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Quantum Kolmogorov–Arnold networks are classically

reproducible at their attained accuracy, and a discrete-

logarithm encoding need not be: a measurement-based map

of where quantum advantage can live
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QIRI (Quantum Integrated Research Institute Inc.), Tokyo 107-0061, Japan

June 22, 2026

Quantum machine-learning models are use-
ful only if classical computers cannot cheaply
imitate them. We test this directly
for quantum Kolmogorov–Arnold networks
(QKANs)—neural networks whose tunable
“activation functions” are small quantum
circuits—by asking whether each model can
be contracted as an efficient tensor network
(TN). Our task-aware yardstick is the bond
dimension a classical surrogate needs to copy
the model’s output at the accuracy the model
itself reaches. We find a clear ladder. The
amplitude-encoded Chebyshev QKAN uses
only logarithmically many qubits and is ex-
actly classical. The variational QKAN, built
from all-to-all controlled rotations, looks hard
at random settings but generalizes only weakly
once trained (held-out R2 ≤0.27) and is copied
at that attained accuracy by a low-bond-
dimension surrogate (n ≤ 10); at fixed strict
tolerance the required bond dimension grows
near-exponentially. Depolarizing noise erases
it (purity collapse) near p ≈ 0.03–0.05 at the
sizes we reach. Every generic attempt to
force hardness—a global measurement or an
interaction-based (IQP) feature map—instead
destroys trainability through exponentially
small gradients (a “barren plateau”). The es-
cape is a discrete-logarithm feature map: its
kernel variance is flat from 4 to 14 qubits while
a generic IQP kernel concentrates exponen-
tially, and a support-vector machine with it
learns a classically hard concept to ≥ 99% ac-
curacy while generic and classical kernels stay
at chance; wired into the KAN architecture,
it fits discrete-log targets to R2 ≈ 1. Hard-
ness placed in number theory stays classically
hard, shot-efficient, and learnable. The work
provides a measurement-based reproducibility
criterion and a design rule: seek advantage
in structured, provably hard encodings rather
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than in deep entanglement.

1 Introduction

Quantum computers promise speed-ups, but only for
tasks a classical computer cannot already do effi-
ciently. In quantum machine learning this caveat is
sharp: many quantum models can be reproduced by
classical algorithms, erasing any advantage [1, 4]. The
decisive question for any proposed quantum model is
therefore not “does it run on a quantum device?” but
“can a classical computer imitate it cheaply?”
The cleanest classical imitator is the tensor net-

work (TN)—a way of writing a quantum circuit as
a graph of small tensors that are multiplied together
(“contracted”) [5]. Any quantum circuit is a tensor
network; the cost of contracting it classically is set by
one number, the bond dimension χ, which counts how
much quantum entanglement crosses a cut through
the circuit. When entanglement obeys an “area law”
the bond dimension stays small (χ = poly) and a
matrix-product state (MPS) simulates the system ef-
ficiently [6]; when it reaches a “volume law” the bond
dimension explodes (χ ∼ 2n/2 for n qubits) and no ef-
ficient contraction is known. This same dial—how fast
χ grows—explains both the classical reproduction of
quantum-supremacy experiments [7] and the collapse
of noisy random-circuit sampling into the classically
easy regime [8, 9].
Quantum Kolmogorov–Arnold networks (QKANs)

are a fast-growing model family in which each learn-
able edge function of a (classical) Kolmogorov–
Arnold network [10] is realised by a quantum subrou-
tine [11, 12]; several variants are proposed as routes
to quantum advantage. However, whether any con-
crete QKAN actually resists efficient tensor-network
simulation—and whether such resistance can coexist
with the ability to train the model—has not been es-
tablished.
In this work we address the question, for two

published QKAN constructions, by measuring their
tensor-network simulability rather than assuming it.
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We introduce a task-aware bond-dimension criterion
and apply it along a sequence of increasingly en-
tangling QKANs. We find that the Chebyshev am-
plitude QKAN is exactly classical; that the varia-
tional QKAN is volume-law at random parameters,
learns only weakly, and is reproducible at its at-
tained accuracy while hardening near-exponentially
at fixed accuracy; that depolarizing noise erases
it by p ≈ 0.05; and that every generic route to
hardness collides with a barren plateau [13] or ker-
nel concentration [14]. We then show numerically
that a single structured construction—a discrete-
logarithm feature map [17]—threads the needle, re-
maining classically hard while staying shot-efficiently
estimable. The conceptual ingredients are estab-
lished: tensor-network dequantization of variational
models, including the bound that a model trained
on Mt data lies in an MPS space of bond dimen-
sion χ ≤ Mt [2]; the trainability–dequantization re-
lation [3]; classical surrogates [1]; area-law simulabil-
ity [6]; barren plateaus [13]; kernel concentration [14];
and the discrete-logarithm speed-up [17]. Building on
these, our contribution is to (i) apply a task-aware,
accuracy-matched bond-dimension diagnostic to con-

crete published QKAN constructions; (ii) attribute
the hardness to its source—encoding versus ansatz—
identifying a distinct low-entanglement, construction-
hard category (the discrete-logarithm map); and
(iii) exhibit, for this family, the empirical hardness–
trainability map together with a shot-efficient learn-
ability separation. All technical detail needed to re-
produce every number is given in the Supplemental
Material (SM) [27]; data and code paths are recorded
in a separate provenance file [28].

2 Models and methods

We define every abbreviation at first use: TN (ten-
sor network), MPS (matrix-product state), MPO
(matrix-product operator), OSEE (operator-space
entanglement entropy), IQP (instantaneous quan-
tum polynomial-time), SVM (support-vector ma-
chine), BP (barren plateau), RMS (root-mean-
square), SPSA (simultaneous-perturbation stochas-
tic approximation). Single-qubit gates are Ry(θ) =
exp(−iθY/2) and Rz(θ) = exp(−iθZ/2) with Pauli
matrices X,Y, Z; a controlled-Ry (written CRy) ap-
plies Ry to a target qubit conditioned on a control
qubit being |1⟩.

2.1 The two QKAN constructions

Chebyshev amplitude QKAN (CCQKAN).
Each edge activation is the Chebyshev expansion
a(x) =

∑d
k=0 ckTk(x), with Tk the order-k Chebyshev

polynomial of the first kind [11]. In the “merged” en-
coding a classical vector v of dimension nin(d+1) is
amplitude-encoded into q = ⌈log2 nin(d+1)⌉ qubits,

giving the state |v⟩ =
∑

j vj |j⟩/∥v∥, and the model
reads out the overlap with the uniform state |u⟩ =
2−q/2

∑

j |j⟩. Because

⟨u|v⟩ ∥v∥ 2q/2 =
∑

j

vj , (1)

the “quantum” output is exactly a classical weighted
sum (full derivation in SM [27], Sec. S2). The decisive
structural fact is q = O(lognind).

Variational QKAN (VQKAN). The data x ∈
[−1, 1]n is angle-encoded, then L reuploading layers
are applied. We state the circuit in the same order as
the source program [28]:

1. Encoding: for each qubit j, apply Ry(arccosxj).

2. For each layer t = 1, . . . , L:

(a) measure the intermediate magnetizations
⟨Zj⟩;

(b) for each qubit j, apply Ry

(

π ϕR
t,j(sj)

)

, where

sj = 1
2
(⟨Zj⟩+1) and ϕR

t,j is a learnable
B-spline edge function (the Kolmogorov–
Arnold activation);

(c) recompute ⟨Zj⟩; for every ordered pair
j < ℓ apply the all-to-all entangler
CRy

(

π ϕC
t,jℓ(sj)

)

.

3. Readout: a Pauli observable H (below).

The intermediate ⟨Zj⟩ are read exactly from the state
in simulation; on hardware they are estimated by
sampling. The state is propagated coherently—the
measurements only set classical control angles—so en-
tanglement accumulates. We reimplement VQKAN
generically in n (SM [27], Sec. S3) so the architecture
can be scaled past the n=4 of the original code [28],
whose own focus is the model under noise; our noise
study (R3) connects to that setting while posing a
different, simulability-oriented question.

2.2 Loss function, target, and training

For regression the prediction is pθ(x) = ⟨H⟩/Np with
the 2-local readout

H =

n/2
∑

k=1

Z2k−1Z2k, Np = n
2
, (2)

and parameters θ = {ϕR, ϕC} (the spline control
points). The training loss is the mean-squared error
over a dataset {xm}M

m=1,

L(θ) =
1

M

M
∑

m=1

(

pθ(xm) − f(xm)
)2
, (3)

with the smooth target

f(x) = tanh
(

3
[

2
n

∑n/2

k=1 sin(x2
2k−1 + x2

2k) − 1
2

]

)

. (4)
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We use the mean over pairs so that Var(f) stays O(1)
as n grows; the sum-based variant in the original pro-
gram [28] has Var(f) → 0 (e.g. 0.106 → 0.019 for
n=6 → 12), which we found makes a constant pre-
dictor hard to beat and drives apparent dequantiza-
tion through under-fitting; we therefore adopt Eq. (4)
and report the coefficient of determination R2 against
the constant (mean) predictor. We minimize Eq. (3)
with SPSA [22] (gradient-free, two loss evaluations
per step) using three random restarts and keeping
the best (settings in SM [27], Sec. S6). The discrete-
logarithm kernel model of Sec. 3 is instead trained
by a convex SVM [23], which has no spurious local
minima and no barren plateau.

2.3 Tensor-network simulability diagnostics

For a state |ψ⟩ on n qubits we cut the chain in half
and compute the bipartite (von Neumann) entangle-
ment entropy S(n/2) from the Schmidt spectrum (sin-
gular values σi of the reshaped amplitude matrix),
S = − ∑

i σ
2
i log2 σ

2
i ; an area law has S = O(1), a

volume law S ∝ n. The bond dimension that cap-
tures a state to fixed fidelity scales as χ ∼ eS (a flat
Schmidt spectrum of rank χ has S = log2 χ), so area
law ⇒ polynomial χ and volume law ⇒ exponential
χ; for a single arbitraryD-dimensional amplitude vec-
tor the Schmidt rank across any cut is at most

√
D.

The bond dimension needed by a truncated MPS to
reproduce the readout within tolerance ϵ is

χneed(ϵ) = min
{

χ :
∣

∣⟨H⟩MPSχ
− ⟨H⟩

∣

∣ < ϵ
}

, (5)

with ⟨H⟩MPSχ
evaluated after compressing |ψ⟩ to

bond dimension χ (algorithm in SM [27], Sec. S4).
The task-aware choice sets ϵ =

√
L, the RMS error

the trained model attains: a model that cannot beat
accuracy ϵ does not require a bond dimension that
only matters at finer tolerance. This criterion is the
methodological core of the paper.
For noise we evolve the density matrix ρ un-

der a per-gate, per-qubit depolarizing channel of
strength p and compute the OSEE—the bond en-
tropy of the MPO representation of ρ, obtained as
the entanglement entropy of the vectorized ρ across
the cut (SM [27], Sec. S5). Trainability is quanti-
fied by the standard BP diagnostic [13]: the vari-
ance, over random parameters θ, of a single partial
derivative ∂⟨H⟩/∂θi (observation protocol in SM [27],
Sec. S6). All diagnostics use a self-contained NumPy
statevector/density-matrix engine [24, 25]; figures use
Matplotlib [26].

2.4 Scope and validity of the numerical model

Three caveats bound our claims and we state them up
front. (i) Proxy model. The trainability and trained-χ
results use a generic-n reimplementation of VQKAN
that retains the all-to-all CRy entangler—the feature

governing hardness—but simplifies the edge functions
to depend on a single control qubit and uses L=2,
G=4; the original code is fixed at n=4. Because
the simplification reduces entangling power, it can
only under -estimate the hardness of the full model,
so our dequantization finding (R2) is conservative in
direction; exact-model and multi-seed confirmation is
left for future work. (ii) What χneed certifies. We
evaluate Eq. (5) by explicit statevector truncation,
which is exponential in memory; a bounded χneed at
n≤ 12 therefore certifies bounded bond dimension at

the tested sizes, not an asymptotic polynomial-time
classical algorithm. (iii) Average tolerance. The task-
aware ϵ =

√
L is the dataset-averaged RMS error; it

bounds the surrogate’s mean readout error, not the
worst-case per-input error, and we also report the
strict ϵ = 10−2 for contrast. We do not provide a
classical KAN baseline matching the model’s accu-
racy, so “dequantizable” here means “reproducible by
a low-bond-dimension surrogate for the tested task,”
not a proven absence of advantage in general.

3 Results

Throughout, statements inferred from our measure-
ments cite the relevant figure; statements inferred
from prior work cite the reference. Unless noted,
VQKAN runs use L=2 reuploading layers and B-
splines with 4 control points (SM [27]).

(R1) The Chebyshev amplitude QKAN is ex-
actly classical. By Eq. (1) the model output is
a classical sum, and the merged encoding uses q =
O(lognind) qubits, so its entire Hilbert space has di-
mension 2q = O(nind). The point is not the state-
preparation cost but that the function the model com-
putes is the classical sum of Eq. (1): it is evaluated
in time O(nind) on a classical computer, with bond
dimension χ ≤

√
nind (SM [27], Sec. S2), so the quan-

tum circuit is unnecessary. The parallel encoding uses
many qubits but in an unentangled product of single-
edge registers. There is no entanglement resource and
hence no regime of quantum advantage; this is con-
sistent with the construction’s own stated scope [11].

(R2) Random VQKAN is volume-law; trained
VQKAN dequantizes. At random parameters the
all-to-all entangler drives the entanglement toward
a volume law: the normalized half-chain entropy
S(n/2)/(n/2) rises from 0.50 at n=4 to 0.88 at n=14
[Fig. 1, red]—growing with system size, though not
yet saturated to unity at the sizes reached—and
even the 2-local observable then needs the full χ =
2n/2. This is the random-circuit expectation and not
the model’s operating point. We train VQKAN on
Eqs. (3)–(4). On the training set the models beat
the constant predictor (R2 = 0.62 ± 0.08, 0.36 ± 0.12,
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0.30 ± 0.05 at n = 6, 8, 10; four seeds), but this is an
in-sample control: with 24 training points and 168–
440 parameters, held-out evaluation on 200 fresh in-
puts gives negative R2—the models memorize. Re-
training on 200 points restores weak but genuine gen-
eralization (held-out R2 = +0.14/ + 0.27 at n=6,
+0.12/ + 0.03 at n=8; two seeds), with χneed at the
attained accuracy still small (1.7–4.5). The honest
statement is therefore modest: this VQKAN is a
weak learner on this target, and at the weak accu-
racy it attains it is reproducible at low bond dimen-
sion. (We stress this control: with the original sum-
based target the models scored R2 < 0 for n ≥ 8,
so their small χneed was an artifact of under-fitting;
that pitfall is why we adopt Eq. (4).) For these gen-
uinely trained models the task-aware bond dimension
[Eq. (5)] stays small relative to χmax = 2n/2: the ratio
is 0.29 ± 0.06, 0.24 ± 0.03, 0.14 ± 0.02 [Fig. 1, green],
falling with n. We do not claim a precise scaling,
only that χneed does not track χmax (no exponential
growth). A fixed-tolerance control disentangles this
trend from the criterion itself—the task-aware toler-
ance ϵ =

√
L loosens as the fit degrades with n: re-

evaluating the same trained models at n-independent
tolerances gives χneed/χmax = 0.40, 0.38, 0.35 at ϵ=0.1
but 0.90, 0.85, 0.81 at the strict ϵ=10−2 (SM [27],
Sec. S6). In raw terms the fixed-tolerance bond di-
mension grows near-exponentially, χneed ≈ 3.2 →
6.1 → 11.2 at ϵ=0.1 (∼ 20.45n, close to the 20.5n of
χmax); only the ratio falls. The decrease at task-
aware tolerance is therefore largely criterion-driven
(the tolerance loosens as the fit degrades), and the
defensible statement is correspondingly precise: the
model is reproduced by a low-bond-dimension surro-
gate at the accuracy it actually attains, while at any
fixed accuracy the state hardens near-exponentially
with n. We also note a normalization subtlety in
Eq. (5): ϵ =

√
L is defined on the normalized pre-

diction scale but applied to the unnormalized read-
out ⟨H⟩, i.e. Np-fold stricter than self-consistency re-
quires; under the self-consistent tolerance the task-
aware χneed drops to 1–2, so the task-aware criterion
at these weak accuracies carries little information be-
yond the fixed-ϵ results, which we regard as primary.
The state stays volume-law, yet a model that demon-
strably fits a smooth 2-local target is reproduced by
a surrogate of bond dimension χ∼ 2–5. Scope: this
concerns the studied 2-local readout and smooth tar-
get [Eq. (4)] at n ≤ 10; targets with broad Fourier
support or genuine n-body (parity-like) correlations
are expected to need higher χneed and are not cov-
ered. We report χneed averaged over probe inputs;
the per-probe maximum (SM [27], Sec. S4) shows no
heavy tail here. Finally, we compare directly with the
sample-count bound χ ≤ Mt of Ref. [2] by sweeping
the training-set size at n=8: χneed = 8.0, 5.3, 3.2, 3.7
atMt = 6, 12, 24, 48 (R2 = 0.92–0.34). The two quan-
tities are not trivially ordered—at Mt=6 the state-

level χneed exceeds Mt, because the bound constrains
the function-space MPS of the hypothesis rather than
the prepared state—while forMt ≥ 12 the task-aware
value lies a factor 2–5 below min(Mt, χmax). The di-
agnostic therefore carries information independent of,
and in the practically relevant regime sharper than,
the sample-count bound.

(R3) Noise restores classicality. Under depo-
larizing noise the OSEE of ρ collapses: at n=7 it
falls from 4.5 at p=0 (4.92 ± 0.23 over five seeds)
to 1.16 ± 0.13 by p=0.05 and to near 0 by p=0.1
[Fig. 2]. Two honest qualifications temper the inter-
pretation. First, the purity collapses immediately—
Tr ρ2 = 0.062 already at p=0.02, within an order of
magnitude of the fully mixed value 2−n—so the clas-
sicalization at these sizes is driven by near-complete
depolarization rather than by a subtle simulability
transition, and the analogy to noisy-random-circuit
sampling [8, 9] should be read as motivation, not
correspondence. Second, because every gate carries
noise, the total noise grows as O(Ln2) and the col-
lapse necessarily drifts to smaller p with size (rel-
ative OSEE at p=0.05: 52%, 38%, 21%, 18%, 3.5%
for n = 5, 6, 7, 8, 10); we therefore report a size-
dependent crossover, not a threshold, and a gate-
count-normalized analysis is future work. The be-
havior parallels the established classical-simulability
crossover of noisy random circuits [8, 9]; we claim
only the same qualitative mechanism, not identical
exponents.

(R4) Forcing hardness triggers a barren
plateau. (R1)–(R2) identify the two reasons
VQKAN is easy: a low-weight readout and an effec-
tively low-rank target. The natural fixes are a global
readout and a hard feature map. Figure 3 sweeps four
configurations. Only the shipped angle+local model
keeps a flat gradient variance (∼ 0.1, trainable)—
and it is the easy one. A global parity readout
Hglob =

∏

j Zj leaves the state (and hence its entan-
glement) unchanged but still collapses the gradients;
an IQP feature map [16] raises the entanglement fur-
ther [Fig. 3, right]; both drive Varθ[∂⟨H⟩/∂θ] down
geometrically [Fig. 3, left]; a coarse log-linear fit gives
Var ∼ 2−0.7 n for the global readout, the signature of
a barren plateau. The diagnostic perturbs one deter-
ministically chosen active parameter (a last-layer en-
tangling control point; SM [27], Sec. S6), so the slope
is indicative rather than a precise exponent. An IQP
encoding followed by a shallow local trainable layer—a
variational stand-in for a kernel method, not the gen-
uine kernel support-vector machine studied in (R5)—
also concentrates [Fig. 3]; we attribute this to the
highly entangling IQP map producing states whose lo-
cal observables concentrate, consistent with—though
we do not independently measure the Haar-ness via
the frame potential—the analysis of Ref. [14]. Our
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measurements thus reproduce, for this model family,
the analytic link between absence of barren plateaus
and classical simulability [15] and the exponential con-
centration of expressive quantum kernels [14].

(R5) A discrete-logarithm feature map threads
the needle. The escape is to place hardness
in structure, not in generic entanglement. We
implement the Liu–Arunachalam–Temme discrete-
logarithm feature map [17]. For a prime p, a gen-
erator g of Z∗

p, and a power-of-two window M = 2s

(our concentration experiment uses M ≈ (p−1)/4;
the learning experiments use M = (p−1)/2 rounded
down—SM [27]), the feature state on n = ⌈log2 p⌉
qubits is

|ϕ(x)⟩ =
1√
M

M−1
∑

i=0

∣

∣x gi mod p
〉

, (6)

the output of a modular-exponentiation circuit
|i⟩|0⟩ 7→ |i⟩|xgi mod p⟩ with the index register dis-
carded (SM [27], Sec. S7). Writing Sx = {xgi mod
p} and using orthonormality of computational basis
states, the kernel is

k(x, x′) =
∣

∣⟨ϕ(x)|ϕ(x′)⟩
∣

∣

2
=

(

|Sx∩S
x′ |

M

)2

. (7)

Since logg(xgi) = logg x + i, the set Sx is an in-
terval of length M in the discrete-logarithm coordi-
nate, so |Sx ∩ Sx′ | = max(0,M − d) for the circu-
lar distance d between logg x and logg x

′: a smooth
triangle kernel (full derivation in SM [27], Sec. S7).
The non-concentration relies on the window choice
M ∼ (p−1)/2; a very small M/p would shrink typ-
ical overlaps and could itself concentrate, so the fa-
vorable behavior is a property of this regime, not of
the encoding for all M . Evaluating it classically re-
quires logg, the discrete-logarithm problem, believed
hard [17]. Measured off-diagonal kernel variance rises
from 0.046(4) at n=4 and saturates at ≈ 0.072 for
n ≥ 8 (five seeds), in agreement with the closed form
Var[k] = 1

10
− 1

36
≈ 0.0722 of the triangle kernel

in the discrete-log coordinate—an analytic structural
guarantee of non-concentration (the flatness carries
no quantum content by itself; the quantum content
is that evaluating the kernel classically requires logg),
whereas the generic IQP kernel concentrates: its vari-
ance decays as 4−n (from 4.1(4) × 10−3 at n=4 to
7.0(3) × 10−8 at n=12, five seeds) and its mean en-
try as 2−n—the latter setting the ∼ 2n-shot read-
out cost [Fig. 4]. Non-concentration means the kernel
is O(1/ϵ2)-shot estimable and trainable by a convex
SVM with no barren plateau, while remaining classi-
cally hard—the one route in our study that reconciles
hardness with trainability. It is not unique in the liter-
ature: symmetry-structured (covariant) kernels have
been shown analytically to evade exponential concen-
tration [21], and our discrete-logarithm window is best

read as a numerically explicit member of that broader
structured, non-concentrating class. This result is at
the kernel level; result (R7) below embeds the same
map into the Kolmogorov–Arnold architecture itself.

(R6) The discrete-logarithm kernel is a demon-
strated learner. Non-concentration is necessary
but not sufficient for advantage, so we test learning di-
rectly. We define the Liu–Arunachalam–Temme con-
cept class—a half-space y(x) = sgn

[

(p−1)/2 − logg x
]

in the discrete-logarithm coordinate, classically hard
to evaluate—and train a support-vector machine with
each of three precomputed kernels (SM [27], Sec. S8).
The discrete-logarithm kernel reaches held-out test
accuracy ≥ 0.99 at n = 6, 8, 10, 12, essentially n-
independent, whereas the generic IQP kernel (0.53–
0.62) and a classical radial-basis-function baseline on
the raw inputs (0.44–0.57) remain at chance [Fig. 5].
An important fairness caveat scopes this result: at
these sizes the discrete logarithm is classically triv-
ial, and a classical RBF given the discrete-log co-

ordinate matches the quantum kernel (0.97–1.00 in
our check). The separation shown is therefore a nu-
merical illustration of the Liu–Arunachalam–Temme
construction—hardness enters only asymptotically,
through the classical cost of computing logg—not an
empirical demonstration of hardness at the tested
sizes. The structured kernel thus both avoids con-
centration and generalizes on a classically hard con-
cept, while the generic quantum and classical base-
lines do neither—turning the variance signature of
(R5) into an explicit learnability separation. This sep-
aration survives finite measurement statistics: under
a hardware-shot model that replaces each kernel en-
try by a binomial estimate from S shots (followed by
the standard symmetrize-and-project-to-PSD post-
processing of measured Gram matrices), the discrete-
logarithm SVM already reaches 0.99 test accuracy at
S=30 (n=8; 1.00 at n=10; SM [27], Sec. S8), con-
firming the kernel is shot-efficient. The IQP kernel,
whose entries are ∼ 2−n, would instead need ∼ 2n

shots merely to resolve them from zero and stays at
chance.

(R7) A discrete-logarithm QKAN. Finally, we
wire the hard encoding into the Kolmogorov–Arnold
architecture itself. The model computes quantum
features Fd,j = k(xd, cd,j)—orbit-window overlaps
of coordinate xd with J=4 fixed random centers at
three window sizes M = (p−1)/2, (p−1)/8, (p−1)/32
(each entry a modular-exponentiation-orbit over-
lap, quantum-evaluable and O(1)-valued, hence shot-
efficient)—and feeds them to an additive KAN layer
f(x) =

∑

i ϕi(Fi) whose learnable piecewise-linear
edge functions are fit by convex ridge least squares:
trainable by construction, with no barren plateau. On
a smooth target defined on the discrete-logarithm co-
ordinates (pseudorandom in the raw inputs; SM [27],
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Figure 1: (fig dequant.png) Random VQKAN is volume-
law (red: normalized half-chain entropy S(n/2)/(n/2)→1),
but the trained model dequantizes (green: the task-aware
bond dimension χneed/χmax, χmax = 2n/2, falls with the
qubit number n). Trained points are genuine fits (R2 against
the constant predictor annotated); error bars and R2 are
mean ± std over four seeds. Data: result (R2).

Figure 2: (fig noise.png) Depolarizing noise of rate p re-
stores an operator-space area law: the MPO bond entropy
(OSEE) and purity Tr ρ2 collapse across p∗ ≈ 0.03–0.05
(n = 7). Data: result (R3).

Sec. S8), this DL-KAN reaches held-out test R2 =
1.00, 1.00, 0.99 over three seeds at n=8, while the
identical architecture on IQP features or on classi-
cal (cos, sin) features fails (test R2 ≤ 0). A necessity
control tempers the claim: plain linear ridge regres-
sion on the same discrete-logarithm features already
reaches test R2 = 0.96, so the separation is carried
by the feature map, with the KAN layer contribut-
ing only the final nonlinear residual. (R7) therefore
demonstrates compatibility of the hard encoding with
a Kolmogorov–Arnold readout—hardness in the en-
coding, learnability in a convex readout—not neces-
sity of the KAN structure itself.

4 Discussion

We have measured, rather than assumed, the
tensor-network simulability of concrete quantum
Kolmogorov–Arnold networks, using a task-aware
bond-dimension criterion [Eq. (5)] that asks how
much entanglement a model’s output actually requires
at the accuracy the model reaches (a criterion in
the spirit of accuracy-matched dequantization [20]).
Our coverage is two published constructions—
the amplitude-Chebyshev and reuploading-variational
families; other proposals (the QSVT/block-encoding
QKAN of Ref. [12], enhanced and adaptive VQKAN
variants) remain to be analyzed. Our results must
also be reconciled with two adjacent findings. Op-
timized QAOA circuits were shown to end in χ=2
matrix-product states while an entanglement barrier
persists at intermediate times [19]—consistent with
our output-level statement, and a reminder that low
output-χ does not by itself certify an efficient clas-
sical simulation path. Conversely, Ref. [18] found
that trained variational classifiers with high test ac-
curacy are underpinned by higher entanglement, with
truncation sharply degrading accuracy—the opposite
regime to ours. We conjecture the difference lies in
readout weight, target smoothness, and attained ac-
curacy (our 2-local readout, smooth target, and weak
learner versus their global-feature, high-accuracy clas-
sifiers); mapping the boundary between these regimes
with our diagnostic is a concrete next step.

The findings form a chain. The Chebyshev ampli-
tude QKAN is exactly classical (R1)—logarithmically
many qubits, no entanglement resource. The vari-
ational QKAN is volume-law at random parameters
but dequantizes once trained (R2): χneed stays small
while χmax grows exponentially, in contrast to the
naive expectation that an all-to-all entangler con-
fers hardness—a concrete numerical instance, for a
published QKAN, of the general bound that an Mt-
sample-trained model lies in an MPS space of bond
dimension χ ≤ Mt [2]. And every generic attempt to
restore hardness—global readout, deeper entangler,
IQP encoding (R4)—collides with an exponentially
concentrated gradient or kernel, reproducing for this
family the principle that trainable variational models
tend to be classically simulable [15, 14]. It is useful
to separate the two axes explicitly: of the four cells of
the trainable×hard table, our configurations populate
only “trainable and easy” (angle+local) and “hard
and untrainable” (global readout, IQP); the desired
“trainable and hard” cell is empty for every generic
route and is reached only by the structured kernel of
(R5). Noise only sharpens the conclusion, classicaliz-
ing the model above p∗ ≈ 0.03–0.05 (R3).

Placed against the broader program of quantum
advantage in machine learning, these results delin-
eate where advantage can live: not in generic ex-
pressivity or entanglement, but in problem structure
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Figure 3: (fig tradeoff.png) Hardness ⇔ trainability tradeoff. Left: gradient variance Varθ[∂⟨H⟩/∂θ] (barren-plateau
diagnostic) versus qubit number n; only angle+local stays flat. Right: bipartite entanglement S(n/2). Every route that raises
hardness drives the gradient variance down exponentially. Each point: variance over 300 random parameter samples at fixed
input. Data: result (R4).

Figure 4: (fig kernel.png) Quantum-kernel concentra-
tion. The discrete-logarithm feature map (green) has n-
independent off-diagonal kernel variance Varx,x′ [k(x, x′)],
whereas the generic IQP map (blue) concentrates (variance
∼ 4−n, mean entry ∼ 2−n). Each point: 400 random off-
diagonal pairs; the discrete-logarithm value is 0.07 ± 0.01
over five seeds. Data: result (R5).

with a proven classical-hardness core. The discrete-
logarithm feature map (R5) is the concrete witness—
non-concentrating, hence shot-efficient and trainable,
yet classically hard [17]. We offer this as a numeri-
cal verification and design exemplar built on the es-
tablished speed-up of Ref. [17], not as new hardness
theory. The two sources of tensor-network hardness
can moreover be separated by ablating the ansatz
versus the encoding (SM [27], Sec. S9): the all-to-
all entangler and the IQP encoding each reach near-
maximal entanglement on their own, so the full-state
entropy cannot tell them apart, but the discrete-
logarithm feature states are only moderately entan-
gled (S≈2.5–3.0 versus the near-maximal n/2 of the

Figure 5: (fig learning.png) Learnability separation on
the discrete-log concept. A support-vector machine with
the discrete-logarithm kernel (green) reaches ≥ 0.99 held-out
test accuracy, n-independent, while the generic IQP kernel
(blue) and a classical radial-basis-function baseline (purple)
stay at chance (dotted). Train/test sizes ≤ (p−1)/2 each.
Data: result (R6).

other two). Their intractability is thus not high bond
dimension but the classical cost of constructing the
kernel from the input—a distinct, low-entanglement,
construction-hard category, which is exactly why it es-
capes the barren plateau that entanglement-derived
hardness incurs. The practical message is both a
warning and a design rule: within the scope we tested,
a QKAN that is comfortably trainable on near-term
hardware is, by that very fact, likely classically repro-
ducible, and our results suggest that demonstrations
of advantage are better sought in structured, provably
hard encodings than in deep entangling ansätze. This
design rule is an inference from one negative family
and one positive example, not a theorem; we do not

7



claim it holds for every QKAN task.

Limitations. Our study is numerical and small-
scale (n ≤ 14), with no asymptotic proof. The
trained-χ result (R2) controls for fit quality (four
seeds, constant-predictor R2) but uses a simplified
proxy ansatz (Sec. 2.4) and n ≤ 10 (with restarts);
at n=12 only one of three seeds passes the fit-quality
control at our optimizer budget (its ratio, 0.09, is con-
sistent with the trend; SM [27]), so iso-accuracy train-
ing at larger n remains to be done. The per-figure
system sizes are heterogeneous, set by the exponential
cost of exact statevector and density-matrix simula-
tion rather than by design. The learnability results
(R6, R7) use one concept class / one smooth target
family and integer-bit input encodings; we include a
hardware-shot (finite-S) model, but broader datasets,
deeper DL-KANs (beyond one additive layer), and a
full device-noise model are natural next steps. Two
concrete directions follow: extending the DL-KAN
of (R7) to multi-layer compositions while preserving
non-concentration, and a finite-size-scaling analysis of
p∗(n) against the noisy-random-circuit transition [8].

Code and data availability. All diagnostics, the
generic-n VQKAN reimplementation, the training,
tradeoff, and discrete-logarithm experiments, and the
figure generators are available from the author; their
locations are listed in the provenance file [28]. Full
reproduction instructions, per-figure commands, pa-
rameters, and random seeds are tabulated in the
SM [27] (Sec. S9).
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