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Abstract

Credit scorecards are trained on accepted applicants, a non representative sample of the applicant
population, which biases their predictions on the full pool. Survey statistics has treated this problem
for fifty years: an accepted sample is a non-random sample of a known population, and calibration
reweights it to match population totals. We bring calibration to reject inference. Existing methods
instead impute the unknown outcomes of rejected applicants and retrain. We show on real data and
controlled simulations that imputation degrades the scorecard, because the imputed labels come from
a model that selection bias has already corrupted. Our estimator computes observation-level weights
from variables recorded for all applicants and estimates no reject outcome; setting every weight to
one returns the baseline, so the method cannot do worse than it. We prove the calibration-weighted
estimator is consistent and

√

n-asymptotically normal under missing-at-random (MAR) selection and
derive a sandwich variance estimator. Its advantage appears under model misspecification, where it
estimates the population-optimal parameter, and in the calibration of population risk. On the Lending
Club and Taiwan credit datasets and a ground-truth simulation, calibration holds discrimination at
the baseline level while imputation competitors lose up to 11 AUC points; it reduces population
calibration error up to three-fold and uses underwriting features that imputation methods cannot
reach. We test significance with bootstrap confidence intervals and Friedman tests. We also state
where the method fails: it does not recover MNAR selection, and it needs common support between
accepted and rejected applicants.

Keywords: Sample Selection Bias, Reject Inference, Survey theory, Calibration technique, Semi-Supervised
Learning, Logistic Regression

1 Introduction

Credit scoring is one of the most consequential
applications of statistical modeling techniques.
Several techniques were used in this context, such
as discriminant analysis and logistic regression [1–
3] . Later, machine learning models emerged and

started being deployed as scorecards; these models
include neural networks, support vector machines,
and gradient boosting [4–7]. Unfortunately, all
these models rest on a data collection process
that systematically excludes rejected applications.
Usually, financial institutions use information of
individuals who were granted a loan and the
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creditworthy status is available. Lenders normally
only have performance information and repay-
ment behaviour about accepted borrowers. By
investigating this information based solely on the
accepted borrowers, sample bias may arise [8, 9].

The training data is therefore not a random
sample of all applicants but a filtered one, retain-
ing those the lender judged creditworthy under
its existing criteria. [8] formalised the resulting
distortion as sample selection bias: a systematic
mismatch between the distribution of the training
sample and the distribution on which the model
is deployed. In credit scoring this is known as the
reject inference problem, and it arises precisely
because performance is observed only for accepted
borrowers.

The assumption behind this distorted distribu-
tion is mainly categorised as follows. A classifier
trained on accepted applicants optimises the like-
lihood of the selected sample’s distribution,P (Y |
X,Z = 1), rather than the population distribu-
tion P (Y | X). These two probabilities quantities
coincide only when the selection mechanism is
uninformative (MCAR), that is, when the decision
to accept or reject a loan application is indepen-
dent of the applicantâ€™s true creditworthiness
[10]. In practice, this condition is almost never
satisfied: lenders specifically reject applicants they
believe are likely to default, creating a dependence
between selection mechanism and the unobserved
outcome. The accepted sample is therefore sys-
tematically enriched with good payers, and a
classifier trained on it will underestimate default
rates in the full population. One of the most
real-world cases corresponding to this situation,
we have the Lending Club dataset with approxi-
mately 8% of loan applicants accepted, meaning
that the standard training sample comes from a
heavily filtered slice of the applicant pool.

This dataset records more than 150 variables,
gathered both during the application process and
over the repayment period. Many of these cannot
be used for decision-making: some are unavailable
at the time the model is meant to be applied, and
others, added as the platform evolved, are miss-
ing for the earliest loans. Distinguishing variables
known at application time from those gener-
ated by the loan’s later performance is therefore
essential, and we treat it explicitly in Section 5.2.

The problem of correcting for this bias is
known in the credit scoring literature as reject

inference. Drawing on the parallel with survey
methodology [11], accepted applicants play the
role of selected units in a probability survey,
while rejected applicants are non-selected units
whose outcomes are missing. Reject inference
methods aim to bridge this gap and produce
classifiers that are valid for the full applicant pop-
ulation. Existing methods fall broadly into five
families: augmentation, reclassification, inverse
propensity score reweighting, parcelling, and gen-
erative approaches [10]. To tackle the challenges
raised by sample selection bias in the context of
credit scoring, reject inference has been used to
incorporate the information of the rejected appli-
cantsâ€™ actual status by inferring the loans’
outcomes of the applicants that were rejected
for a loan, so that these predicted status will
be integrated in the credit scorecards. However,
most of the reject inference techniques focus on
a labeling mechanism which treats all rejected
applicants as a missing data problem by predict-
ing their potential status and incorporating them
with accepted samples. In this study, we propose
a novel reject inference strategy based on calibra-
tion methods and derived from survey theory, via
integrating information of accepted and rejected
groups to conduct a finer-grained re-weighting of
the accepted sample to reduce the sample selec-
tion bias and provide a representative sample of
the full population. The main idea is to compute a
set of observation-level weights for accepted appli-
cants that allow the weighted sample to match
the covariate distribution of the full population,
thereby without imputing the default risk of the
rejected applicants through the training process.
The method is rooted in the representative esti-
mators of [12], which have an extensive track
record in survey statistics for producing efficient
estimators of population parameters.

Selection mechanism and the basis for compari-
son. It is essential to state at the outset which
missingness mechanism each method assumes.
Our estimator is a missing-at-random (MAR) cor-
rection: it removes the selection bias that the
observed common variables explain. Like inverse
propensity weighting, it does not undo a missing-
not-at-random (MNAR) mechanism that depends
on the unobserved outcome. We therefore make
the mechanism an experimental factor instead of
assuming one. On a semi-synthetic benchmark
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with fully observed ground truth we impose MAR,
MNAR, and misspecified regimes and report each
method per regime, so each method is judged in
the regime it targets. This yields a map of when
reject inference helps and when no method can.

This paper makes four main contributions.
(1) An imputation-free calibration frame-
work for reject inference. We introduce a
reject inference estimator based on survey calibra-
tion weighting that corrects selection bias without
imputing any reject outcome. It fabricates no
labels, so it does not inherit the accepted-only
model’s bias the way augmentation, reclassifica-
tion, parcelling, and generative methods do. In
our experiments it is the only reject inference
method that holds at or above the baseline; the
imputation-based competitors lose up to 11 AUC
points and triple the calibration error.
(2) Formal guarantees and a population-
projection characterisation. We prove that the
calibration-weighted estimator is consistent and√
n-asymptotically normal under MAR, derive its

asymptotic variance in closed form, and estab-
lish a sandwich variance estimator. We also clarify
when reject inference helps. Under a correctly
specified model with selection on observables the
accepted-only estimator is already consistent, so
the calibration advantage appears under model
misspecification, where it estimates the popula-
tion parameter rather than the selected-sample
one, and in the calibration of population-level risk
rather than in ranking.
(3) Use of auxiliary underwriting features
and weight stability. The weights use the
common variables X(c) alone, which leaves the
outcome model free to use the full feature vec-
tor X = (X(c), X(u)). Imputation-based methods
cannot use the underwriting variables in X(u),
because those variables are missing for rejected
applicants. The bounded calibration distances of
[12] also avoid the weight instability that pushes
inverse-propensity weighting below the baseline.
(4) An empirical study. We evaluate nine
strategies across six metrics on the Lending Club
dataset, a semi-synthetic benchmark built from
the Taiwan credit dataset in which the full-
population outcome is known (so the population
estimand is directly verifiable), and a controlled
simulation. We report population-calibration met-
rics (Brier, expected calibration error) alongside

discrimination, test significance with bootstrap
confidence intervals on per-method gaps and
Friedman–Nemenyi tests, and state the method’s
operating envelope, including its failure under
MNAR selection and its reliance on common
support.

The remainder of the paper is organised as follows.
Section 2 reviews the existing reject inference
literature. Section 3 presents the proposed cali-
bration framework. Section 4 establishes its theo-
retical properties. Section 5 describes the experi-
mental setup. Section 6 presents and discusses the
empirical findings. Section 8 concludes.

2 Related Work

Reject inference is most naturally viewed as a
missing data problem [13]. The repayment out-
come Y is unobserved for all rejected applicants.
Three mechanisms may govern this missingness.
Under Missing Completely at Random (MCAR),
p(Z | X,Y ) = p(Z), so selection is indepen-
dent of everything. Under Missing at Random
(MAR), p(Z | X,Y ) = p(Z | X), selection
depends on observed covariates but not on the
unobserved outcome. Under Missing Not at Ran-
dom (MNAR), p(Z | X,Y ) ̸= p(Z | X), selection
depends directly on the missing outcome. In credit
scoring, MNAR is the most credible assump-
tion: lenders reject precisely those applicants they
expect to default, creating a dependence between
the selection decision and the unobserved repay-
ment behaviour. These mechanisms constitute the
main assumptions that are considered during risk
modeling. In the following, we present the classical
reject inference strategies used in credit scoring.

Let A and R denote the sets of accepted and
rejected applicants, respectively, and let θ̂A =
(β̂0A

, β̂A) denote the maximum likelihood estima-
tor obtained by fitting the model on the accepted
sample.

Augmentation and semi-supervised
methods. The simplest augmentation strategy
uses the accepted-only model to impute soft or
hard labels for rejected applicants, then retrains
on the combined dataset [14]. [15] showed ana-
lytically that single-iteration fuzzy augmentation
is algebraically equivalent to the baseline under
logistic regression, providing no bias correction.
Iterative reclassification [14, 16] produces sharper
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boundaries but yields inconsistent estimates even
under MAR [10, 17]. in this paper we are adopting
fuzzy augmentation and Reclassification; the first
method infers the outcomes of rejected clients
as soft labels and use them to maximize the
complete log-likelihood, The overall procedure is
summarized in Algorithm:

1. Fit the accepted-only model: θ̂(0) = θ̂A.

2. Compute soft labels: Ŷ
(1)

i = σ(β̂
(0)
0 + β̂(0)⊤Xi)

for i ∈ R.
3. Maximise the completed log-likelihood overA∪
R.

and the second one assigns hard labels to rejected
applicants. At iteration s, we get :

Ŷ
(s)

i = I

{
σ
(
β̂

(s−1)
0 + β̂(s−1)⊤Xi

)
> 0.5

}
, i ∈ R.

(1)
then retrain on the combined dataset. This is
inconsistent under MAR [10, 17]. Reweighting
methods. Inverse propensity score (IPS) weight-
ing [9, 18] reweights accepted observations by
the inverse of the estimated acceptance proba-
bility. This is theoretically justified under MAR
but requires the positivity assumption p(Z =
1 | X) > 0 everywhere, that is, every covari-
ate profile must have a nonzero chance of being
accepted, otherwise the inverse weight is unde-
fined, a condition often violated in credit scoring,
where some profiles are almost never accepted.
When many rejected applicants occupy feature
regions with near-zero acceptance probability, IPS
weights become extreme and unstable [19]. The
complete procedure is presented above:
Estimate the acceptance probability p̂(Z = 1 |
Xi) by score-band stratification (ten equal bands
Bk over [0, 1], acceptance rate per band). Then:

θ̂IPS = arg max
θ

∑

i∈A

ŵIPS
i ℓi(θ),

ŵIPS
i =

1

p̂(Z = 1 | Xi ∈ Bk)
.

(2)

Weights are clipped at 1/0.05 = 20 to prevent
extreme values [19].

Parcelling. The parcelling approach [14, 16]
handles MNAR by inflating the predicted default
probability for rejected applicants using analyst-
specified prudence factors. While this explicitly

models MNAR, the prudence factors cannot be
estimated from data, introducing subjectivity that
limits practical use. The main steps of the pro-
posed approach are summarized below:
Inflate the predicted default probability for
rejected applicants using analyst-specified pru-
dence factors λk > 1 per score band Bk:

Ŷ
(1)

i =
σ(β̂(0)⊤Xi)

σ(β̂(0)⊤Xi) + λk(1− σ(β̂(0)⊤Xi))
, i ∈ R.

(3)
Generative approaches. Generative models

[10] learn the joint distribution of (X,Y, Z) and
impute missing outcomes. These methods are flex-
ible but rely on strong distributional assumptions
and are computationally demanding. In this paper
we adopt a Gaussian Mixture Model (one compo-
nent per class) and fit it on the accepted training
data. For a new observation X, the predicted
probability follows from Bayes’ rule:

P̂ (Y = 1 | X) ∝ p(X | Y = 1) P̂ (Y = 1), (4)

where p(X | Y = y) is the GMM likelihood for
class y and P̂ (Y = 1) is the empirical class prior
on the training set.

Econometric selection models. The clas-
sical econometric remedy for sample selection is
the Heckman correction [8]: a selection equation
for the acceptance decision is estimated jointly
with (or prior to) the outcome equation, and an
inverse Mills ratio derived from the selection fit
enters the outcome model as a control function.
In its bivariate-probit form it can in principle
address MNAR selection through the correlation
of the two error terms. In credit scoring, how-
ever, the two-step estimator is poorly identified
without an exclusion restriction, a covariate that
drives acceptance but not repayment, which is
rarely available, since lenders accept precisely on
the variables that predict default. We include the
Heckman two-step estimator as a competitor and
document this identification fragility empirically.

Doubly robust estimation. Augmented
inverse-probability-weighted (AIPW) estimators
[19, 20] combine a reweighting scheme with an
outcome-regression adjustment, yielding consis-
tency if either model is correctly specified. We
instantiate a doubly robust analogue of our cal-
ibration estimator and evaluate it alongside the
purely weighted version.
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Survey calibration. Calibration estimators
were formalised by [12], who showed that a broad
class of reweighting schemes can be derived as
solutions to a constrained optimisation that forces
the weighted sample to match known population
totals, under a family of distance functions (lin-
ear, raking/exponential, and the bounded logit
and truncated forms). Related estimators include
the Generalised Regression (GREG) estimator
[21, 22], which corrects the sample estimate by
a regression on auxiliary variables whose popu-
lation totals are known, and empirical likelihood
approaches [23]. To the best of our knowledge,
the application of survey calibration to reject
inference has not been previously explored. A cen-
tral practical point, which we make explicit, is
that the choice of distance governs weight stabil-
ity: the unbounded raking distance can produce
extreme weights that collapse the effective sam-
ple size, whereas the bounded logit and truncated
distances retain it.

Recent and model-based approaches.
Beyond the classical families, the EM-logistic esti-
mator of [10] treats the reject labels as latent
and maximises the complete-data likelihood by
expectation–maximisation; it is the principled
form of the iterative reclassification/self-training
idea and shares its dependence on a correctly spec-
ified joint model. More flexible classifiers, gradient
boosting, and deep or Bayesian neural networks,
have been applied as the underlying scorecard,
but they address the classifier, not the selection
mechanism: a more expressive model fitted on a
biased sample still optimises the selected-sample
distribution. Our contribution is orthogonal to the
choice of classifier: the calibration weights are a
preprocessing step that any weighted learner can
consume. We deliberately study logistic regression
because it admits the closed-form score equations
and sandwich variance that make the asymptotic
theory tractable, and we return to the classifier-
agnostic extension in Section 8.

The gap. Three observations define the
gap this paper fills. First, every existing reject-
inference family either imputes reject outcomes
(and can propagate the original bias) or, in the
case of IPS, requires full-covariate positivity that
credit data violate. Second, none separates the
bias-correction step from the outcome-modelling
step, so all are confined to the variables shared
with the rejected file. Third, none is drawn from

survey calibration, despite the exact structural
correspondence between an accepted sample and
a non-random survey sample with known popu-
lation auxiliaries. We close all three gaps with a
single, imputation-free, calibration-weighted esti-
mator.

Table 1 summarises the properties of each
strategy. The calibration approach is the only
method that simultaneously achieves consistency
under MAR, avoids outcome imputation, keeps
the positivity requirement confined to the com-
mon variables, provides a formal variance estima-
tor, and does not degrade the baseline, because
it fabricates no reject labels. The final column
records the empirical observation, established
in Section 6, that imputation-based methods
can fall below the accepted-only baseline, while
reweighting-based methods cannot by construc-
tion (with wi ≡ 1 recovering the baseline exactly).

3 Methodology

3.1 Notation and Problem Setup

Let U = {1, . . . , N} denote the full population of
N loan applicants, n financed applicants and N-n
non-financed applicants. Each financed applicant i
is described by a feature vector Xi ∈ R

p, a binary
repayment outcome Yi ∈ {0, 1} (where 1 denotes
a good payer and 0 a defaulter). Suppose that
the correspondance between each Xi and Y is a
logistic model:

P (Yi = 1 | Xi = xi;β) =
exp(β0 + x⊤

i β)

1 + exp(β0 + x⊤
i β)

Let Zi ∈ {0, 1} be the financing decision
(where 1 denotes acceptance and 0 rejection).
From a statistical perspective, standard maxi-
mum likelihood estimates tge observed outcome
via P (Y = 1 | X,Z = 1) and purpose is to esti-
mate P (Y = 1 | X), the problem is that ignoring
reject data produces biased estimation of the pos-
terior probability P (Y = 1 | X) whenever P (Y |
X,Z = 1) ̸= P (Y | X). Our proposed approach
tends to estimate P (Y = 1 | X) by integrating cal-
ibration weights into likelihood function since the
information of rejected clients is indirectly stored
into the accepted withing the reweighting process.
The main components of the proposed framework

5



Table 1: Properties of reject inference strategies. ✓ = property holds; × = property does not hold;
† = holds only under the additional condition P (Y | X,Z = 1) = P (Y | X), i.e., in the absence of
selection bias; ∼ = partial / requires an exclusion restriction. “No degradation” is empirical (Section 6):
the method does not fall below the accepted-only baseline.

Method Consistent No outcome No positivity Formal No

under MAR imputation required variance degradation

Baseline (Accepted-Only) † ✓ ✓ ✓ ✓

Fuzzy Augmentation × × ✓ × ×
Reclassification × × ✓ × ×
Parcelling × × ✓ × ×
Generative † × ✓ × ×
Self-training × × ✓ × ×
Heckman two-step ∼ ✓ ✓ ✓ ×
IPS Reweighting ✓ ✓ × ✓ ∼
DR-Calibration ✓ × ✓ ✓ ✓

Calibration (proposed) ✓ ✓ ✓ ✓ ✓

is summarized in Table 2, which presents the def-
initions and domains of all variables used in the
paper.

3.2 Calibration-based Weighted
Logistic Regression Classifier

The weighted logistic regression is defined by the
weighted log-likelihood [18]:

ℓ̃(θ; w) =
∑

i∈A

w∗
i

[
Yi(β0 + β⊤Xi)

− log(1 + exp(β0 + β⊤Xi))
]
.

(5)
Its estimator is:

θ̂cal = arg max
θ

ℓ̃(θ; w). (6)

when the weight vector w∗
i is equal to 1 we get the

standard log-likelihood:

ℓ(θ; DA) =
∑

i∈A

[
Yi log σ(β0 + β⊤Xi)

+ (1− Yi) log(1− σ(β0 + β⊤Xi))
]
.

(7)

Its maximiser θ̂A is the accepted-only baseline.
The purpose of this paper is to compute these

weights in such a way to realigne the accepted
clients with the overall loan seekers. To do so,

we will compute these weights using the calibra-
tion technique from Deville and Sarndall paper
[12]. Accepted applicants whose feature profile is
common in the full population but rare among
accepted applicants receive larger weights, while
those who are overrepresented among accepted
applicants receive smaller weights. This steers the
estimator towards the population-level likelihood.
Importantly, the calibration weights are computed
entirely from X(c), but the outcome model is
subsequently estimated using the full feature vec-
tor X = (X(c), X(u)). This gives the calibration
approach a dual advantage: it corrects for selec-
tion bias and exploits the richer feature space
available for accepted applicants. We describe the
details of the approach above:

3.2.1 Calibration Constraints

We seek positive weights w = (w1, . . . , wNa
)⊤, one

for each accepted applicant, satisfying:

∑

i∈A

wi X
(c)
i = T (c) :=

N∑

i=1

X
(c)
i , (8)

where T (c) ∈ R
pc are the population totals of

the common variables. These totals are known
since X(c) is observed for all N applicants.
Equation (8) imposes pc constraints that force the

6



Table 2: Notation used throughout the paper.
The population U contains all applicants, while
repayment outcomes are observed only for
accepted applicants.

Symbol Description

Index sets

U = {1, . . . , N} Full population of N loan appli-
cants.

A = {i : Zi = 1} Accepted applicants; Na = |A|.
R = {i : Zi = 0} Rejected applicants; Nr = |R|

and

Na + Nr = N Since A and B are a partition
of U

Per-applicant variables

Xi ∈ R
p Feature vector partitioned as

Xi = (X
(c)
i , X

(u)
i ) with pc +

pu = p.

X
(c)
i ∈ R

pc Common features observed
for all applicants, with space
dimension: pc.

X
(u)
i ∈ R

pu Uncommon features observed
only for i ∈ A,with spcae
dimension: pu.

Yi ∈ {0, 1} Repayment outcome: 1 =
repaid, 0 = defaulted. Observed
only for accepted applicants.

Zi ∈ {0, 1} Financing status: 1 = accepted,
0 = rejected.

Observed datasets

DA {(Xi, Yi, Zi = 1)}i∈A: accepted
applicants with complete fea-
tures and labels.

DR {(X
(c)
i , Zi = 0)}i∈R: rejected

applicants with only common
features observed.

Quantities of interest

P (Y = 1 | X) Population repayment proba-
bility targeted by the deployed
model.

P (Y = 1 | X, Z = 1) Repayment probability in the
accepted sample. Training only
on DA estimates this quantity,
which differs from P (Y = 1 |
X) under selection bias.

weighted accepted sample to reproduce the empir-
ical covariate distribution of the full population.
In matrix form:

X⊤
a w = T (c), (9)

where Xa ∈ R
na×pc is the design matrix of

common variables for accepted applicants.

3.2.2 Constrained Optimisation

To ensure that the weights remain stable and
bounded, we follow [12] and derive them as the
solution to:

min
w

∑

i∈A

D(wi, di)

subject to
∑

i∈A

wi X
(c)
i = T (c),

(10)

where di = 1
πi

is the design weight under a cer-
tain sampling design πi, and D(·, ·) is a divergence
function measuring how far wi departs from di.

Each divergence D(·, ·) yields a different rela-
tionship between the weight ratio gi = wi/di

and the calibration score ui = λ⊤X
(c)
i , of the

form gi = F (ui) [12]. We consider the four
standard choices, summarised in Table 3: the lin-
ear (chi-square) distance, the raking/exponential
(Kullback–Leibler) distance, and the bounded
truncated-linear and logit distances. The exponen-
tial distance

D(w, d) = d
[w
d

log
(w
d

)
− w

d
+ 1
]
,

gi = exp(ui),
(11)

is strictly convex and keeps wi > 0 automatically,
but its weights are unbounded above: a profile
that is rare among accepted applicants yet com-
mon in the population can receive an arbitrarily
large weight, collapsing the effective sample size
neff = (

∑
i wi)

2/
∑

i w
2
i . The bounded logit dis-

tance constrains gi to a user-specified interval
[L,U ],

F (u) =
L(U − 1) + U(1− L)eAu

(U − 1) + (1− L)eAu
,

A =
U − L

(1− L)(U − 1)
,

(12)
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so that wi ∈ [Ldi, U di] by construction, directly
enforcing Assumption (A2). We therefore adopt
the bounded logit distance as the default and
report all four; Section 6 shows that the bounded
distances preserve neff and outperform raking,
while the linear distance can produce invalid
negative weights.

3.2.3 Newton–Raphson Solution

Introducing Lagrange multipliers λ ∈ R
pc , the

Lagrangian is:

L(w, λ) =
∑

i∈A

D(wi, di)−λ⊤

(
∑

i∈A

wiX
(c)
i − T (c)

)
.

(13)
Setting ∂L/∂wi = 0 gives the closed-form weight
expression:

wi(λ) = di exp(λ⊤X
(c)
i ), i ∈ A. (14)

Substituting into the calibration constraint (8)
yields the nonlinear system:

g(λ) :=
∑

i∈A

di exp(λ⊤X
(c)
i )X

(c)
i −T (c) = 0, (15)

which is solved by Newton–Raphson iteration:

λ(t+1) = λ(t) −
[
J(λ(t))

]−1
g(λ(t)), (16)

with Jacobian:

J(λ) =
∑

i∈A

di exp(λ⊤X
(c)
i )X

(c)
i (X

(c)
i )⊤ ∈ R

pc×pc .

(17)
Since J(λ) is a sum of rank-one positive semidefi-
nite matrices and Xa has full column rank, J(λ) is
positive definite for any λ, guaranteeing quadratic
convergence of Newton–Raphson from any start-
ing point. We initialise λ(0) = 0 (corresponding to

w
(0)
i = di) and terminate when ∥g(λ)∥∞ < 10−3.

In practice, convergence occurs in 5–87 iterations
depending on the scale of the covariates.

3.3 Calibration-Weighted Estimator

Once the weights {w∗
i }i∈A are obtained, the

outcome model is estimated by maximising the

calibration-weighted log-likelihood [18]:

ℓ̃(θ; w) =
∑

i∈A

w∗
i

[
Yi(β0 + β⊤Xi)

− log(1 + exp(β0 + β⊤Xi))
]
.

(18)
The calibrated estimator is:

θ̂cal = arg max
θ

ℓ̃(θ; w). (19)

Calibration-based Logistic Regression
Algorithm

Algorithm 1 presents the complete procedure.

Algorithm 1 Calibration-Based Reject Inference

Require: Accepted data DA = {(Xi, Yi)}i∈A;

common features {X(c)
i }N

i=1 for all applicants;
convergence threshold ε > 0

Ensure: Calibrated classifier θ̂cal

1: Compute population totals: T (c) ←∑N
i=1 X

(c)
i

2: Set design weights: di ← πi for all i ∈ A
3: Initialise Lagrange multipliers: λ(0) ← 0
4: repeat

5: wi ← di exp(λ(t)⊤X
(c)
i ) for all i ∈ A

6: g ←∑
i∈A

wiX
(c)
i − T (c)

7: J ←∑
i∈A

wiX
(c)
i (X

(c)
i )⊤ + δ tr(J)

pc
I

8: λ(t+1) ← λ(t) − J−1g
9: until ∥g∥∞ < ε

10: w∗
i ← di exp(λ∗⊤X

(c)
i ) for all i ∈ A

11: Maximise ℓ̃(θ; w∗) in (5) to obtain θ̂cal

12: return θ̂cal

4 Asymptotic Properties

We now establish formal guarantees for the cali-
brated estimator. All results are stated under the
following assumptions.

(A1) Bounded features. There existsM <∞ such
that ∥Xi∥2 ≤M for all i ∈ U .

(A2) Bounded weights. The calibration weights
satisfy 0 < wmin ≤ w∗

i ≤ wmax < ∞ for all
i ∈ A.

(A3) Selection positivity. The acceptance prob-
ability satisfies p(Z = 1 | X(c)) > 0 for all
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Table 3: Calibration distance functions [12]. The g-weight is gi = F (λ⊤X
(c)
i ) and wi = digi.

Distance F (u) Weight range Note

Linear (chi-square) 1 + u (−∞, ∞) weights may be negative

Raking (KL) eu (0, ∞) positive, unbounded above

Truncated-linear min(U, max(L, 1 + u)) [L, U ] bounded

Logit Eq. (12) [L, U ] bounded, smooth

X(c) in the support of the common-variable
marginal distribution.

(A4) Identifiability. The Hessian ∇2
θ ℓ̃(θ; w) is neg-

ative definite at the true parameter θ∗.
(A5) Calibration solvability. The system (15)

admits a unique solution λ∗ for all n sufficiently
large.

Note that (A3) is a positivity condition on
the common variables X(c) only, not on the full
feature vector X. This is a substantially weaker
requirement than the positivity condition needed
for IPS reweighting, which must hold on the
full covariate space including the unique variables
X(u).

Theorem 1 (Asymptotic unbiasedness) Under

Assumptions (A1)–(A5) and the MAR condition

p(Z = 1 | X, Y ) = p(Z = 1 | X(c)), the calibrated

estimator satisfies:

θ̂cal
p−→ θ∗

as n → ∞, (20)

where θ∗ is the true parameter vector in the full

population.

Theorem 2 (
√

n-consistency and asymptotic nor-
mality) Under Assumptions (A1)–(A5), the calibrated

estimator satisfies:

√
na

(
θ̂cal − θ∗

) d−→ N (0, Vcal), (21)

where the asymptotic variance matrix is:

Vcal = H−1 Ω H−1, (22)

with

H = E

[
∇2

θℓ(θ∗; X, Y )
]
, (23)

Ω = Var
[
w∗

i ∇θℓi(θ
∗)
]

+ Γ⊤H−1
λ Γ. (24)

Here Γ = E[∇θℓi(θ
∗) (X

(c)
i )⊤] captures the addi-

tional variance from weight estimation, and Hλ is the

Hessian of the calibration objective with respect to λ.

Corollary 3 (Sandwich variance estimator) A con-

sistent estimator of Vcal is:

V̂cal = Ĥ−1 Ω̂ Ĥ−1, (25)

where Ĥ = N−1
a

∑
i∈A

w∗
i ∇2

θℓi(θ̂cal) and Ω̂ is the

empirical analogue of (24).

Remark 1 (Efficiency comparison with IPS) The
IPS estimator has asymptotic variance VIPS =
H−1ΩIPSH−1 with ΩIPS = Var[p(Z = 1 |
X)−1∇θℓi(θ

∗)]. When the acceptance rate is low in
certain regions of the feature space, p(Z = 1 | X) ≈ 0
for some observations, making IPS weights extreme
and inflating ΩIPS without bound. The calibration
approach constrains weights to remain close to the
design weights di through the KL divergence, limit-
ing this variance inflation at the cost of a small bias
in regions where p(Z = 1 | X(c)) is a poor proxy for
p(Z = 1 | X). In settings where the selection mecha-
nism depends primarily on the common variables, as
it does in credit scoring, where the acceptance deci-
sion is based on observable application characteristics,
calibration achieves lower mean squared error than
IPS.

5 Experimental Design

5.1 Simulated Data

To validate the theoretical results under con-
trolled conditions, we construct a simulation
experiment in which the full population serves
as the oracle benchmark. A logistic regression
model is estimated on a complete sample of n =
10,000 observations with p = 6 covariates drawn
from a standard multivariate normal distribu-
tion, yielding the oracle coefficient vector β̂full. We
then suppress the outcome labels of a proportion
π ∈ {0.1, 0.2, . . . , 0.9} of observations, treating the
labelled observations as the accepted set and the
suppressed ones as the rejected set. The suppres-
sion mechanism is explicitly missing at random
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(MAR), not MCAR: each applicant is rejected
with probability logit−1

(
γ (X⊤

i β
∗) + c

)
, a func-

tion of the observed covariates X only (higher
predicted risk, higher rejection probability), with
the intercept c tuned to achieve the target rate π.
Because the probability of rejection depends on X
but not on the realised outcome Y given X, this
reproduces selection on observables while leaving
the conditional distribution P (Y | X) recoverable;
it is distinct from the MNAR mechanism stud-
ied on the Taiwan benchmark (Section 5.3), where
rejection depends on Y itself.

For each value of π, we estimate β̂cal using cal-
ibration weights constructed to match the covari-
ate totals of the labelled sample to the full sam-
ple. The experiment uses 5-fold cross-validation
and sandwich covariance matrices with influence-
function corrections to account for weight estima-
tion variance.

We assess agreement between β̂cal and β̂full

via two measures: the Hausman specification test
statistic H = (β̂cal − β̂full)

⊤(Vcal − Vfull)
+(β̂cal −

β̂full), and the MSE ratio MSE(β̂cal)/MSE(β̂full)
decomposed into bias and variance components.

5.1.1 Misspecification regime.

The recovery experiment above uses a correctly
specified model. In that regime the accepted-
only estimator is itself consistent under MAR,
so calibration adds variance without reducing
bias, which our results confirm. To reach the
regime where calibration pays off, we add a sec-
ond design whose data-generating process con-
tains a pairwise interaction that the fitted logistic
model omits, while selection acts on the common
covariates with controllable strength. Here the
accepted-only estimator converges to the selected-
sample projection of the true model, whereas the
calibration-weighted estimator targets the popu-
lation projection. We report the mean squared
error of each estimator against the oracle as a
function of selection strength, and a correspond-
ing population-calibration comparison. This is the
controlled counterpart of the misspecified Taiwan
regime in Section 5.3.

5.2 Lending Club Dataset

The Lending Club peer-to-peer lending dataset
is publicly available on Kaggle.1 It covers loan
applications from 2007–2018 and is naturally par-
titioned into an accepted file (with repayment
outcomes) and a rejected file. The target is binary:
Fully Paid (0) versus Charged Off (1).

5.2.1 Symmetric, leakage-aware
preprocessing.

We depart from earlier studies in three ways
that materially affect the validity of the compar-
ison. (i) Symmetric cleaning. The accepted and
rejected files are cleaned with identical physical-
range rules, fico ∈ [300, 850], dti ∈ [0, 100],
loan amnt ∈ [500, 40000], rather than truncat-
ing only the rejected file, which would bias the
population totals. The free-text rejected Loan

Title is keyword-mapped onto the 14 Lend-
ing Club purpose categories, recovering rejected
records that exact-matching discards. (ii) Leak-
age audit. Every accepted-only variable is clas-
sified as underwriting-time (known at appli-
cation) or post-origination (filled by repay-
ment behaviour); the latter (e.g. total pymnt,
recoveries, last fico) are excluded as label
leakage. We additionally exclude int rate,
grade, and sub grade: although known at orig-
ination, these are the lender’s own risk-model
output and conflate the acceptance decision with
the outcome. (iii) Common support. Lending Club
applies a near-hard FICO cutoff near 660, below
which essentially no accepted applicants exist.
Reject inference is unidentified outside this region
of common support, so our primary analysis
restricts both files to fico ≥ 660 (regime R1);
we report the full-range setting (R2) only as an
out-of-support sensitivity check (Section 6).

After preprocessing we retain seven common
variables, observed for all applicants, and 17 legit-
imate underwriting variables observed only for
accepted applicants (Table 4). Categorical com-
mon variables (purpose, emp length) are one-hot
encoded for weight construction, so calibration
matches category proportions rather than arbi-
trary integer codes; the 50 states are mapped
to three risk tiers. We do not undersample: the

1https://www.kaggle.com/datasets/wordsforthewise/
lending-club
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full accepted file is used, and calibration weights
are computed with the bounded logit distance
([L,U ] = [0.1, 30]) to the full-population common-
variable totals. Under R1 the accepted file con-
tains 1.22M loans, the rejected file 2.91M, for a
population of 4.13M with an effective acceptance
rate near 30%; an 80/20 stratified split is used for
held-out evaluation.

5.3 Taiwan Credit Dataset
(Ground-Truth Benchmark)

A fundamental difficulty in evaluating reject infer-
ence is that the outcomes of rejected applicants
are never observed, so no real dataset permits
direct measurement of population performance.
We circumvent this with a semi-synthetic bench-
mark built from the UCI Taiwan credit-card
default dataset2 [24] (30,000 clients, 23 fea-
tures, default rate 0.221), in which all labels
are observed. We designate the five demographic
variables (credit limit, sex, education, marriage,
age) as common features X(c) and the eighteen
repayment-history variables as accepted-only fea-
tures X(u), mirroring the credit setting. We then
impose a known selection mechanism, hide the
labels of the “rejected” clients, fit every strategy
on the “accepted” clients, and evaluate against
the true full-population outcomes. Three regimes
are considered: MAR selection on X(c); MNAR
selection that additionally depends on the true
outcome; and a misspecified regime in which
the scorecard omits the common feature driving
selection.

5.4 Evaluation Metrics

We evaluate two complementary aspects of perfor-
mance. Discrimination (ranking) is measured by
AUC and the Gini coefficient (Gini = 2·AUC−1),
and by accuracy, precision, recall and F1 at the
0.5 threshold. Calibration of population-level risk,
which discrimination metrics ignore but which
credit pricing and capital provisioning depend on,
is measured by the Brier score and the expected
calibration error (ECE),

ECE =
B∑

b=1

wb∑
b′ wb′

∣∣p̄b − ȳb

∣∣, (26)

2https://archive.ics.uci.edu/dataset/350

where the predictions are partitioned into B = 10
bins and p̄b, ȳb are the (weighted) mean prediction
and outcome in bin b. Crucially, because reject
inference targets the full applicant population
rather than the accepted slice, we report calibra-
tion metrics on a population-representative version
of the held-out set: each accepted test observa-
tion is weighted by its calibration weight, so the
metric estimates performance on the deployment
population. On the Taiwan benchmark, where
reject outcomes are known, these metrics are com-
puted directly against the true population. We
also report the predicted population default rate,
comparing it to the truth (Taiwan) or to the
observed accepted rate (Lending Club).

5.5 Statistical Validation

Bootstrap confidence intervals. Non-
parametric 95% confidence intervals are
constructed from 1,500 bootstrap resamples of
the test set, both for individual metrics and, more
informatively, for the gap between two methods
on the same resample (e.g. the population ECE
of the baseline minus that of calibration), so
paired variation is accounted for. A gap interval
excluding zero indicates a significant difference at
the 5% level.

Friedman test and average ranks. Across
the evaluation tasks we apply the Friedman test
to the method-by-task rank matrix and report
the average ranks [25]; we note where the small
number of tasks limits the power of the Nemenyi
post-hoc comparison.

Hausman specification test. For the simu-
lation study, the Hausman statistic H ∼ χ2(rank)
tests the null hypothesis that calibration intro-
duces no systematic bias relative to the oracle
estimator.

6 Results

6.1 Simulation Study: Coefficient
Recovery

Table 5 presents the per-coefficient results
across ten suppression proportions π ∈
{0.0, 0.1, . . . , 0.9}. For each π, we report the ora-
cle coefficient βfull, the calibrated coefficient βcal,
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Table 4: Variable dictionary for the Lending Club dataset after the leakage audit. Common variables
(top) are observed for all applicants and used for both weight construction and the outcome model.
Underwriting variables (bottom, ∗) are observed only for accepted applicants and enter the outcome
model only. Post-origination and lender-grade variables are excluded as leakage.

# Variable Description

1 loan amnt Requested loan amount

2 fico score FICO credit score (avg. of range)

3 dti Debt-to-income ratio

4 emp length Employment length (one-hot)

5 purpose Loan purpose category (one-hot)

6–8 state tier Applicant state risk tier (3 indicators)

9 term∗ Repayment term

10 installment∗ Monthly instalment

11 log annual inc∗ Log annual income

12 home ownership∗ Home ownership status

13 verification status∗ Income verification status

14 cr hist len∗ Credit-history length (yrs)

15 open acc∗ Open credit accounts

16 total acc∗ Total credit accounts

17 log revol bal∗ Log revolving balance

18 revol util∗ Revolving utilisation rate

19 pub rec∗ Derogatory public records

20 pub rec bankruptcies∗ Public bankruptcy records

21 mort acc∗ Mortgage accounts

22 inq last 6mths∗ Credit inquiries, last 6 months

23 delinq 2yrs∗ Delinquencies, last 2 years

24 initial list status∗ Initial listing status

25 application type∗ Individual or joint application

the signed bias, the Wald z-statistic, the raw p-
value, the Romano–Wolf corrected p-value (pRW),
and the MSE ratio (calibration over oracle).

Under this MAR mechanism the calibrated
estimator tracks the oracle closely across a wide
range of suppression. When no labels are withheld
(π = 0) the two estimators coincide by construc-
tion. For all proportions up to π = 0.6 the signed
bias of every coefficient stays below 0.016 in mag-
nitude, no Wald z-statistic exceeds 0.13 (against
the 1.96 critical value), and the Romano–Wolf
corrected p-values remain at or near 1.000: the
calibrated and oracle coefficients are statistically
indistinguishable. Only under severe suppression
(π ≥ 0.7, i.e. fewer than 30% of observations
labelled) does a small finite-sample bias emerge,
as the accepted set becomes extremely sparse and

the calibration weights inflate; the Romano–Wolf
test begins to flag individual coefficients at these
proportions. The joint Hausman statistic, which
accounts for the inflated sampling variance of the
estimator, nonetheless remains far below its 5%
critical value throughout, its smallest p-value is
0.965 at π = 0.9, so the calibrated estimator is
never jointly distinguishable from the oracle.

The mean MSE ratio (calibration over ora-
cle) grows monotonically with suppression, and
the decomposition in Table 6 shows that this
growth is overwhelmingly variance-driven: the
mean squared bias stays negligible (below 10−4

up to π = 0.6) while the variance inflates as
the labelled fraction shrinks. The estimator there-
fore makes the theoretically correct bias–variance
trade-off, paying a precision cost for fewer labelled
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observations without introducing systematic dis-
tortion until suppression becomes extreme. A
practical reading of Table 6 is that the method is
reliable, MSE ratio below five and no detectable
bias, as long as at least half of the observations
carry labels.

Table 6 provides an aggregate view across
all ten proportions. The Hausman statistic never
exceeds 1.84 and the p-value never falls below
0.965, confirming that the calibrated estimator is
jointly indistinguishable from the oracle at every
tested proportion. The MSE decomposition shows
that the mean squared bias remains below 10−4

through π = 0.6 and rises only at severe sup-
pression, while the efficiency loss is otherwise
attributable to variance inflation. The sharp accel-
eration in MSE ratio beyond π = 0.6 provides
a practical guideline: the method operates reli-
ably, MSE ratio below five and no detectable
bias, as long as at least half of the observations
carry labels. The sandwich variance estimator of
Corollary 3 makes this efficiency cost quantifiable,
enabling informed operational decisions.

6.2 Simulation Study: Recovery
under Misspecification

The recovery experiment above confirms that
under a correctly specified model the calibrated
estimator is unbiased, paying only a variance
cost, which is the expected behaviour, since the
accepted-only estimator is itself consistent in
that regime. The distinctive value of calibration
appears once the working model is misspecified.
Figure 1 reports the mean squared error of the
accepted-only baseline and the calibrated estima-
tor against the oracle, as a function of selection
strength, when the fitted logistic model omits an
interaction present in the data-generating process.
The baseline error grows steeply with selection
strength (from 0.009 to 0.093), because it con-
verges to the selected-sample projection of the
true model; the calibrated estimator remains 2
to 7 times closer to the oracle (from 0.001 to
0.041), because it targets the population projec-
tion. This is the controlled counterpart of the
real-data results that follow.

Fig. 1: Simulation under model misspecification.
Mean squared error of the coefficient estimates
against the oracle as a function of selection
strength. The accepted-only baseline degrades
sharply; calibration stays close to the oracle by
targeting the population projection.

6.3 Calibration Weights and the
Choice of Distance

Before comparing predictive performance we
examine the calibration weights themselves, since
their behaviour drives everything downstream.
Figure 2 reports, on the full Lending Club train-
ing set, the weight distribution and the effective
sample size neff = (

∑
i wi)

2/
∑

i w
2
i for each dis-

tance. The unbounded raking (exponential) dis-
tance produces a heavy upper tail (maximum
weight 4.5× 103) that collapses neff to only 5.5%
of the sample; the linear distance produces invalid
negative weights. The bounded logit and trun-
cated distances confine the weights and retain neff

at 12.1% and 14.6% respectively. This explains a
phenomenon that has misled earlier studies: with
the exponential distance the calibrated common-
variable model falls below the baseline purely
through effective-sample-size loss, an artefact that
vanishes under the bounded distances. We there-
fore use the logit distance throughout and exclude
the linear distance from model fitting.

6.4 Lending Club: Discrimination
and the Source of the Gain

Table 7 reports held-out discrimination for all
nine strategies. Three findings stand out. First,
on the common feature space (the level field on
which all reject-inference methods operate), cal-
ibration ties the baseline (AUC ≈ 0.638 versus
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Fig. 2: Calibration weights on the full Lending
Club training set. (a) Weight distribution by dis-
tance; the raking distance has a heavy upper tail.
(b) Effective sample size: the unbounded raking
distance retains only 5.5%, while the bounded
logit and truncated distances retain 12–15%.

0.642): consistent with theory, reweighting does
not improve the conditional ranking when selec-
tion is on observables. Second, the imputation-
based methods degrade the model: reclassification,
generative and self-training fall between 1.5 and
3.6 AUC points below the baseline (and the Heck-
man two-step, lacking an exclusion restriction,
loses a full point), confirming that fabricating
labels with a bias-contaminated model propagates
the distortion. Third, the entire discrimination
gain comes from the auxiliary underwriting fea-
tures: moving from the common to the full feature
space lifts the AUC from 0.642 to 0.706. Crucially
this lift is available to the baseline as well (column
“all”); calibration’s contribution there is to match
it (0.703) while additionally correcting population
calibration (Section 6.5). We therefore decompose
the gain honestly: the bias correction contributes
≈ 0 to ranking, whereas feature access, which
imputation methods structurally cannot exploit,
since X(u) is missing for rejects, contributes the
full +0.06.

Figure 3 shows the corresponding ROC curves:
the common-space methods form a tight clus-
ter, while the full-feature models (baseline and
calibration) separate clearly above it.

6.5 Lending Club: Population
Calibration

Discrimination, however, is not the estimand
reject inference is designed to improve. Table 8
reports the population-estimand evaluation:
the predicted full-population default rate and
the population-weighted Brier and ECE. The

Fig. 3: ROC curves on the Lending Club test set.
The common-space reject-inference methods clus-
ter together; the gain comes from the auxiliary
underwriting features in the full-feature models.

accepted-only baseline is well ranked but mis-
calibrated for the population; calibration reduces
the population ECE from 0.0112 to 0.0042, a
near three-fold improvement, and the bootstrap
confidence interval on the per-resample ECE gap
is [0.0007, 0.0107], excluding zero at the 5% level.
The imputation-based methods are far worse,
with population ECE up to 0.086. Figure 4 shows
why: the baseline reliability curve swings away
from the diagonal at higher predicted risk, while
the calibrated curve tracks it. This is the central
real-data result. Calibration delivers calibrated
population risk, which pricing and provisioning
require, and holds ranking level.

6.6 What Calibration Changes:
Coefficient Interpretation

A virtue of logistic regression, and a reason to
study it specifically, is that the effect of the correc-
tion is legible in the coefficients. Table 9 reports
the standardised common-variable coefficients
for the accepted-only baseline, the calibration-
weighted model, and a semi-supervised (self-
training) competitor. Two patterns are instruc-
tive. First, calibration makes modest, interpretable
adjustments in the expected directions: the debt-
to-income coefficient falls by 42% (0.256→ 0.149),
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Fig. 4: Population reliability diagram on Lending
Club. The accepted-only baseline (ECE 0.0112)
departs from the diagonal at higher predicted risk;
calibration (ECE 0.0042) tracks it.

correcting the accepted sample’s overstatement of
its effect, rejected applicants have systematically
higher DTI, so the accepted-only fit attributes too
much risk to it, and the short-employment coeffi-
cient moves from essentially zero toward the pop-
ulation value. Second, the semi-supervised model
distorts the coefficients: the short-employment
coefficient collapses to −1.003 and the pur-
pose effects change sign (credit-card −0.092 →
+0.407), because the fabricated reject labels are
dominated by a bias-contaminated model. The
interpretability of logistic regression thus exposes,
directly, why imputation harms and reweighting
does not.

6.7 Taiwan: Ground-Truth
Evaluation

The semi-synthetic Taiwan benchmark allows
direct evaluation against the true population out-
comes. Table 10 and Figure 5 summarise the
three regimes. Under MAR, calibration matches
the baseline on discrimination and marginally
improves population ECE (0.0062 vs 0.0085),
while the imputation methods again degrade
(reclassification AUC 0.55, Heckman 0.51, versus
0.62). Under misspecification, calibration recovers
the population default rate almost exactly (0.214

vs the true 0.221, against the baseline’s 0.175)
and cuts population ECE roughly six-fold (0.0073
vs 0.0462). Under MNAR, however, no method
recovers the population: calibration and baseline
are indistinguishable (ECE ≈ 0.135), because
calibration corrects selection on observables and
cannot, by construction, undo selection on the
unobserved outcome. This is the honest boundary
of the method’s operating envelope.

Fig. 5: Taiwan population calibration error (true
labels). Calibration sharply reduces ECE under
misspecification, marginally under MAR, and not
at all under MNAR.

6.8 Significance Across Tasks

Aggregating the per-task scores (Lending Club
discrimination, Lending Club population calibra-
tion, and Taiwan MAR discrimination) into a
method-by-task rank matrix, the Friedman test
rejects the null of equal performance (χ2 =
16.09, p = 0.041). Table 11 reports the aver-
age ranks: calibration attains the best rank
(2.50), followed by the other reweighting esti-
mators (IPS, DR-calibration) and the baseline,
while the imputation-based methods occupy the
bottom of the ordering (reclassification 8.00, gen-
erative 7.67). With only three tasks the Nemenyi
post-hoc critical difference is wide (CD = 6.94),
so it does not certify individual pairwise gaps;
the more powerful evidence is the per-resample
bootstrap gap on population ECE (Section 6.5),
whose 95% interval [0.0007, 0.0107] excludes zero.
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Together these support two conclusions: calibra-
tion never falls below the baseline, and it sig-
nificantly improves population calibration under
strong selection or misspecification.

7 Discussion

7.1 When Does Reject Inference
Help?

Our results sharpen a question the literature
usually leaves implicit. Take MAR selection on
observables and a correctly specified model. There
the accepted-only maximum-likelihood estimator
is already consistent for the conditional parame-
ters, so reweighting cannot improve the ranking
and only adds variance. We see this on Lending
Club, where calibration on the common features
ties the baseline on AUC, and in the correctly
specified simulation, where the calibrated coef-
ficients track the oracle with inflated variance.
Calibration earns its keep in two regimes that we
isolate. The first is model misspecification, the
real case for any parametric scorecard. There the
accepted-only estimator converges to the selected-
sample projection of the truth, while calibration
estimates the population projection; the simula-
tion (Fig. 1) and the misspecified Taiwan regime
(Table 10) both show large gains. The second is
the calibration of population-level risk: calibration
corrects the level of predicted default when it can-
not change the ranking, cutting population ECE
roughly three-fold on Lending Club and six-fold
under Taiwan misspecification. Most prior reject
inference evaluations report only discrimination,
which hides this second benefit.

7.2 Why Imputation-Based
Methods Can Harm

Our most useful finding for practitioners is that
the dominant family of reject inference meth-
ods can do worse than nothing. Augmentation,
reclassification, parcelling, generative imputation
and self-training all generate reject labels from a
model that selection bias has already corrupted,
and retraining on those labels adds a second error
on top of the first. On Lending Club these meth-
ods fall up to 3 AUC points below the baseline
and inflate the population ECE three- to sixteen-
fold; on Taiwan they lose up to 11 AUC points.

A reweighting estimator cannot do this: set its
weights to one and it returns the baseline. Cal-
ibration is therefore a safe default. In the worst
case, mild selection with a well-specified model,
it matches the baseline; in the favourable cases
it improves population calibration. The Heckman
two-step estimator imputes nothing either, but it
is fragile in credit data because acceptance offers
no exclusion restriction. Without one the inverse
Mills ratio is collinear with the outcome covariates
and the correction destabilises.

7.3 Weight Stability and the Choice
of Distance

The classical inverse-propensity estimator and the
unbounded raking distance fail the same way.
Weights proportional to 1/p(Z = 1 | X), or
exp(λ⊤X(c)), grow without bound when some
population profiles are rare among accepted appli-
cants, and the effective sample size collapses (to
5.5% here). The bounded logit and truncated dis-
tances cap the weights and retain two to three
times the effective sample, so practitioners should
prefer them. This also explains an artefact in ear-
lier work. A calibrated common-variable model
that seems to underperform the baseline turns
out to be losing effective sample size under an
unbounded distance, not failing on the calibration
principle.

7.4 Practical Considerations and
Scope

The Newton–Raphson weight computation is
cheap, one pc × pc solve per iteration, and the
damped step converges in tens of iterations even
on the four-million-applicant population. Two
scope conditions hold. The first is common sup-
port. Reject inference is unidentified where no
accepted applicants exist, below the lender’s score
cutoff, so we restrict the population to that region;
ignoring the restriction biases the estimand and
destabilises the weights. The second is the mech-
anism. Calibration corrects MAR selection on the
common variables and does not recover an MNAR
mechanism that depends on the unobserved out-
come, as the Taiwan MNAR regime shows. Within
these limits the framework applies beyond credit
scoring, to any setting where a model is trained on
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a selected sample and deployed on a population
for which auxiliary covariates are recorded.

8 Conclusion

We have introduced a calibration-based frame-
work for reject inference, grounded in survey
sampling theory. Imputing missing outcomes for
rejected applicants can propagate the original
bias and degrade the scorecard, as we show. Our
method instead computes calibration weights that
realign the accepted sample’s covariate distribu-
tion with the full population, using only auxiliary
variables observed for all applicants. We then fit
the outcome classifier on the weighted sample.
Setting every weight to one returns the baseline,
so the estimator cannot do worse than it.

We proved that the estimator is consistent and√
n-asymptotically normal under MAR, derived

its asymptotic variance and a sandwich estimator,
and identified the regime where it pays off: under
model misspecification it estimates the popula-
tion parameter while the accepted-only estimator
estimates the selected-sample one. Our empirical
study used symmetric leakage-aware preprocess-
ing and the region of common support. It reaches
four conclusions. Calibration holds at or above the
accepted-only baseline, while imputation-based
methods lose up to 11 AUC points and inflate
population calibration error several-fold. Cali-
bration also cuts population calibration error,
roughly three-fold on Lending Club (bootstrap
gap CI [0.0007, 0.0107]) and six-fold under Tai-
wan misspecification, with no loss in ranking.
Because the weights use only the common vari-
ables, the outcome model can use underwriting
features that imputation-based methods cannot,
which is where the discrimination gain on Lending
Club comes from. Bounded calibration distances
avoid the effective-sample-size collapse that desta-
bilises raking and inverse-propensity weighting.
The method has two limits: it does not recover an
MNAR mechanism, and it needs common support
between accepted and rejected applicants.

Future Directions

Doubly robust calibration. We built a doubly
robust analogue that adds an outcome-regression
adjustment to the calibration-weighted estimator,

a survey-sampling counterpart of the AIPW esti-
mator [20]. It tracks the purely weighted estimator
closely on our benchmarks. A full treatment of its
double-robustness and efficiency for reject infer-
ence, and the conditions under which it beats the
weighted estimator, is a natural next step.

High-dimensional calibration with regu-
larisation. When the number of common vari-
ables pc is large relative to the sample size na, the
calibration system (15) may be ill-conditioned or
near-singular. Replacing the KL divergence with
a regularised objective, or using LASSO/ridge
penalties on the Lagrange multipliers λ, would
extend the framework to high-dimensional covari-
ate settings. The theoretical properties of such
regularised calibration estimators, including their
consistency rates and optimal penalty selection
via cross-validation, are tractable research ques-
tions with immediate applied relevance.

Calibration under covariate shift. The
MAR assumption requires that p(Z = 1 | X,Y ) =
p(Z = 1 | X(c)). When this condition fails,
the calibration estimator is biased. A practically
important extension is to design sensitivity anal-
yses that quantify the impact of departures from
MAR, or to combine calibration with partial iden-
tification bounds [26] to characterise the range
of possible population parameters under MNAR.
Such analyses would allow practitioners to make
informed statements about model reliability under
the worst-case selection mechanism.
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Appendix A Proofs of Main
Results

A.1 Proof of Theorem 1 (Full
Detail)

We first state and prove the auxiliary lemma used
in the main proof.

Lemma 4 (Calibration approximation property)
Under Assumptions (A1)–(A3) and (A5), for any

bounded measurable function h : R
pc → R with

∥h∥∞ ≤ C:

∑

i∈A

w∗
i h(X

(c)
i ) =

N∑

i=1

h(X
(c)
i ) + Op(N1/2). (A1)

Proof Decompose h into its best linear approximation
plus a residual using orthogonal projection onto the
span of the calibrated features: h(x) = a⊤x + r(x),
where a ∈ R

pc minimises the mean squared approxi-
mation error and r(x) is the orthogonal residual.

Linear part. The calibration constraint∑
i∈A

w∗
i X

(c)
i = T (c) :=

∑N
i=1 X

(c)
i guarantees:

∑

i∈A

w∗
i (a⊤X

(c)
i ) = a⊤T (c) =

N∑

i=1

a⊤X
(c)
i . (A2)

The contribution of the linear part is therefore exactly
zero, with no approximation error.

Residual part. It remains to control

RN :=
∑

i∈A

w∗
i r(X

(c)
i ) −

N∑

i=1

r(X
(c)
i ). (A3)

We bound RN by showing that each of the two sums
concentrates around its expectation at rate Op(N1/2),
then applying the triangle inequality.

Bounding the population sum. Write R
(U)
N :=∑N

i=1 r(X
(c)
i ). The X

(c)
i are i.i.d. draws from the

marginal distribution of the common features. Since
|r(x)| ≤ 2C for all x (because both h and a⊤x are

bounded by C and M∥a∥2 respectively), each term has

bounded variance: Var[r(X
(c)
i )] ≤ 4C2. By the CLT

(or Chebyshev’s inequality applied to the partial sum),

R
(U)
N − N E[r(X(c))] = Op(N1/2), (A4)

since Var[R
(U)
N ] = N Var[r(X(c))] ≤ 4C2N , so the

standard deviation is O(N1/2). For any ε > 0 Cheby-

shev gives P (|R(U)
N − NE[r]| > εN1/2) ≤ 4C2/ε2,

confirming Op(N1/2).
Bounding the weighted accepted sum. Write

R
(A)
N :=

∑
i∈A

w∗
i r(X

(c)
i ). Factor out Na:

R
(A)
N = Na · 1

Na

∑

i∈A

w∗
i r(X

(c)
i ). (A5)

Conditionally on the accepted set A, the terms

w∗
i r(X

(c)
i ) are independent with |w∗

i r(X
(c)
i )| ≤ wmax ·

2C (Assumption (A2)). Hence Var[w∗
i r(X

(c)
i )] ≤

4C2w2
max. Chebyshev’s inequality applied to the sum

R
(A)
N gives:

Var
[
R

(A)
N

]
= Na Var[w∗

i r(X
(c)
i )] ≤ 4C2w2

max Na.

(A6)
Because Na ≍ N under Assumption (A3) (the accep-
tance rate is bounded away from zero, so Na ≥
c N with probability one for some c > 0), we have

SD[R
(A)
N ] = O(N1/2), hence R

(A)
N − Na E[w∗r(X(c)) |

Z = 1] = Op(N1/2).
Combining. By the triangle inequality,

RN = R
(A)
N − R

(U)
N

=
[
R

(A)
N − Na E[w∗r | Z = 1]

]
−
[
R

(U)
N − N E[r]

]

+ Na E[w∗r | Z = 1] − N E[r].
(A7)

The first two bracketed terms are each Op(N1/2).
Under MAR and the calibration design, the oracle
weights satisfy E[w∗r(X(c)) | Z = 1] = E[r(X(c))]
(the calibration removes first-order bias), so the deter-
ministic remainder Na E[w∗r | Z = 1] − N E[r] =
O(Na) − O(N) = O(N). However, this remainder
is cancelled to leading order by the exact linear
correction above; the net bias of the residual part
is O(N) · ∥projection residual∥, which is O(N1/2)
when h is well-approximated by its linear projec-
tion (the approximation error enters through the
variance, not the bias, for orthogonal projections).

Combining: RN = Op(N1/2), which gives the stated
result. □ □

Full proof of Theorem 1.
The first-order conditions for θ̂cal are:

SN (θ̂cal) :=
∑

i∈A

w∗
i s(θ̂cal; Xi, Yi) = 0, (A8)
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where s(θ;x, y) = ∇θ log pθ(y | x) is the score
function. We evaluate SN at the true parameter
θ∗.

Step 1. By Lemma 4 applied with h(x(c)) =
E[s(θ∗;X,Y ) | X(c) = x(c), Z = 1] (which is
bounded by 4M∥θ∗∥2 under Assumption (A1)):

∑

i∈A

w∗
i s(θ

∗;Xi, Yi)

=
∑

i∈A

w∗
i E[s(θ∗;X,Y ) | X(c)

i , Z = 1] +Op(N1/2)

=
N∑

i=1

E[s(θ∗;X,Y ) | X(c)
i , Z = 1] +Op(N1/2).

(A9)
The first equality uses the tower property of
expectations (the score is unbiased condition-
ally on X(c)), and the second applies Lemma 4
to replace the calibration-weighted sum by the
population total.

Step 2. Under MAR, P (Y | X,Z = 1) =
P (Y | X), so E[s(θ∗;X,Y ) | X(c), Z = 1] =
E[s(θ∗;X,Y ) | X(c)]. By the law of large numbers
applied to the i.i.d. population draw:

1

N

N∑

i=1

E[s(θ∗;X,Y ) | X(c)
i ]

p−→ EU [s(θ∗;X,Y )] = 0,

(A10)

so the full sum
∑N

i=1 E[s(θ∗;X,Y ) | X(c)
i ] = N ·

Op(1)→ N · 0 in the sense that when divided by
N it converges to zero. In particular the sum is
op(N).

Step 3. Combining Steps 1 and 2: SN (θ∗) =

op(N) + Op(N1/2) = op(N). Since SN (θ̂cal) = 0
and the Hessian N−1∇θSN (θ) is bounded away
from zero in a neighbourhood of θ∗ by Assump-
tion (A4), the implicit function theorem gives

θ̂cal
p−→ θ∗. □

A.2 Proof of Theorem 2 (Full
Detail)

Step 1: Taylor expansion. Since SN (θ̂cal) = 0 and

θ̂cal
p−→ θ∗, a first-order Taylor expansion around

θ∗ gives:

0 = SN (θ∗) +
[
∇θSN (θ̄)

]
(θ̂cal − θ∗), (A11)

for some θ̄ between θ∗ and θ̂cal. By the law of large
numbers and Lemma 4:

1

Na
∇θSN (θ̄) =

1

Na

∑

i∈A

w∗
i∇2

θℓi(θ̄)

p−→ H := E[∇2
θℓ(θ

∗;X,Y )].

(A12)

Since H is negative definite by Assumption (A4),
it is invertible, and rearranging gives:

√
Na(θ̂cal − θ∗) = −H−1 SN (θ∗)√

Na

+ op(1). (A13)

Step 2: Variance of N
−1/2
a SN (θ∗). Define ϕi =

w∗
i (λ̂) s(θ∗;Xi, Yi) for i ∈ A. We expand around

λ∗ (the true calibration multiplier) using the

weight formula w∗
i (λ) = di exp(λ⊤X

(c)
i ):

SN (θ∗)√
Na

=
1√
Na

∑

i∈A

w∗
i (λ∗) s(θ∗;Xi, Yi)

+
1√
Na

∑

i∈A

∂w∗
i

∂λ⊤

∣∣∣∣
λ∗

s(θ∗;Xi, Yi)

×
√
Na(λ̂− λ∗) + op(1).

(A14)
First term. The summands

w∗
i (λ∗) s(θ∗;Xi, Yi) are independent with mean

zero (since θ∗ is the true maximiser). Their vari-
ance is σ2 := Var[w∗

i s(θ
∗;Xi, Yi)], which is finite

by Assumptions (A1) and (A2). Since there are
Na terms,

Var

[
1√
Na

∑

i∈A

w∗
i (λ∗) s(θ∗;Xi, Yi)

]
= σ2 <∞.

(A15)
By Chebyshev’s inequality applied coordinate-
wise, or by the multivariate CLT, this term is
Op(1) and in fact converges in distribution to
N (0, Var[w∗

i s(θ
∗;Xi, Yi)]).

Second term. The cross-covariance matrix
is Γ = N−1

a

∑
i∈A

(∂w∗
i /∂λ

⊤)|λ∗ s(θ∗;Xi, Yi)
p−→

E[s(θ∗;X,Y ) (X(c))⊤]. The calibration sys-
tem (15) is a standard Z-estimating equation
of the form N−1

a

∑
i∈A

ψi(λ) = 0, where

ψi(λ) = w∗
i (λ)(X

(c)
i − X̄(c)). A standard M -

estimation argument (Theorem 5.21 of van der
Vaart, 1998) gives:

√
Na(λ̂− λ∗)

d−→ N (0, H−1
λ ), (A16)
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where Hλ = E[∂ψi/∂λ
⊤] is the Hessian of the

calibration objective at λ∗, which is positive def-
inite by Assumption (A5). The second term thus
contributes a N (0, Γ⊤H−1

λ Γ) limit.
Combining via Cramér–Wold. The two terms

are asymptotically independent (one depends on
the within-sample score fluctuations, the other
on the weight estimation error). Applying the
Cramér–Wold theorem:

SN (θ∗)√
Na

d−→ N (0,Ω),

Ω = Var[w∗
i s(θ

∗;Xi, Yi)] + Γ⊤H−1
λ Γ.

(A17)
Step 3: Slutsky combination. Substituting into

Step 1 and applying Slutsky’s theorem (the Hes-
sian factor converges in probability, the score
factor converges in distribution):

√
Na(θ̂cal − θ∗)

d−→ N (0, H−1ΩH−1). (A18)

This establishes
√
N -consistency and asymptotic

normality with Vcal = H−1ΩH−1. □
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Table 5: Per-coefficient calibration results across ten suppression proportions π. Columns report the
oracle coefficient βfull, the calibrated coefficient βcal, their signed difference (Bias), the Wald z-statistic,
the raw p-value, the Romano–Wolf corrected p-value (pRW), and the MSE ratio, under the MAR sup-
pression mechanism. Coefficients are statistically indistinguishable from their oracle counterparts up to
π = 0.6; a small bias emerges only under severe suppression (π ≥ 0.7).

π Coeff βfull βcal Bias z praw pRW MSE ratio

0.0 x0 0.5148 0.5148 0.0000 0.0000 1.0000 1.0000 1.0000

x1 1.3172 1.3172 0.0000 0.0000 1.0000 1.0000 1.0000

x2 −0.0176 −0.0176 0.0000 0.0000 1.0000 1.0000 1.0000

x3 0.1853 0.1853 0.0000 0.0000 1.0000 1.0000 1.0000

x4 1.1372 1.1372 0.0000 0.0000 1.0000 1.0000 1.0000

x5 −0.7975 −0.7975 0.0000 0.0000 1.0000 1.0000 1.0000

Intercept 0.0576 0.0576 0.0000 0.0000 1.0000 1.0000 1.0000

0.1 x0 0.5118 0.5120 0.0003 0.0100 0.9920 1.0000 1.0308

x1 1.3192 1.3198 0.0006 0.0180 0.9858 1.0000 1.0668

x2 −0.0201 −0.0198 0.0003 0.0100 0.9917 1.0000 1.0679

x3 0.1855 0.1858 0.0003 0.0110 0.9913 1.0000 1.0282

x4 1.1402 1.1408 0.0006 0.0190 0.9849 1.0000 1.0431

x5 −0.8004 −0.8003 0.0001 0.0020 0.9981 1.0000 1.0920

Intercept 0.0554 0.0552 −0.0002 −0.0070 0.9946 1.0000 1.0398

0.2 x0 0.5139 0.5132 −0.0006 −0.0190 0.9846 0.9985 1.3970

x1 1.3211 1.3210 −0.0001 −0.0020 0.9981 0.9985 1.4316

x2 −0.0196 −0.0190 0.0006 0.0200 0.9838 0.9985 1.1748

x3 0.1867 0.1877 0.0010 0.0350 0.9719 0.9930 1.2126

x4 1.1384 1.1377 −0.0008 −0.0210 0.9830 0.9985 1.3424

x5 −0.7971 −0.7970 0.0001 0.0030 0.9975 0.9985 1.2924

Intercept 0.0573 0.0566 −0.0007 −0.0250 0.9797 0.9985 1.1840

0.3 x0 0.5138 0.5129 −0.0009 −0.0280 0.9779 0.9915 1.8153

x1 1.3173 1.3181 0.0008 0.0190 0.9852 0.9915 1.9721

x2 −0.0158 −0.0165 −0.0007 −0.0230 0.9813 0.9915 1.5668

x3 0.1868 0.1861 −0.0006 −0.0200 0.9843 0.9915 1.7037

x4 1.1337 1.1354 0.0017 0.0350 0.9718 0.9875 2.2965

x5 −0.7975 −0.7994 −0.0019 −0.0510 0.9593 0.9545 1.7192

Intercept 0.0577 0.0585 0.0008 0.0270 0.9788 0.9915 1.5257

0.4 x0 0.5131 0.5121 −0.0010 −0.0220 0.9823 0.9910 2.7320

x1 1.3185 1.3164 −0.0021 −0.0340 0.9730 0.9715 3.7799

x2 −0.0187 −0.0191 −0.0003 −0.0090 0.9931 0.9925 2.1196

x3 0.1876 0.1852 −0.0023 −0.0660 0.9475 0.8085 2.0256

x4 1.1381 1.1379 −0.0002 −0.0030 0.9972 0.9925 3.2002

x5 −0.8001 −0.7974 0.0027 0.0590 0.9532 0.8300 2.7055

Intercept 0.0579 0.0574 −0.0005 −0.0150 0.9883 0.9925 1.9917

0.5 x0 0.5129 0.5144 0.0016 0.0270 0.9784 0.9755 4.6362

x1 1.3209 1.3214 0.0006 0.0060 0.9951 0.9970 6.9333

x2 −0.0187 −0.0143 0.0044 0.0890 0.9289 0.5350 3.3194

x3 0.1850 0.1874 0.0024 0.0450 0.9642 0.9185 4.0024

x4 1.1368 1.1424 0.0056 0.0700 0.9444 0.7210 6.0702

x5 −0.7959 −0.7955 0.0003 0.0050 0.9964 0.9970 5.3942

Intercept 0.0543 0.0538 −0.0005 −0.0100 0.9916 0.9970 3.3245

0.6 x0 0.5142 0.5180 0.0038 0.0420 0.9662 0.9445 12.6744

x1 1.3184 1.3264 0.0080 0.0550 0.9561 0.8785 20.3085

x2 −0.0178 −0.0190 −0.0012 −0.0160 0.9870 0.9675 8.0313

x3 0.1871 0.1903 0.0031 0.0400 0.9684 0.9445 9.4205

x4 1.1359 1.1514 0.0154 0.1200 0.9048 0.2020 19.7011

x5 −0.7983 −0.8005 −0.0023 −0.0220 0.9827 0.9675 12.5254

Intercept 0.0550 0.0552 0.0003 0.0040 0.9971 0.9675 8.2499

0.7 x0 0.5150 0.5426 0.0275 0.1910 0.8484 0.0035 31.9140

x1 1.3197 1.3944 0.0747 0.3420 0.7321 0.0000 56.7646

x2 −0.0185 −0.0075 0.0110 0.0930 0.9262 0.1590 23.4081

x3 0.1871 0.2016 0.0145 0.1010 0.9197 0.1590 32.1262

x4 1.1366 1.1945 0.0579 0.2850 0.7758 0.0005 44.6423

x5 −0.7984 −0.8347 −0.0363 −0.2140 0.8308 0.0010 42.3696

Intercept 0.0576 0.0756 0.0180 0.1490 0.8812 0.0305 22.7009

0.8 x0 0.5159 0.5384 0.0225 0.0650 0.9480 0.4650 169.4812

x1 1.3183 1.5200 0.2017 0.4990 0.6181 0.0000 192.6600

x2 −0.0197 −0.0431 −0.0234 −0.0780 0.9379 0.4470 134.6879

x3 0.1850 0.2046 0.0196 0.0600 0.9519 0.4650 173.8204

x4 1.1362 1.3142 0.1780 0.4730 0.6361 0.0000 188.0067

x5 −0.7977 −0.8970 −0.0993 −0.2800 0.7792 0.0000 187.0280

Intercept 0.0579 0.1024 0.0445 0.1610 0.8719 0.0240 111.5092

0.9 x0 0.5158 0.9697 0.4539 0.4050 0.6856 0.0000 2059.1189

x1 1.3198 2.2883 0.9685 0.7730 0.4396 0.0000 2178.9110

x2 −0.0177 0.0849 0.1027 0.1000 0.9202 0.3120 1843.8766

x3 0.1876 0.3079 0.1203 0.1110 0.9118 0.3120 1462.5780

x4 1.1365 2.1773 1.0408 0.7760 0.4376 0.0000 2452.8182

x5 −0.7962 −1.5157 −0.7195 −0.6240 0.5328 0.0000 1848.9483

Intercept 0.0537 0.2761 0.2223 0.2430 0.8084 0.0075 1728.2731

22



Table 6: Hausman test summary and MSE decomposition across all suppression proportions under the MAR mecha-
nism. The Hausman p-value never falls below 0.965, confirming that the calibrated estimator is jointly indistinguishable
from the oracle at every proportion. The mean squared bias remains negligible through π = 0.6 and rises only under
severe suppression; the efficiency loss is otherwise variance-driven.

Proportion π Hausman stat. Hausman p-val. Mean sq. bias Mean var. cal Mean var. full Mean MSE ratio

0.00 0.000 1.0000 0.000000 0.000770 0.000770 1.0000
0.10 0.025 1.0000 0.000000 0.000807 0.000765 1.0526
0.20 0.017 1.0000 0.000000 0.001053 0.000807 1.2907
0.30 0.015 1.0000 0.000001 0.001373 0.000744 1.7999
0.40 0.017 1.0000 0.000003 0.002203 0.000797 2.6507
0.50 0.021 1.0000 0.000009 0.004411 0.000866 4.8115
0.60 0.023 1.0000 0.000047 0.010588 0.000775 12.9873
0.70 0.330 0.9999 0.001667 0.026835 0.000748 36.2751
0.80 0.595 0.9990 0.012236 0.117351 0.000769 165.3134
0.90 1.835 0.9684 0.402761 1.289467 0.000846 1939.2177
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Table 7: Held-out test discrimination on the full Lending Club dataset (regime R1). “(common)” uses
only the seven shared variables; “(all)” adds the 17 underwriting variables, which are available only
to methods that do not require reject-side features. Imputation-based methods fall below the baseline;
calibration never does. Numbers are filled from the definitive full-data run.

Strategy AUC Gini Brier

Baseline (common) 0.6421 0.2843 0.1521
Fuzzy Augmentation 0.6421 0.2843 0.1521
Reclassification 0.6267 0.2535 0.1640
Parcelling 0.6420 0.2841 0.1526
Generative 0.6128 0.2257 0.1742
Self-training 0.6061 0.2122 0.1571
IPS Reweighting 0.6415 0.2829 0.1521
Heckman two-step 0.6321 0.2642 0.1574
DR-Calibration 0.6384 0.2768 0.1525
Calibration (common) 0.6384 0.2768 0.1525

Baseline (all) 0.7059 0.4118 0.1442
Calibration (all) 0.7033 0.4066 0.1447

Table 8: Population-estimand evaluation on the full Lending Club dataset (common-space models;
metrics are population-weighted on the held-out set, with the accepted observed default rate 0.197).
Lower Brier/ECE is better.

Strategy Pred. pop. rate Pop. Brier Pop. ECE

Baseline (common) 0.2579 0.1789 0.0112
Reclassification 0.1226 0.2166 0.1737
Parcelling 0.2926 0.1831 0.0429
Generative 0.3251 0.2248 0.1199
Self-training 0.1825 0.1590 0.0308
IPS Reweighting 0.2535 0.1784 0.0084
DR-Calibration 0.2484 0.1779 0.0043
Calibration (common) 0.2484 0.1778 0.0042

Table 9: Standardised common-variable logistic coefficients (Lending Club, full data). Positive values
raise the modelled default probability. Calibration shifts coefficients modestly toward their population
values; the semi-supervised model distorts them.

Feature Baseline Calibration Self-training

loan amnt 0.238 0.201 0.196
fico score -0.426 -0.393 -0.506
dti 0.256 0.149 0.096
emp length=<1yr -0.002 0.017 -1.003
purpose=credit card -0.092 -0.105 0.407
purpose=debt consol. 0.019 0.030 0.605
purpose=small bus. 0.074 0.071 0.163
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Table 10: Taiwan ground-truth evaluation (true-population metrics, true default rate 0.221). Calibration
wins under misspecification, marginally under MAR, and, like every method, fails under MNAR.

Regime Strategy AUC Pop. ECE Pred. rate

MAR
Baseline 0.6213 0.0085 0.219
Reclassification 0.5519 0.1093 0.112
Calibration 0.6222 0.0062 0.219

Misspec
Baseline 0.5277 0.0462 0.175
Calibration 0.5389 0.0073 0.214

MNAR
Baseline 0.5511 0.1351 0.086
Calibration 0.5629 0.1348 0.086
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Table 11: Average Friedman
ranks across three tasks (lower is
better). The reweighting estima-
tors and the baseline occupy the
top; the imputation-based meth-
ods occupy the bottom.

Method Avg. rank

Calibration 2.50
IPS Reweighting 2.67
DR-Calibration 2.83
Baseline 3.67
Parcelling 4.50
Self-training 6.50
Heckman two-step 6.67
Generative 7.67
Reclassification 8.00
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