D

(ym + iwgy)

By ignoring the damping and noise terms in Eq. (S83h), we can obtain the linearized optomechanical Hamiltonian in the quadrature-operator
representation,

M M N N M N
g Ou ~2 PN A A Wo; A2 PN PO
Hy, = T(X"k + D)+ S (g, Xapy + PayPays) + — G, + Py) +2 My XX, +2 8kjxa Rn;- (S85)
P k=Th<k =1 JLg< k=1 =1

The Hamiltonian (S85) is the starting point for our study of the dark-mode effect for the quadratic continuous-variable quantum networks in
the main text.
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Supplementary Note I'V: Collective cooling of the mechanical modes and generation of optomechanical entanglement in the
optomechanical networks

In optomechanical networks, the presence of the dark modes will strongly suppress the simultaneous ground-state cooling of the mechanical
modes involved in the dark modes, thereby the generation of the optomechanical entanglement between the optical modes and the mechanical
modes will be destroyed by the residual thermal phonon number. Therefore, the existence of the dark modes can be examined by analyzing
the collective cooling of the mechanical modes and the generation of optomechanical entanglement in the optomechanical networks. Below,
we will examine the collective cooling of these collective mechanical modes by calculating the mean phonon numbers. We also characterize
the optomechanical entanglement by introducing the logarithmic negativity.

C. Mean phonon number of the collective mechanical modes

For the linearized optomechanical network, the mean phonon number of the collective mechanical modes can be calculated by using the
covariance matrix of the system. For a Gaussian initial state, the evolution of the linearized optomechanical network can be described by the
covariance matrix. To derive the covariance matrix, we first introduce the quadrature fluctuation operator vector

R0y = (0. 80)' (586)
with
2 T
£a(t) = (R, (1), 20y (1), Rayy (0, Py (0, Py (0), -+ Py (D)) (S87a)
2 T
£,(1) = (R, (1), 2, (1), -+, R, (0), P, (0, Py (0, Py (D)) (S87b)
and the quadrature noise operator vector
R0 = (F7,0.FL,0) (S88)
with
8 i i sin Ain Ain ain 2 \T
Fain(®) = V2(VKIED (), VR Z (1), -+, Viarin, (0, VKPR (1), NPl (0, » VK pin, () (S89a)
2 i ain ain Ain Ain Ain T
Boin() = V2(VVIER (), NTRRR (0. . NINER (O, NVIPR (0, V2P 0.+ . NTNP, () (S89b)
Then the linearized Langevin equations (S83h) can be expressed as a compact form
£ = AR() + N, (S90)
where the drift matrix is introduced as
—K 0 --- 0 60 0 o Em 0 0 0 .- 0 o 0 0 --- 0
0 -k - 0 & 6y - bom O 0 o - 0 o 0 0 --- 0
0 0 —Kpm glM §2M . 6aM 0 0 0 0 0 0 0 0
5a, - & —Kx1 0O 0 —2gn —2g1 21 —2giv 0 0 0 0
=€ —04 -Hu 0 -k —2gy1 —28» —28n -2gy 0 0 0
=€ —6m —COay 0 0 —Kky —28m1 —28m2 —28m3 —2gun 0O 0 0 0
_ 0 0 0 0 0 0 —Y1 0 0 0 wp, 0 0 0
A=l o o 0O 0 0 0 0 -y 0 0 0 w, 0 0 (S91)
0 0 0 0 0 0 0 0 -3 0 0 0 wy 0
0 0o - 0 0o 0 0 0 0 0 -« —yv 0 0 0 - wy,
—2gn -2gn - 2gm O 0 0 —Wp, 2ma2 2ms3 -+ 2mn 71 O 0 0
—2g12 —2g» -+ —2gm2 O 0 0 -2 —Wp, —2m3 o0 =2my 0 -y, O 0
—2g13 =283 -+ —2gm3 O 0 0 -2nm3 —2m2 —Wpy 2my 0 0 -7 0
—2giv 28w -+ “28uv 0 0 -+ 0 -2my -2mn —2mvy -+ —wp, O 0 0 - -

The stability of this linearized optomechanical network can be analyzed using the Routh-Hurwitz criterion [S5]. Note that all the numerical
results presented in this work are within the stable regime.
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To study the collective cooling of the mechanical modes, we introduce the steady-state covariance matrix V of the optomechanical network,
which is defined by the matrix elements

Vs = 5 (00 (00) + (o0l 000) (592)
for i, j = 1-2(M + N). The covariance matrix V is governed by the Lyapunov equation
AV + VAT = -Q, (893)
where we introduce the diffusion matrix
Q = diag[ki, ko, s Kngs K1y Koo oo Ky (2001 + Dy, (272 + Dyaye -+ 2oy + Dyyw, 201 + Dy, 2z + Dyaye oo, iy + Dyn]. (S94)

By solving the Lyapunov equation, we can obtain the expression of the covariance matrix V. Since the mean occupations of the collective
mechanical modes are directly governed by the average value of the second-order moments for these mechanical modes, we can express the
covariance matrix V in the block form as

V., V
V= ( e ) : (S95)

T
Val; A\
where the submatrices V, and V,, are, respectively, the correlation matrices of the type-a and -b subnetworks, while the submatrix V,, is the
cross correlation matrix between the two subnetworks. Concretely, the elements of these submatrices take the form as (V )y p = Vi for

k,k' = 1-2M, (Vp); 7 = Vomsjomey for j, j” = 1-2N, and (Vap)ij = Viamsj for k = 1-2M and j = 1-2N. Based on Egs. (S11) and (S87b), the
average value of the second-order moments for these mechanical modes can be expressed in the matrix form as

(bibyy (bib)y -+ (biby)  (biby)y (biby) -+ (biby)

(babyy (babyy -+ (babyy  (baby)  (babo) - (baby)

iy = | BB bl oo Bubly (byb) By - (yby)
’ yby) <byby)y -+ Kbby)y  (byby) (byba) -+ (byby)
(BiBTy (BIBYy - (BibLY (Bibyy (Blbyy --- (Biby)

(bLbTy (BLBLY --- (8BLBL) (8bLby) (Bibyy - (BlLby)

Ly (£t L]

1
LbeLZ + Ein, (896)

where the symplectic matrix J, and the unitary matrix L, are given in Egs. (S10) and (S12).
To analyze the collective cooling of the mechanical modes, we introduce the collective-fluctuation-operator vector in analogy to Eq. (S3b)
as

t5= (B, Bo,--- By, Bl Bl,--- , B)" = UL}, (S97a)
# = (BBl .Bl.Bi.By- By) = LU, (S97b)

where the matrix U is introduced as
U =1,S;'S;". (S98)

Therefore, we can obtain the average values of these second-order moments for these collective-mechanical-fluctuation operators B; for
j=1-Nas

(BiB}) (BiBY)y - (BiBY) (BiBi) (BiBy) -+ (BiBy)

(B2BYy (B:B)) -+ (B:BL) (B:Bi) (B:B,) (B, EN)

@y = | BB (ByBY - <BNBN> by GBubsy - <1§;’N§N>
’ (BIB)) (B|B)) --- (B|B\) (B|B)) (B|B:) --- (B|By)
(BB (BiBY) -+ (BiB)) <B‘ By (BiBy) -+ (BiBy)

BB BB - BB BBy <§L§2> - (B By)

UL (i8] )Lb‘ll‘

Uv, U + z(u(ax oLyU’, (S99)
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with o, = ( (1) (l) ) Based on Eq. (S99), we can obtain the mean phonon number of the jth (j = 1-N) collective mechanical mode as

(BIB)) = (Raffnejne)- (S100)
Equation (S100) gives the expression of the thermal occupation for each collective mechanical mode, which can be used to evaluate the
collective cooling performance.

D. Logarithmic negativity between the optical and mechanical modes

To analyze the optomechanical entanglement in the optomechanical network, we adopt the logarithmic negativity to quantify the optome-
chanical entanglement. Concretely, to characterize the optomechanical entanglement between the kth optical mode @, and jth mechanical
mode by, we investigate the logarithmic negativity )

Ej” = max[0, -In(2g; )], (S101)

where we introduce the smallest eigenvalue of the reduced correlation matrix V,’w- [obtained by extracting the submatrices associated with the
kth optical mode a; and the jth mechanical mode b; from the full covariance matrix V in Eq. (S92)] as

12

|
5= [z(v;, = BV - ddev | (S102)

with
(V) = det(Ay) + det(B;) — 2det(Cy. ). (S103)

In Eq. (S102), the reduced correlation matrix V,’(,_/ takes the form as

i Crj ) (S104)

Vei = ( CZ./ B;

where A; and B; are, respectively, 2 X 2 block matrices associated with the modes a; and b;, while Cy ; is related to the correlation between
the modes a; and b;. Concretely, these submatrices take the form as

(S105a)

A =( Vie  Vimsk )

VM+k,k VM+k,M+k

Bj — ( V2M+/‘,2M+j V2M+j,2M+N+_/ )’ (SlOSb)

V2M+N+j,2M+j V2M+N+j,2M+N+j

Ck,j — ( Vk,2M+j Vk,2M+N+j ) (S]OSC)

VM+k,2M+j VM+k,2M+N+j

We can further quantify the optomechanical entanglement between the kth optical mode a; and the jth mechanical mode b; in the optome-
chanical network by evaluating the logarithmic negativity Ef\k/”) given by Eq. (S101).
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