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1 Coupled-wave model for cascaded Stokes/anti-Stokes dynamics 
To support the interpretation of the experimentally observed order-dependent enhancement of zero-delay second-order coherence, g(2)(0), we developed a coupled-wave model for the cascaded Stokes and anti-Stokes dynamics in the superbunched random fiber laser (SRFL). The model incorporates cascaded stimulated Brillouin scattering, quasi-phase-matched four-wave mixing, distributed Rayleigh feedback and erbium-doped-fiber-amplifier (EDFA) gain. Whereas the Heisenberg–Langevin framework in the main text identifies recursive multiplicative-noise transfer as the statistical origin of superbunching, the present coupled-wave model provides a cavity-level dynamical description that reproduces the experimentally observed trends in the lower simulated orders.
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where Ep, Es1, Es2, Es3, Es4 and Ea1, Ea2, Ea3, Ea4 denote the electric field amplitudes of the pump and the 1st-, 2nd-, 3rd- and 4th-order Stokes and anti-Stokes waves, respectively. Qn (n=1, 2, 3, 4) represents the acoustic wave amplitude; α is the fiber attenuation coefficient; n is the refractive index of the fiber; gB is the Brillouin gain coefficient; η0 is the free-space wave impedance; n2 is the nonlinear refractive index of the fiber; k0 is the free-space wave number; and ET denotes the superposition of all optical field amplitudes. In addition, τa is the phonon lifetime, f represents the Langevin noise induced by thermal fluctuations, and g2 is the acousto-optic coupling coefficient. The expressions of the relevant parameters used in subsequent calculations are given below.
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where Aeff is the effective mode field area of the fiber, λp is the wavelength of the pump light, ε0 is the dielectric constant, p12 is the longitudinal photo-elastic coefficient of the fiber, and νa is the speed of sound in the fiber. Meanwhile, to account for the doped-ion gain process of the EDFA in the SRFL sub-cavity acting on the backward-propagating pump and Stokes/anti-Stokes waves, a simplified gain model is employed to describe the amplification of the signal light after transmission through the EDFA:
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where PEp and PEs denote the pump and signal (amplified) powers of the EDFA, respectively; σpa and σsa are the absorption cross sections of the erbium-doped fiber for the pump and signal waves; and N0 is the erbium ion concentration. Pp0 and Ps0 represent the threshold powers of the pump and signal, respectively, while ηs is the ratio of the emission to absorption cross section of the signal wave.
In the dual-cavity configuration of the SRFL, the forward-propagating pump wave (Ep+) is launched into the Brillouin gain fiber, generating a backward-propagating 1st-order Stokes wave (Es1-). After transmission through the circulator (CIR1), this Stokes wave is equally split by the optical coupler OC3 (coupling coefficient k1 = 0.5). One portion re-enters the Brillouin gain fiber after passing through circulators CIR2 and CIR3 and undergoing Rayleigh scattering in the 5-km single-mode fiber, thereby circulating within the cavity. The other portion is reinjected into the Brillouin gain fiber in the forward direction (Es1+) after passing through the tunable optical attenuator (VOA2), optical coupler OC1 (k2 = 0.5), EDFA, polarization controller PC1, and CIR1. Accordingly, the boundary conditions of the coupled model are determined based on the actual resonance conditions of the SRFL.
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where (R) denotes the number of cavity round trips; φp and φs are the total linear phase shifts accumulated by the pump and Stokes waves in each round trip, respectively. αcir1, αcir2, αcir3, αvoa1, αvoa2, αpc1, αpc3, and αiso1 represent the amplitude losses (attenuation coefficients) of CIR1, CIR2, CIR3, VOA1, VOA2, PC1, PC3, and ISO1, respectively. k1 and k2 are the coupling coefficients of optical couplers OC3 and OC1. EBP denotes the optical field amplitude of the pump wave, and GE(R) is the EDFA gain coefficient at the (R)-th round trip. RBF,p, RBF,s/a, RRF,p, and RRF,s/a are the reflectance coefficients of the Brillouin gain fiber (BGF) and the Rayleigh scattering fiber (RSF) for the pump and Stokes/anti-Stokes waves, respectively.
For numerical solution of the coupled acousto-optic partial differential equations, the system is first transformed into a set of ordinary differential equations along the (z - vt) and (z + vt) characteristic directions using the method of characteristics. The resulting equations are then solved iteratively using a fourth-order Runge–Kutta algorithm. In the present simulations, the coupled system is truncated at the 4th-order Stokes and anti-Stokes fields to maintain numerical stability and computational tractability while retaining the essential cascade physics. This truncation is sufficient to capture the experimentally observed order-dependent amplification of fluctuations and the monotonic growth trend of g(2)(0), which is the primary purpose of the simulation. This truncation is not intended to quantitatively reproduce all experimentally measured high-order Stokes and anti-Stokes components, but is sufficient to capture the essential lower-order trend of order-dependent fluctuation amplification and the corresponding growth of g(2)(0). The parameters employed in the numerical simulations are listed in Table S1.
Supplementary Table 1 |Physical parameters used in the coupled-wave simulations.
	Parameter
	Value
	Unit
	Parameter
	Value
	Unit

	α
	0.5
	dB/km
	n2
	2.5×10-20
	m2/W

	n
	1.45
	/
	h
	6.62×10-34
	m2·kg/s

	gB
	5×10-11
	m/W
	τa
	10
	ns

	Aeff
	10
	μm2
	p12
	0.286
	/

	λp
	1550
	nm
	va
	5960
	m/s

	ε0
	8.85×10-12
	F/m
	σpa
	2.17×10-25
	m2

	N0
	6.8×1024
	m-3
	σsa
	2.57×10-25
	m2

	σse
	3.14×10-25
	m2
	LHNLF
	390
	m

	tsp
	12×10-3
	s
	LEDF
	5.35
	m


The simulation results shown in Fig. S1 indicate that both the Stokes and anti-Stokes waves exhibit strongly intermittent, non-stationary temporal behavior in the time domain, accompanied by rare high-intensity bursts, a characteristic feature of Brillouin random frequency-comb dynamics. Meanwhile, the steady-state g(2)(0) values calculated from the optical fields obtained by solving the coupled equations using the method of characteristics in combination with a fourth-order Runge–Kutta scheme show good agreement with the experimentally observed pump-dependent trends in the lower simulated orders. Furthermore, for both Stokes and anti-Stokes components, a comparison of g(2)(0) among different orders reveals systematically larger values for higher-order fields, supporting the interpretation that progressively stronger intensity and phase fluctuations are introduced during the buildup of the nonlinear cascade. Although the numerical model is truncated at the 4th-order, it already captures the essential hierarchy of fluctuation amplification observed experimentally, and therefore provides dynamical support for the physical picture developed in the main text.
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Supplementary Fig. 1 | Coupled-wave simulation of temporal dynamics and second-order coherence in the SRFL. a1–a4, Simulated temporal intensity traces of the 1st-, 2nd-, 3rd- and 4th-order Stokes components. b1–b4, Simulated temporal intensity traces of the corresponding 1st-, 2nd-, 3rd- and 4th-order anti-Stokes components. c,d, Calculated zero-delay second-order coherence, g(2)(0), as a function of pump power for the simulated Stokes and anti-Stokes components, respectively. The simulations are truncated at the fourth Stokes/anti-Stokes order to maintain numerical stability and computational tractability. Within this range, the model captures the progressive amplification of temporal fluctuations and the order-dependent increase in g(2)(0), supporting the cascaded-noise-amplification picture discussed in the main text.
2 Long-term stability of superbunched photon statistics
To evaluate the long-term robustness of the superbunched photon statistics, we continuously monitored the zero-delay second-order coherence, g(2)(0), for the measured Stokes and anti-Stokes orders under fixed lasing conditions. Measurements were performed over a two-hour period with data recorded at 10-min intervals. Representative time-evolution traces for different RSF lengths are shown in Supplementary Fig. 2, and quantitative summaries of the mean value, standard deviation (SD) and relative standard deviation (RSD) are provided in Supplementary Fig. 3. Here, the RSD is defined as the ratio of the SD to the mean value of g(2)(0), expressed as a percentage:
                          (26)
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Supplementary Fig. 2 | Long-term monitoring of zero-delay second-order coherence. Temporal evolution of g(2)(0) for Stokes and anti-Stokes components measured over 120 min at 10-min intervals under fixed lasing conditions. Each column corresponds to a different RSF length of 2, 5, 10 or 25 km, while the upper and lower rows correspond to the Stokes and anti-Stokes components, respectively. The weak temporal drift and clear separation among different spectral orders indicate that the order-dependent superbunching hierarchy remains stable over the two-hour observation window.
The mean-value maps in Supplementary Fig. 3a,b show that the hierarchical superbunching structure is preserved over the two-hour observation window. For both the Stokes and anti-Stokes components, higher-order components generally exhibit larger average g(2)(0) values, confirming that the order-dependent scaling of photon bunching remains stable during long-term monitoring. The SD maps in Supplementary Fig. 3c,d show that the absolute fluctuations of g(2)(0) remain small for most spectral components, although several localized components exhibit moderately enhanced fluctuations under specific feedback conditions. The RSD maps in Supplementary Fig. 3e,f provide a normalized measure of long-term stability. Most measured components exhibit low relative fluctuations, with no systematic monotonic increase with spectral order or RSF length. In particular, the RSD values of most spectral components remain below 5% over the full two-hour observation window, demonstrating the high long-term stability of the superbunched photon statistics. These results indicate that the enhanced photon statistics of the SRFL remain stable over extended operation and support its use as a reproducible source for correlation-based imaging.
[image: ]
Supplementary Fig. 3 | Statistical summary of long-term g(2)(0) stability. Mean, standard deviation (SD) and relative standard deviation (RSD) of g(2)(0) extracted from two-hour monitoring measurements for different spectral orders and RSF lengths. a,b, Mean g(2)(0) values for the Stokes and anti-Stokes components, respectively. c,d, Corresponding SD maps quantifying the absolute fluctuations. e,f, Corresponding RSD maps quantifying the relative fluctuations normalized to the mean g(2)(0). The results show that the order-dependent superbunching hierarchy is largely preserved over the two-hour measurement window, while localized components exhibit moderately enhanced fluctuations under specific feedback conditions.
3 Enhancing imaging efficiency through tailored superbunched illumination
To quantitatively evaluate the practical advantages of the SRFL’s tailored photon statistics,  we analyzed the dependence of temporal ghost imaging (TGI) reconstructions on the number of realizations, N. While Fig. 6g in the main text shows the monotonic increase of object-to-background-enhancement signal-to-noise ratio (OBE-SNR) with increasing g(2)(0) at a fixed realization number of N = 10,000, Supplementary Fig. 4 further compares how the TGI reconstruction evolves as the number of realizations increases from 500 to 20,000 for representative low-, intermediate- and high-order Stokes and anti-Stokes components.
For low-order components with weak or moderate photon bunching, the reconstructed temporal traces are strongly affected by residual fluctuations when the realization number is small. Increasing N gradually suppresses the noise floor, but the object-to-background contrast remains limited compared with that obtained using higher-order components. In contrast, the high-order Stokes and anti-Stokes components, which exhibit stronger superbunching and heavier-tailed intensity statistics, provide enhanced correlation contrast and reach high-fidelity reconstruction with fewer realizations. In particular, the 8th-order Stokes and 6th-order anti-Stokes components recover the binary temporal object with substantially fewer realizations than the corresponding low-order components. These results confirm that tailoring the photon statistics of the illumination source can reduce the averaging burden in TGI without relying solely on increased optical power or acquisition time.
[image: ]
Supplementary Fig. 4 | Realization-number-dependent TGI reconstructions with different Stokes and anti-Stokes components. a–c, Temporal ghost imaging reconstructions obtained from the 1st-, 4th- and 8th-order Stokes components as the number of realizations N increases from 500 to 20,000. d–f, Corresponding reconstructions obtained from the 1st-, 4th- and 6th-order anti-Stokes components. Black dashed curves denote the target binary temporal waveform, and colored curves denote the reconstructed correlation traces. g, OBE-SNR map as a function of spectral component and realization number. h, OBE-SNR as a function of g(2)(0) for different realization numbers. i, OBE-SNR as a function of N for the selected spectral components.
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