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Abstract

Background: Longitudinal causal inference using observational health data is complicated by
time-dependent confounding, feedback between treatment assignment and evolving patient
states, and heterogeneous post-intervention outcome distributions. Conventional g-computation
usually focuses on mean-level effects and may miss clinically relevant distributional changes.
We propose Transport G-Computation (TGC), a distributional framework for estimating
Wasserstein causal effects between terminal potential outcome distributions. Methods: TGC

combines longitudinal g-computation with local optimal transport. At each time point and
1
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treatment level, local nearest-neighbor samples are used to construct empirical transition
libraries, and entropy-regularized optimal transport is applied to approximate conditional
transition distributions. Intervention trajectories are recursively simulated under static treatment
regimes, and the Wasserstein distance between terminal empirical distributions is used as the
causal estimand. TGC was evaluated in four simulation scenarios and compared with parametric
g-computation using bias, root mean square error (RMSE), relative bias, runtime, and failure rate
across 100 replications. Results: Parametric g-computation performed best in the linear Gaussian
and Gaussian mixture scenarios, with RMSE values of 0.075 and 0.080, compared with 0.659
and 0.252 for TGC. TGC showed its strongest advantage in the confounded feedback scenario,
reducing RMSE from 1.821 to 0.486 and absolute bias from 1.813 to 0.468. In the nonlinear
heteroscedastic scenario, both methods showed substantial error. All replications completed
successfully, but TGC required substantially longer runtime. Conclusions: TGC offers a flexible
distributional approach for longitudinal causal inference and may be useful when feedback
confounding and model misspecification limit parametric g-computation. Further work is needed

to improve tuning, efficiency, and practical implementation for observational medical research.

Keywords: Transport g-computation; longitudinal causal inference; observational data; optimal

transport; Wasserstein distance; simulation study
Background

Longitudinal causal inference is among the most common and challenging problems in
observational studies'. Unlike cross-sectional settings, treatment assignment, state evolution,
and future outcomes in longitudinal data are typically governed by complex dynamic
dependencies: current treatments influence subsequent states and may, through feedback from

states, continue to affect future treatments, thereby inducing time-varying confounding™*,
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Classical longitudinal g-computation provides a foundational framework for identification and
estimation in such settings'*. However, its practical performance is highly dependent on the
correct specification of the conditional transition model®. When the true data-generating
mechanism exhibits nonlinearity, multimodality, heteroscedasticity, or complex feedback
structures, parametric models often struggle to adequately capture the dynamic transition

process®’, leading to systematic bias in the estimation of terminal causal effects.

On the other hand, most existing longitudinal causal methods focus primarily on mean-type
effects, such as the average treatment effect, expected outcome differences, or changes in
regression coefficients. Yet in many practical applications, the impact of an intervention is not
restricted to the mean®’; it may also manifest in the shape of the outcome distribution, such as
distributional shifts, changes in dispersion, or the reshaping of multimodal structures. In such
cases, comparing means alone is often insufficient to address the research question. Causal
effects at the distributional level thus constitute a more natural and informative target®!?. The
Wasserstein distance, as a geometric tool for measuring discrepancies between two distributions,

10,11

simultaneously reflects location, spread, and shape changes™ "', making it well suited as an

overall effect measure for post-intervention distributional changes in longitudinal settings.

Despite its favorable interpretability for distributional comparisons, systematically incorporating
the Wasserstein distance into longitudinal causal inference presents several challenges. First, the
terminal distribution under intervention must be obtained recursively through the longitudinal

transition mechanism, which requires estimating not only the terminal distribution itself but also

the conditional transition kernel at each step. Second, if a global parametric model is adopted, the

method’s performance will be heavily constrained by the correctness of the model specification’.

However, if a fully nonparametric approach is employed, issues such as high dimensionality,
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data sparsity, and positivity violations arise®!?

. Moreover, under the recursive temporal structure,
early estimation errors propagate backward and accumulate at the terminal time, imposing more

stringent demands on the stability of conditional transition estimation'.

To address these issues, we propose a novel distributional-level longitudinal causal estimation
framework: Transport G-Computation (TGC). This method combines the idea of optimal
transport with longitudinal g-computation'#!>. At each time point and for each treatment arm, it
constructs a nonparametric approximation of the conditional transition distribution through local
neighborhoods and OT couplings'>!®. Compared with traditional parametric g-computation,
TGC does not rely on global linear models; instead, it preserves the multimodality and stochastic
structure of the empirical distribution through localization and soft matching!!. Compared with
simple nearest-neighbor or kernel regression, TGC leverages optimal transport to establish richer

14,17

local mappings between source and target distributions ™', making it better suited for complex

longitudinal distributional transitions.

The main contributions of this paper are as follows. First, we introduce the Wasserstein distance
into the definition of longitudinal causal effects, constructing an estimation target that directly
addresses terminal distributional changes. Second, we propose the TGC method, which combines
local kernel smoothing with optimal transport coupling, to estimate the terminal distribution
under static intervention. Third, we provide corresponding identification and theoretical analysis,
showing that the target is identifiable under standard assumptions, and we discuss the properties
of local conditional transition estimation and recursive error propagation. Fourth, we compare
the performance of TGC and parametric g-computation across multiple simulation scenarios; the
results indicate that TGC is more advantageous in dynamic feedback confounding scenarios,

whereas it is not necessarily superior to traditional methods in simple settings with correctly
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specified models. Overall, this paper aims to provide an estimation framework for distributional-
level longitudinal causal inference that is simultaneously interpretable, flexible, and amenable to

diagnostics.

Methods

2.1 Problem Setup and Target Quantity

We consider a discrete-time longitudinal causal inference problem'2. For each individual, at time

pointst = 0, ...,T — 1, we observe a state vector L; € R% and a binary treatment 4, € {0,1}.

Denote the potential outcomes by Lga), representing the longitudinal trajectory under the static

intervention A, = a. Rather than traditional mean-type causal effects®’, the focus of this paper is

on the distributional-level difference at the terminal time®, namely comparing the distributions of

the terminal potential outcomes L(Tl) and L(TO) under the two static interventions a = 1 and a = 0.

To this end, we define the distributional-level causal effect as the second-order Wasserstein

distance!®!!:

WCE = W,(P(L), PL®))

This quantity not only reflects shifts in distributional location but also captures changes in
dispersion and multimodal structure, making it appropriate for longitudinal processes with strong
heterogeneity, nonlinear feedback, and non-Gaussian errors. Compared with approaches that
only compare means or regression coefficients, the WCE more directly addresses the question of

whether and to what extent the overall distribution changes after intervention.
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2.2 Identification Assumptions

Under the following standard causal assumptions?, the terminal distribution under static

intervention can be identified from observed data:

- Consistency: If an individual’s actually received treatment path coincides with the intervention

regime, the observed outcome equals the corresponding potential outcome;

- Sequential ignorability: Given the history of states L, the current treatment A, is independent

of future potential outcomes;

- Positivity: Within the support of observable states, every treatment level has non-zero

probability!®.

Under these conditions, the terminal distribution for the static intervention A; = a satisfies the
longitudinal g-formula'-%:

T-1

P(L) = [P [ [P e 10t = @ by
t=0

Thus, the key to estimating the WCE lies in the reliable estimation of the conditional transition
kernel P(L;y1 | Ly, A; = a); once this transition kernel can be consistently estimated, one can
obtain the terminal distribution under intervention via forward simulation and subsequently

compute the Wasserstein distance.

2.3 Transport G-Computation

Building upon the above identification result, we propose Transport G-Computation (TGC). The
core idea of TGC is to avoid imposing strong parametric assumptions on the longitudinal

transition mechanism'®, and instead, at each time point and for each treatment arm, construct a
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nonparametric approximation of the conditional transition distribution through a localized
optimal transport mechanism. More specifically, for a given time point ¢t and treatment level a,

we extract from the observed data all sample pairs satisfying A; = a:
Do = {(L(tl)'l'(t?-1) | Agl) = a},

and treat them as an empirical transition library between source states and target states. If the
sample size for a particular treatment arm at a particular time point is too small, the region is
deemed to suffer from positivity violation?’, and the algorithm does not attempt forced
extrapolation; instead, it explicitly reports failure to avoid spuriously precise estimates in non-

identifiable regions.

For any query state x, TGC first identifies local nearest neighbors in the source state set!?,
thereby forming a local subsample around x. The purpose of this step is to restrict estimation to
the observed region near the current state, reducing the bias induced by global modeling in high
dimensions. Subsequently, an entropically regularized optimal transport problem is solved on

this local subsample'*?!. Let the local source samples be {xj};;l and the local target samples be

n .
{yj}jzl; by solving
P* =arg Perg(iglb)(P,M) + AKL(P||ab")

we obtain a soft-matching coupling from source to target, where M is the squared Euclidean cost
matrix, A is the entropic regularization strength, and I1(a, b) denotes the set of couplings
satisfying marginal constraints. This coupling matrix, on the one hand, preserves the
multimodality of the local transition distribution, and on the other hand, enhances numerical

stability through entropic regularization'*?!.
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To apply this coupling to a specific query state x, TGC further constructs kernel weights with

respect to the local source states. We employ Gaussian kernel weights'®:

|’C—XJ|2
w;(x) o exp T

where the bandwidth h? is adaptively determined by the median of local distances. The OT
coupling is then row-normalized and combined with the kernel weights to form a local
conditional distribution approximation over the target states'”. Finally, the next-time state L, ; is
sampled from this weighted distribution. This mechanism can be understood as a combination of
“local kernel smoothing + OT matching”: kernel weights handle localization, optimal transport
preserves the structure of the empirical distribution, and stochastic sampling allows distributional

uncertainty to propagate naturally through the longitudinal recursion'?.

2.4 Recursive Simulation of Intervention Trajectories

Once the conditional transition estimates are obtained, TGC recursively generates the entire
trajectory under static intervention in chronological order. Given an initial state sample L, under
the intervention A, = a, the algorithm applies the above local conditional transition estimator at

each time point, yielding

L9 ~ P14, =a), t=0,..,T—1.

Repeating this procedure produces two sets of terminal samples {L(Tl)}and {L(f)}. Finally, the

second-order Wasserstein distance is computed based on the empirical distributions to obtain the

WCE '
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2.5 Comparison Method: Parametric G-Computation

To evaluate the performance of TGC, we also implement a parametric g-computation baseline’.
This method fits linear transition models separately for each time point and each dimension, and
performs forward simulation under static intervention to obtain the terminal distribution and its
Wasserstein distance. This baseline represents the traditional parametric longitudinal causal
inference strategy; its advantages are simplicity of implementation and clear interpretability, but
its performance depends on whether the transition model is correctly specified®. When the true
transition exhibits pronounced nonlinearity, multimodality, or heteroscedasticity, parametric
models typically produce systematic bias. In contrast, TGC reduces reliance on the global model
form through the local OT mechanism and is better suited to scenarios with complex

distributional transitions.

2.6 Simulation Design and Evaluation Metrics

We construct multiple data-generating mechanisms to systematically evaluate the performance of
different methods under various longitudinal transition structures, including linear Gaussian
transitions, multimodal mixture transitions, treatment effects with feedback, and nonlinear
heteroscedastic processes. Treatment assignment is driven by the current state, thereby creating a
confounded treatment assignment mechanism to test the robustness of methods under observed
confounding. Each scenario is repeated independently multiple times, and the following metrics
are reported: estimation bias, absolute bias, RMSE, average runtime, and failure rate. If a method
is unable to produce an estimate in a particular repetition due to positivity violation or numerical

instability, that repetition is recorded as a failure and reported separately in the summary.
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Theoretical properties

3.1 Identifiability

We first establish the identifiability of the WCE. Since the target estimand in this paper is
defined as the Wasserstein distance between the terminal potential outcome distributions under
static interventions, the WCE is identifiable as long as the terminal distributions themselves are
identifiable?.

Assumption 1 (Consistency).

If an individual’s actually observed treatment path coincides with a static intervention a, then
their observed outcome equals the corresponding potential outcome.

Assumption 2 (Sequential Ignorability).

For each time point ¢, the current treatment A, is independent of future potential outcomes
conditional on the history L;.

Assumption 3 (Positivity).

Within the support of the states required by the study, every treatment level a € {0,1} has non-

zero conditional probability!'®2°.

Theorem 1 (Identifiability of the WCE).

Under Assumptions 1-3, the terminal distribution [P(L(Ta))under static intervention 4, = a is

uniquely identified by the longitudinal g-formula, and hence
WCE = W, (P(L)), P(LY))

10
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1s also identifiable.

By consistency and sequential ignorability, the potential outcome distribution can be written as
an integral over conditional transition kernels, namely the longitudinal g-formula'-. Positivity
ensures that the conditional distributions in the integral can be estimated from the observed data
over the target support, so the terminal distribution under intervention is identifiable. Since the
Wasserstein distance is a deterministic function of two identifiable distributions, the WCE is also

identifiable!'%22,

3.2 Approximation Properties of Local Transition Estimation

The TGC estimates a nonparametric approximation to the local conditional transition kernel'®.
Intuitively, as long as the true conditional transition is sufficiently smooth in the state variables
and there are enough samples within the local neighborhood, the estimator constructed from
nearest-neighbor truncation, kernel weighting, and OT coupling should approximate the true

conditional transition.

Assumption 4 (Local Smoothness).

For each time point t and treatment level a, the true conditional transition kernel
P(L¢yq | Ly = x, Ay = a) is locally Lipschitz continuous in x !”.

Assumption 5 (Local Support Sufficiency).

In the neighborhood of the target point x, the conditional density of the source state is bounded
below by a positive constant, and as the sample size increases, the covering radius of the local

nearest-neighbor set shrinks to zero?.

11
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Proposition 1 (Consistent Approximation of the Local Conditional Transition).

Under Assumptions 4-5, and provided that the number of nearest neighbors k grows slowly with
the sample size and the kernel bandwidth shrinks at an appropriate rate, the local conditional
transition distribution constructed by TGC converges to the true conditional transition kernel in

the sense of weak convergence''.

Nearest-neighbor truncation restricts estimation to the vicinity of the target point, and the global
bias decreases as the neighborhood radius shrinks®*. Kernel weights suppress the influence of
distant samples, so that the estimation is primarily governed by the local geometry'®. The OT
coupling establishes soft matching between local empirical distributions, preserving the
multimodality and stochasticity of the target distribution'”?*. Under sufficient local sample size,

the discrepancy between the empirical coupling and the true transition kernel can be controlled'.

3.3 Recursive Error Propagation

The terminal distribution of the TGC is not estimated in a single step, but is obtained through
longitudinal recursive simulation. Therefore, the estimation error of the conditional transition at
each time point propagates forward. This property is important because it explains why every
step of the method must be as stable as possible, and why problems over long time horizons are

more challenging.

Assumption 6 (Recursive Stability).

There exists a constant C, > 0 such that the true transition operator at each time point satisfies a

local Lipschitz-type stability in the Wasserstein metric'”.

12



249  Proposition 2 (Recursive Control of the Terminal Error).

250  Let & denote the conditional transition estimation error at step t in the Wasserstein metric. Under

251  Assumption 6, there exists a constant C > 0 such that the terminal distribution error satisfies
252 W, (P (L), ﬁ(L&a))) <cylle,.

253  Consequently, if the conditional transition estimate at each step is consistent, then the terminal

254  distribution estimate is also consistent'>.

255  The longitudinal recursion is viewed as a composition of distribution operators2®. By the local
256  Lipschitz stability in Assumption 6, the error at step t propagates to step t + 1 with a factor no
257  greater than Cy; meanwhile, the newly introduced local estimation error &; at each step

258  accumulates in an additive manner. Recursive application of the triangle inequality yields the

259  error bound stated above.

260 3.4 Diagnosability Under Positivity Violation

261  Because TGC explicitly relies on local sample support within each treatment arm, it does not
262  silently extrapolate in regions where samples are sparse. This is a methodological advantage, as

263 it prevents the situation where “results appear to exist, yet there is no identification basis”?%?’.

264  Proposition 3 (Explicit Diagnosis of Positivity Violation).

265 If the effective sample size in a treatment arm at a given time point falls below the minimum
266  support threshold, the conditional transition kernel over that region cannot be reliably estimated.
267  TGC explicitly flags such instances as a positivity violation, rather than resorting to implicit

268  estimation through pooled fallback or borrowing strength across arms.

13



269  When the sample size is insufficient, the local empirical distribution cannot provide adequate
270  neighborhood coverage for the target point, and hence the stability and reproducibility of the

271  local transition kernel estimate cannot be guaranteed. TGC makes this unidentifiable scenario
272 explicit through a minimum sample threshold, thereby preventing spurious estimation

273 conclusions.

274 3.5 Theoretical Explanation of Methodological Advantages

275  Synthesizing the properties above, the advantages of TGC can be summarized in three points.
276  First, TGC does not rely on a global parametric model, but instead alleviates model

277  misspecification bias through local kernel smoothing. Second, the OT coupling preserves the
278  multimodality and stochasticity of the target conditional distribution, thereby offering greater
279  expressiveness than point regression or nearest-neighbor imputation. Third, TGC explicitly
280  exposes positivity violations, avoiding uncontrolled extrapolation in regions lacking

281  identification support. Consequently, when the true transition mechanism exhibits nonlinear,
282  multimodal, or heteroscedastic structures, TGC is expected to deliver more stable distribution-

283  level estimates than parametric g-computation.

284 Results

285  We compared the performance of TGC and parametric g-computation (Param_gcomp) under
286  four simulation scenarios, including linear Gaussian transitions, Gaussian mixture transitions,
287  confounded scenarios with feedback, and nonlinear heteroscedastic scenarios. Each scenario was
288  replicated 100 times, with evaluation metrics comprising the true WCE, mean estimate, average
289  bias, mean absolute deviation, RMSE, relative bias, average runtime, and failure rate. Overall,

290  parametric g-computation demonstrated greater stability in most scenarios, whereas TGC

14



291  showed a clear advantage only in the dynamic feedback scenario; meanwhile, the computational
292 cost of TGC was substantially higher, yet all replications completed successfully without any
293  increase in failure rate. Detailed numerical results for both methods across all scenarios are

294  summarized in Table 1.

295  Table 1. Performance comparison between TGC and parametric g-computation across four

296  simulation scenarios.

True Mean

Scenario Method WCE Est. Bias RMSE Rel. Bias  Time (s)

a) Linear Param\ gcomp 2.896 2914 0.018 0.075 0.006 1.1
Gaussian TGC 2.896 2.241 —0.655 0.659 0.226 179.6

b) Gaussian Param\ gcomp 2.887 2911 0.024 0.08 0.008 1.1
Mixture TGC 2.887 2.649 —0.238 0.252 0.083 136.3

¢) Confounded Param\ gcomp 9.478 11.291 1.813 1.821 0.191 1.1
Feedback TGC 9.478 9.01 —0.468 0.486 0.049 234.7

d) Nonlinear Param\ gcomp 6.92 10.565 3.645 3.658 0.527 1.2
Hetero TGC 6.92 3.277 —3.643 3.645 0.526 181.8

297  Note: All scenarios were run with 100 attempted replications, all of which completed

298  successfully (failure rate = 0).

299  In the linear Gaussian scenario, both methods recovered the true WCE reasonably well. For

300 Param_gcomp, the true WCE was 2.896, the mean estimate was 2.914, the average bias was

301  merely 0.018, the mean absolute deviation was 0.057, and the RMSE was 0.075. By contrast, the
302  mean estimate of TGC was 2.241, exhibiting a notably negative bias, with an average bias of -
303  0.655, and the mean absolute deviation and RMSE were 0.655 and 0.659, respectively. This

304  result indicates that when the true transition structure aligns well with a linear parametric model,
305 traditional parametric g-computation is in fact preferable, whereas the local OT smoothing

306 employed by TGC may introduce additional estimation bias in this simple scenario.

307  In the Gaussian mixture scenario, Param_ gcomp maintained satisfactory accuracy, with an

308 average bias of 0.024, a mean absolute deviation of 0.063, and an RMSE of 0.080. The mean

15
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estimate of TGC was 2.649, corresponding to an average bias of -0.238, a mean absolute
deviation of 0.238, and an RMSE of 0.252. Although TGC still approximated the true WCE
reasonably well, its error was markedly higher than that of the parametric baseline. In other
words, under the current simulation settings, TGC did not exhibit the anticipated advantage in
multi-modal distribution scenarios, suggesting that its performance may be sensitive to

neighborhood size, kernel bandwidth, or OT regularization parameters.

In the confounded feedback scenario, TGC demonstrated its most pronounced advantage. In this
scenario, the true WCE was 9.478, and the mean estimate of Param gcomp was 11.291, with the
average bias reaching 1.813; the mean absolute deviation and RMSE were likewise 1.813 and
1.821. By comparison, the mean estimate of TGC was 9.010, with an average bias of -0.468, a
mean absolute deviation of 0.468, and an RMSE of 0.486, substantially outperforming the
parametric baseline. This result illustrates that when treatment assignment exhibits feedback
dependence on historical states and the dynamic confounding structure is more complex, the
local conditional transition estimation of TGC is more effective in reducing systematic bias

arising from model misspecification.

In the nonlinear heteroscedastic scenario, both methods faced considerable modeling challenges.
The mean estimate of Param_gcomp was 10.565, substantially overestimating the true WCE of
6.920, with an average bias of 3.645 and an RMSE of 3.658. The mean estimate of TGC was
3.277; although the direction of bias was opposite, the absolute bias was similarly large at 3.643,
with an RMSE of 3.645. That is, in this scenario, TGC did not significantly outperform the
parametric baseline; rather, both methods exhibited conspicuous systematic errors. This suggests

that for strongly nonlinear, heteroscedastic settings with complex distributional structures, the
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current version of TGC still requires further hyperparameter tuning or methodological

refinement.

Synthesizing the estimation accuracy across the four scenarios, the performance of the two
methods under different data-generating mechanisms exhibited marked differences (Figure 1).
Figure 1 provides an intuitive visualization of the comparison of average bias and RMSE across
scenarios, further corroborating that TGC offered significantly superior robustness relative to the
parametric baseline only in the confounded feedback scenario, while encountering challenges of

varying degrees in the other scenarios.

Figure 1. Comparison of bias and root mean square error (RMSE) between the transport g-

computation (TGC) and parametric g-computation across four simulation scenarios.

Conditional TGC vs Parametric g-computation
m== Param. g-comp mm TGC

Absolute bias RMSE
35 3.54
3.0 3.0
825 2.5+
= w
W
3 2.0 22.04
o
§ 1.5 1.5
1.0 1.0
0.5 0.5
0.0 0.04
ssian ur pack etero ssian L wyinure pack eter®
 Linea & o) Gavss™" P?\mnfceumi e & woninea” ™ a) Lned” o= py Gauss" “:I\Ccn{ounde Feed d) oniinea ™
C

Note: This figure illustrates the average bias and RMSE of both methods under four distinct
scenarios: linear Gaussian, Gaussian mixture, feedback confounding, and nonlinear
heteroscedasticity. TGC demonstrated the smallest bias and error in Scenario c, whereas

relatively larger errors were observed in Scenarios a and d.

From the perspective of computational efficiency, the runtime of TGC was markedly higher than

that of Param gcomp (Figure 2). As shown in Figure 2, the average runtime of Param_gcomp
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was approximately 1.05-1.22 seconds per replication, whereas that of TGC ranged from
approximately 136.35 to 234.69 seconds per replication. In other words, TGC was roughly two
orders of magnitude slower under the current implementation. Although such overhead is
acceptable in methodological research, further optimization of the implementation would be
necessary for large-scale data applications or simulations with a high number of replications,

particularly in nearest-neighbor search, local OT solving, and parallelization strategies.

Figure 2. Comparison of average runtime between TGC and Param_gcomp across different

scenarios.

Mean runtime per replication (log scale)

mmm Param. g-comp
mm TGC

102 -

101 4

Mean runtime per replication (s)

100-

an ) -\pre dbac\( ) He’c_efo
o) (‘;'c:\usf"anM Confound® . d) ontine2’
c)

ear Gaus™!

Note: The y-axis represents the average runtime (in seconds) on a logarithmic scale. TGC
exhibited consistently and markedly higher runtime than Param_gcomp across all scenarios,

indicating a substantial computational overhead.

It is worth noting that the number of successful replications was 100 for both methods across all

scenarios, with a failure rate of 0, indicating that the numerical procedures were stable under the
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current experimental settings, with no evident positivity collapse or numerical failure. The

MCSE was also small overall, suggesting good stability of the replicated simulation results.

Taken together, these results support a relatively conservative yet credible conclusion: TGC has
advantages in complex longitudinal confounding scenarios with dynamic feedback, but does not
uniformly outperform parametric g-computation across all complex distributional settings; at the
same time, TGC entails substantially higher computational costs. Therefore, a more appropriate
characterization in the paper is not “universally superior to the baseline,” but rather “more robust
under feedback confounding structures, comparable to or slightly inferior to the baseline in other

scenarios, and with considerable computational overhead.”

Discussion

The Transport G-Computation proposed in this paper aims to integrate optimal transport with
longitudinal g-computation to estimate the Wasserstein causal effect between terminal
distributions under static interventions'®??. Compared with traditional parametric g-computation,
the core advantage of TGC lies in its avoidance of reliance on global linear models; instead, it
characterizes conditional transition distributions through local neighborhoods and OT
couplings'®, and is therefore theoretically better suited for estimating distributional causal effects
under multi-modal, nonlinear, and complex feedback structures. Our simulation results generally
support this conceptual premise, but also reveal that the method in its current implementation
does not dominate in all scenarios, particularly in simpler settings or those well approximated by

linear models, where the parametric baseline in fact performs better.

First, in the linear Gaussian scenario, parametric g-computation clearly outperformed TGC. This

result is not surprising, because this scenario is highly consistent with the linear model
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specification, allowing the parametric method to fully leverage the correct model structure and
thereby achieve lower bias and smaller RMSE!?. Conversely, because TGC incorporates steps
such as local neighborhood selection, OT regularization, and stochastic sampling, it may
introduce unnecessary smoothing and additional variance in simple scenarios, leading to
estimates that deviate from the true value. This phenomenon serves as a reminder that TGC is
not a “universally stronger” black-box replacement in all circumstances, but rather a
nonparametric method more oriented toward complex data structures. When the model is
correctly specified and the target distribution is relatively simple, traditional parametric methods

remain highly competitive’.

Second, in the Gaussian mixture scenario, TGC still failed to demonstrate a clear advantage.
Theoretically, such multi-modal structures represent precisely the settings in which optimal
transport methods are most promising, because OT preserves distributional shape rather than
merely mean information'"!7. Nevertheless, the empirical results show that the current version of
TGC achieved only moderate performance in this scenario, failing to surpass the parametric
baseline. One plausible explanation is that, although the true outcome distribution is multi-
modal, the terminal WCE itself may not be sufficiently sensitive to this multi-modal structure, or
the current choices of local neighborhood size, kernel bandwidth, and entropy regularization
strength are not optimally matched to this data-generating mechanism'®. In other words, the
potential advantages of TGC may require more refined hyperparameter tuning, or may be more
fully realized in higher-dimensional settings with more pronounced nonlinear distributional

shifts.

Third, in the confounded feedback scenario, TGC exhibited the most stable and compelling

advantage. This result is most consistent with the original design motivation of the method.
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Feedback confounding implies that treatment assignment is influenced not only by the current
state but also by complex interactions with historical trajectories, which substantially increases
the risk of model misspecification for parametric models®?%. Under a linear regression
framework, even if the mean structure can be partially fitted, small model biases accumulate over
long-term sequential recursion and are amplified in the terminal distribution. By reducing
reliance on global models through local conditional transition estimation, TGC is more robust
under such dynamic feedback structures®?®. This result suggests that the primary applied value of
TGC may not lie in “arbitrary nonlinear” scenarios in general, but rather in settings that more
closely reflect the realities of longitudinal causal inference—namely, those with dynamic

feedback, observed confounding, and a focus on distributional shape in the terminal outcome

28,29

Fourth, in the nonlinear heteroscedastic scenario, both methods exhibited substantial errors, and
TGC did not achieve comprehensive superiority over the parametric baseline. This result is
particularly important because it reminds us that nonparametric does not automatically imply
greater accuracy. The current TGC estimator relies on local nearest neighbors, kernel
smoothing, and OT couplings; while more flexible than global parametric models, it is also more
susceptible to the influence of neighborhood selection, sample sparsity, and high-dimensional
distance metrics®!’. In strongly nonlinear and markedly heteroscedastic scenarios, local
neighborhoods may be unable to simultaneously balance bias and variance, leading to estimates
that still deviate from the true WCE!®?}, That is, the methodological advantage of TGC lies more
in “reducing the risk of model misspecification” rather than guaranteeing optimal numerical

performance in all complex scenarios®.
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From the perspective of computational cost, the overhead of TGC is substantially higher than
that of parametric g-computation, which also warrants serious discussion. At each time point and
for each treatment arm, TGC must perform local neighborhood construction and OT solving,
resulting in a running time approximately two orders of magnitude longer than that of the
parametric method. This means that TGC is more suitable as a tool for small-to-medium-scale
data analysis or methodological research, rather than as a default option for large-scale high-
throughput analysis at its current stage. To further enhance its practicality, future work may
consider more efficient approximate OT algorithms, stratified sampling, sparse coupling, or

stronger parallelization implementations>%-!,

From a statistical perspective, our results also illustrate a more general issue: distributional
causal effects are not necessarily easier to estimate than mean-level causal effects. Although the
WCE provides a richer characterization of post-intervention changes, it simultaneously requires
estimation of the entire terminal distribution, and is therefore more sensitive to errors in each
step of the conditional transition®!°. Especially under a longitudinal recursive structure, early-
stage errors propagate through successive layers, rendering the method sensitive to local
smoothing strategies, neighborhood size, sampling noise, and positivity conditions>.
Consequently, the advantage of the WCE lies primarily in its closer alignment with scientific
questions concerning “overall distributional change™, rather than any inherent ease of

estimation®.

Our results also suggest several clear directions for methodological improvement. First, TGC
requires a more systematic hyperparameter selection strategy, particularly joint tuning of the
nearest-neighbor number, kernel bandwidth, and Sinkhorn regularization term'¢. Second, one

could consider automatic degeneration to a parametric branch in simple linear scenarios, or
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adaptive switching between parametric and nonparametric estimation through model selection
mechanisms. Third, for high-dimensional state variables, the current Euclidean distance may be
insufficient to characterize true neighborhood structure; future work could explore learned
distance metrics, representation learning, or OT estimation after dimensionality reduction'®.
Fourth, positivity deficiency and sample sparsity remain central challenges in dynamic causal
inference; although TGC avoids spurious extrapolation through an explicit failure mechanism,
this also implies that its applicability depends strongly on the support of the data. How to balance

conservativeness with coverage is a question worthy of further investigation?’.

Overall, the simulation results in this paper yield a clear yet cautiously optimistic conclusion:
TGC is not a method that outperforms traditional parametric g-computation in all scenarios, but
it demonstrates better robustness in complex longitudinal confounding structures with dynamic
feedback, and provides a natural approach to distributional causal effect estimation. Compared
with traditional mean-based longitudinal causal analysis, TGC is better suited to settings where
the post-intervention outcome changes not only in mean but also in distributional shape in a
substantively meaningful way. If its computational efficiency and hyperparameter robustness can
be further improved in the future, TGC is expected to become a competitive tool for

distributional longitudinal causal inference.

Conclusions

Transport G-Computation provides a distributional framework for longitudinal causal inference
by combining local conditional transition estimation with optimal transport. The simulation

results suggest that the method is most relevant when treatment assignment and longitudinal state
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473  evolution exhibit complex feedback, while computational cost, hyperparameter selection, and

474  local support diagnostics remain important considerations for practical use.
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