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Abstract

This article reports a numerical study of buoyancy-driven air flow (Pr = 0.71)
in a cold square cavity that holds a heated circular cylinder of radius R =
0.2L at its centre. Eight Rayleigh numbers were covered, from 104 to 5 x 107,
using a pressure-based finite element solver on a body-conforming mesh that
keeps the unsteady terms and places no symmetry condition on the flow, so
that asymmetric modes are free to grow on their own. Three distinct regimes
emerged from this study. The flow stays steady up to Ra =~ 5 x 10°, with two
mirror-image recirculation cells around the cylinder and a single plume rising
from the top of the cylinder to the cold top wall. Tracking the standard deviation
of the cylinder-averaged Nusselt number locates the onset of unsteadiness in the
range 5 X 106 < Ra. < 7.5 X 108. Past this point the flow reaches chaos
along the Ruelle-Takens-Newhouse route, beginning as a single-frequency limit
cycle at Ra = 7.5 X 10°, turning quasi-periodic on a two-torus at Ra =
107, and ending in a broad-band strange attractor at Ra = 5 x 107, with
energy spectra and Poincaré maps recorded at eleven probes confirming each
stage. The disorder first sets in at the plume above the cylinder and reaches the
lower stratified pool only at the highest Rayleigh number. A single power law,
Nucy1 = 0.764 Ra®228 fits all eight time-averaged cylinder Nusselt numbers
to within 6%. Across the whole range the top wall absorbs close to 55% of the
heat reaching the walls, while the bottom wall accounts for less than 2%, a direct
effect of the strengthening thermal stratification in the lower cavity.

Keywords: Natural convection, Square cavity with heated cylinder, Finite element
method, Regime transition and chaos, Energy spectral density, Poincaré section



1 Introduction

Natural convection inside a square cavity with a heated cylinder is one of the most
important configurations for the study of buoyancy-driven flow and heat transfer in
confined geometries. In forced convection an external agent drives the fluid, but natural
convection relies entirely on density differences created by temperature gradients to
set the fluid in motion. When this motion is enclosed by solid walls, the boundaries
restrict the growth of convective currents, generate recirculation zones, and force a
balance among buoyancy, inertia, and viscous resistance. The problem is therefore
physically rich and, at the same time, of clear practical relevance. Typical applications
include passive cooling of miniaturized electronic devices, emergency heat removal
in nuclear reactors, temperature control of chemical reactors, and the prediction of
urban thermal plumes that guide building design for natural ventilation and indoor
air quality [7, 20, 24].

For several decades the differentially heated square cavity has served as the stan-
dard benchmark for buoyancy-driven flow, mainly because its geometry is simple and
its thermal boundary conditions leave no ambiguity. The early study of De Vahl
Davis [14] produced reliable reference solutions for steady laminar natural convection
of air in a Boussinesq fluid for Rayleigh numbers between 10% and 10°. These results
were obtained on systematically refined finite-difference grids and became a standard
reference. Hortmann et al. [21] and Le Quéré [30] later extended the range up to
Ra = 108 using high-accuracy spectral methods.

Several subsequent work has confirmed that the Rayleigh number is the most
dominant parameter controlling both the flow pattern and the strength of heat trans-
port [5, 36, 41]. At low Ra the temperature field is nearly linear and heat moves across
the cavity almost entirely by conduction. Once Ra grows beyond roughly 102, buoy-
ancy is strong enough to overcome viscous resistance and a steady convection cell
develops, which significantly boosts the heat transfer rate. The mean Nusselt number
then rises with Ra following well-known power-law correlations. At sufficiently high
Ra, thin thermal and momentum boundary layers form along the heated walls, the
bulk of the cavity becomes thermally stratified, and the flow eventually loses its steady
character. Direct numerical simulations and large-eddy simulations by Versteegh and
Nieuwstadt [46] and later by Trias et al. [45] showed that this loss of steadiness man-
ifests itself as oscillating thermal plumes, vortex interactions, and other unsteady
structures that further enhance the wall heat transfer.

Oztop et al. [35] studied steady laminar convection around a heated cylinder placed
at the centre of cold square cavity and showed that even a modest cylinder strongly
reorganizes the flow. Subsequent studies by Mahmoodi [31], Sun et al. [43], and Kim et
al. [26] examined the role of cylinder size, position, and boundary-layer interaction, and
reported clear changes in flow symmetry and in the local Nusselt number distribution.
When the cylinder is moved off the centreline, the left-right symmetry of the flow
breaks and the heat transfer along the hot and cold walls becomes unequal.

Another important parameter that influences the heat transfer is the size of the
cylinder. Small cylinders behave as compact heat sources that drive a single dominant
recirculation loop, whereas large cylinders block the gap between the cylinder surface
and the cavity walls and force the flow to split into several counter-rotating cells.



This change in flow topology has a direct and non-monotonic effect on the mean
Nusselt number, with several studies reporting a local minimum in heat transfer at
intermediate cylinder radii before convection recovers at larger sizes [26, 43]. These
results show that the thermal performance of the system is very sensitive to geometric
parameters even in apparently simple arrangements.

For higher Rayleigh numbers, Wang et al. [47] provided early evidence of time-
dependent behaviour around an enclosed cylinder. Their simulations showed that the
flow remains steady at low and moderate Rayleigh numbers, with a stable plume and
two symmetric recirculation cells. Above Ra ~ 10%, however, the thermal plume begins
to oscillate periodically and buoyant thermals detach from the top of the cylinder at
a well-defined frequency that scales with Ra in a manner consistent with a Hopf-type
instability. The onset of this unsteadiness is sharp rather than gradual, appearing with
finite amplitude once buoyancy exceeds a critical threshold. Their time-averaged fields
retained the bilateral symmetry of the configuration even in the unsteady regime, since
over a long record the flow visits every state and its mirror image equally often; the
instantaneous snapshots, by contrast, were asymmetric. The study was confined to a
limited set of geometries and Rayleigh numbers, and the dependence of the critical
Rayleigh number on cylinder size and position was left open.

A systematic study was carried out by Dutta et al. [17]. They developed a
streamfunction-velocity (¢-v) framework combined with a fourth-order compact finite
difference scheme to study natural convection around a heated circular cylinder of
radius R = 0.2L placed inside a cold square enclosure. The computations were car-
ried out on non-uniform body-fitted grids without co-ordinate transformation which
eliminates the need for immersed boundary interpolation. The Rayleigh number was
varied from 103 to 107 at Pr = 0.71, and the cylinder was displaced along the vertical
centre line over —0.25L < ¢ < 0.25L. For the centrally placed cylinder (6 = 0), the
flow reached a steady state at every Ra, with two symmetric counter-rotating cells, a
rising thermal plume above the cylinder, and corner vortices at the bottom wall that
appeared at Ra = 10° and grew with increasing Ra. Off-centre placement produced
richer flow topologies: the single plume split into multiple ascending plumes with sec-
ondary vortices on the cylinder cap, and at Ra = 107 steady convergence was limited
to 0.05 < 6 < 0.18. The surface-averaged Nusselt numbers on the four enclosure walls
and on the cylinder were reported as functions of both Ra and 4.

Despite a systematic study the framework of Dutta et al. [17] leaves several unan-
swered questions. The analysis is restricted to steady-state solutions and therefore
cannot capture time-dependent phenomena such as plume oscillation, vortex interac-
tion, and transient fluctuations of the heat transfer rate, all of which are expected
at higher Ra. The transition from steady to unsteady convection, which fundamen-
tally changes both the structure of the flow and the character of the heat transfer,
was not addressed. In addition, the stream function on the cylinder surface was set to
zero, which artificially enforces left-right symmetry about the vertical centre line and
prevents the natural emergence of asymmetric flow modes. This constraint filters out
any symmetry-breaking instability of the problem and may produce solutions that are
numerically stable but physically incomplete.



The published literature, while substantial, therefore leaves a meaningful gap in the
understanding of unsteady natural convection around an enclosed cylinder. Steady-
state studies cannot reveal the time-dependent phenomena that become important as
Ra grows. Only the few unsteady investigations that exist [47] are narrow in their
parametric scope and do not trace the full sequence of states between the steady
laminar limit and developed time-periodic regime. The artificial symmetry imposed in
earlier work [17] suppresses asymmetric modes that may emerge naturally at higher
Ra and may overestimate the critical Rayleigh number for the onset of unsteadiness.
As a consequence, the value of this critical Rayleigh number, the sequence of regimes
that follow it, and their effect on local and average Nusselt numbers remain unresolved
for an air-filled cavity (Pr = 0.71) with a centrally heated cylinder. The present study
is motivated directly by these gap areas.

This work investigates unsteady natural convection around a heated circular cylin-
der placed at the centre of a square cavity for Rayleigh number that span the steady,
transitional, and unsteady regimes. The simulations are time-dependent: the unsteady
terms in the governing equations are kept, and no symmetry constraint is enforced, so
any asymmetric mode that the physics admits is free to grow on its own. The numerical
scheme is a pressure-based finite element method on a body-conforming mesh, chosen
because the fine-scale structures near the cylinder and inside the thermal plume need
to be resolved cleanly once the flow loses its steady character.

The three primary objectives of this study are: First, to bracket the critical
Rayleigh number at which the steady state breaks. Second, to identify, one at a time,
the unsteady regimes that follow it. Third, to find the influence of each regime on the
local and average Nusselt numbers, both around the cylinder and on the cavity walls.
The results are expected to deepen the understanding of enclosed convection systems
and to provide reliable data for the configuration where both internal geometry and
unsteady dynamics act together.

This article is organized as follows. Section 2 presents the physical model and the
governing equations, with the cavity geometry described first and then the Navier-
Stokes and energy equations for the fluid motion and heat transfer. Section 3 explains
the numerical method, the body-conforming grid construction and the full solution
procedure. Section 4 validates the in-house FORTRAN code against the standard
benchmark of De Vahl Davis [14]. Section 5 presents the results in four parts: the
grid independence study in Section 5.1; the steady regime (10* < Ra < 5 x 10°) in
Section 5.2; a regime-transition analysis driven by the time history of the cylinder-
averaged Nusselt number at all eight Rayleigh numbers in Section 5.3, where the
critical Rayleigh number for the onset of unsteadiness is found; and the unsteady
regime (Ra > 7.5 x 105) in Section 5.4, treated through the instantaneous and time-
averaged fields, the heat transfer, the energy spectral densities, and the Poincaré maps
recorded at the probe points. Section 6 draws the main findings together.
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Fig. 1: Schematic of natural convection around a heated cylinder in a square cavity,
with the locations of the eleven probes P1-P11 used to record time signals.

2 Physical model and governing equations

2.1 Geometric configuration and boundary conditions

The problem to be investigated is the two-dimensional natural convection of air
confined between a heated circular cylinder and the walls of a square enclosure. A
schematic of the configuration, together with the positions of the probes used to record
time signals of the flow variables, is shown in Fig. 1. The cavity is a square of side
L aligned with a Cartesian (z,y) frame whose origin is placed at the lower-left cor-
ner, so that the enclosure occupies 0 < x/L,y/L < 1. Gravity acts in the negative
y-direction, g = —gé,. A circular cylinder of radius R = 0.2 L is placed concentri-
cally at the geometric centre of the cavity, (z.,y.) = (0.5 L,0.5 L), leaving a minimum
clearance of 0.3 L between the cylinder surface and each of the four walls.

The working fluid is air, treated as a Newtonian incompressible continuum under
the Boussinesq approximation. Density variations enter the momentum balance only
through the buoyancy term, while all other thermophysical properties are held con-
stant. Thermally, the cylinder surface is kept at a uniform hot temperature 7} and
the four walls of the cavity at a uniform cold temperature T, with Tj, > T, so that
buoyancy drives the fluid upward from the cylinder. Kinematically, the no-slip and
impermeability conditions © = v = 0 are imposed on the cylinder surface and on the
four walls, which is consistent with the assumption of a viscous fluid in contact with
rigid stationary boundaries. Radiative exchange between the cylinder and the walls
is neglected throughout, so that heat is transported only by conduction and convec-
tion through the fluid and by the buoyancy-driven motion that this conduction and
convection sets up. The flow regime is controlled by the Rayleigh number Ra and the
Prandt]l number Pr is kept constant at 0.71. Ra is varied to follow the transition from
the steady regime, through a periodic oscillatory state, into a chaotic regime.



In the post critical regime, time signals of velocity and temperature are recorded
at eleven probe points distributed across four horizontal lines so that the spectral
and phase space analyses are not biased toward a single part of the flow. Five probes
(P1-P5) lie along y/L = 0.95 at /L = 0.2,0.35, 0.5, 0.65, 0.8, sampling the flow imme-
diately below the cold top wall where the plume impinges and the shear is strongest.
Three further probes (P6-P8) lie along /L = 0.85 at /L = 0.35,0.5, 0.65 and capture
the region between the plume head and the upper wall boundary layer. Two probes
(P9 and P10) sit on the horizontal mid-line y/L = 0.5 on either side of the cylinder, at
/L =0.15 and x/L = 0.85, so that the side wall descending jets are resolved. Probe
(P11) is placed at (z/L,y/L) = (0.5,0.15) below the cylinder to record the activity of
the lower stratified pool and of the bottom corner eddies.

2.2 Mathematical formulation

The fluid flow and the heat transfer inside the cavity are described by the unsteady
two-dimensional Navier-Stokes equations coupled with the energy equation. In
dimensional primitive variable form the governing equations under the Boussinesq
approximation are
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where U and V' are the velocity components in the X- and Y-directions, P is the
pressure, T is the temperature, p is the fluid density, v is the kinematic viscosity, 3
is the volumetric thermal expansion coefficient, and « is the thermal diffusivity. The
last term in Eqn. (3) is the buoyancy force that drives natural convection inside the
enclosure.
To make the analysis general and to reduce the number of independent parameters,
the following dimensionless variables are introduced
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where L is the cavity side length, Uy is the reference velocity, and T} and T, are the
hot and cold wall temperatures. Substituting Eqn. (5) into Eqns. (1)-(4) gives the
dimensionless governing equations
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The two governing dimensionless parameters, the Rayleigh number Ra and the Prandtl
number Pr, are defined as

+ Prv2u, (7)
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The Rayleigh number measures the relative strength of buoyancy and viscous forces
and controls the onset and the intensity of natural convection. The Prandtl number

compares the rates of momentum and thermal diffusion in the fluid.
The pressure can be removed from the system by recasting the equations in
vorticity-stream-function form. The dimensionless vorticity w and the stream function

1) are defined by
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The definition in Eqn. (12) satisfies the continuity equation (6) identically, and
Eqn. (13) links the stream function to the vorticity through a Poisson equation.
The present numerical algorithm, however, is built on the primitive variable form of
Equs. (6)-(9); the stream-function is reported here only for the visualization of the
flow patterns presented in Section 5.

3 Numerical methodology

The numerical machinery used to solve the governing equations of Section 2.2 on
the geometry described in Section 2.1 is discussed in this section. The work flow is
split into two parts. First, a body conforming mesh is built on top of a Cartesian
background grid through a ray cast projection step followed by a harmonic smoothing
step (Section 3.1). Second, the dimensionless governing equations are advanced in
time on the resulting mesh by a pressure-based fractional-step finite element solver
(Section 3.2).



3.1 Grid generation

We have considered a computational domain 2 covered by a uniform Cartesian back-
ground grid G with spacings Az and Ay that surrounds a set of immersed bodies.
Each body is described by a closed piecewise-linear boundary curve I'; = {Xik}ljj;p
with i = 1,2,...,n;, where ng is the total number of immersed bodies and N; is the
number of vertices that describe I';. The construction is restricted to simply connected
convex bodies and the extension to non-convex bodies follows the same algorithm with
a separate interior point test which will be considered in future work.

To make the detection of intersection points fast and to limit the work needed to
compute node splittings and boundary displacements, the axis aligned bounding box
of each body is computed first,

B; = [‘rfrilzrﬂ xEril)aX

All operations associated with T'; are then confined to the O(v/N) nodes of G that
fall inside B;, instead of the full V nodes of the grid.

] % [yl - (14)

Ymins Ymax

Definition 1 (Interior node) A node xg = (zg,yq) € B; is said to be interior to I'; if, for
every oriented segment (X;,X; k1) of a counter-clockwise parametrization of I';,

(g = Yir) (@i k1 — Tik) = Wi g+1 — Yin) (Tg — Tik).- (15)
A node that fails this inequality for at least one segment is declared ezterior. A binary
tag ntype(xg) € {0,3} stores the result, with the value ¢ indicating an interior node of the
-th
" body.

A node is called boundary-adjacent with respect to I'; when ntype(x,) = ¢ and at
least one of its four cardinal neighbours (west, south, east or north) is exterior. From
each such node, four unit rays é,, r € {1,2,3,4}, are cast along the —z, —y, +z and
+y directions respectively. A ray is considered active only if its cardinal neighbour lies
in the exterior region. The intersection of an active ray with I'; is found by locating
the unique segment (x;x,X; r+1) that crosses the ray and by solving a one parameter
linear interpolation along that segment. For a ray fired in direction r from x4, the
normalized distance to the boundary is

= 7—x£,|7 h, € {Azx, Ay}, 16
h

with h, = Az for r € {1,3} and h, = Ay for r € {2,4}. The candidate projection
associated with the 7" ray is

xgr) =xg+ o hy &, ar €10,1]. (17)

The admissibility test «, < 1 rejects spurious intersections that fall beyond the

neighbouring cell and protects the algorithm from false hits at corners of non-smooth
boundaries.

Let v(x4) € {1,2,3} be the number of rays that return an admissible intersection

at the boundary adjacent node x,. When v = 1, the node is simply moved to its



unique projection on I';, When v > 2, the node has more than one geometrically
distinct projection on I'; and is therefore split: one copy of the node is sent to each
projection and the multiplicity is recorded in a counter that is consulted later during
cell reconstruction. The displacement vector associated with each projection is

dgrk) = Xk — Xg, (18)

where x;;, is the point of I'; matched to the r*" ray, and the index k runs over all
boundary-adjacent nodes associated with T';.

Remark 1 (Admissible ray combinations) Under the convexity assumption stated at the
beginning of this section, the admissible ray combinations at a split node are reduced to {1, 4},
{3,4}, {1,2} and {2, 3} for v = 2, and to {1, 2,3} or {2, 3,4} for v = 3. Any other combination
signals a non-convex feature at sub-grid scale and is flagged by the implementation.

The set of candidate projections returned by the ray-cast step is in general not
uniformly distributed along I';. Where the boundary is nearly aligned with the grid, the
projections cluster, whereas in regions inclined at about 45° to the grid the projections
remain sparse. To restore an even spacing, I'; is parametrized by its cumulative arc
length s and the projections are sorted in increasing s. With L; the perimeter of I';
and NP™ the number of projected points on it, the target spacing is

- NP i
K3
A further local correction is applied to avoid degenerate cells. For three consecutive

sorted projections, let As™ and As™ be the arc-length gaps on either side of the
central point and define

As*

(19)

- +
, - mlor o) -
s~ + AsT
When p exceeds a threshold p* (we take p* = 0.7 everywhere in this work), the
central projection is nudged toward its more distant neighbour by a fraction (p — p*),
which brings the ratio back to p*. This step caps the aspect ratio of the boundary
adjacent cells at roughly 1:3 and prevents two adjacent edges of I'; from collapsing.
The displacements obtained so far are defined only at the boundary adjacent nodes.
To make the mesh smooth around the immersed surface, they are propagated into the
interior of the domain by solving the harmonic problem

Vid=0, d|. =d; dy,

where 02 denotes the outer walls of the computational domain and the index j
refers to those immersed boundaries whose nodes are already aligned with the Carte-
sian background grid. Eqn. (21) is solved component wise for d, and d,, and the
vertices of the final mesh are updated only after convergence,

=0, dyrj =0, (21)

Xnew = Xold + d. (22)
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Fig. 2: Finite element mesh for natural convection around a heated cylinder in a cold
square cavity.

Once the vertices are updated through Eqn. (22), each background cell (i1, 2, i3, 4)
of G is reconstructed from the multiplicities v stored at its four corners. Cells with
v = 1 at every corner keep the original quadrilateral topology. Cells with a pair of
split corners on the same edge collapse into a triangle. Cells that carry a single split
corner opposite a fully interior corner produce a pentagon, which is then split into one
triangle and one quadrilateral along the diagonal that emanates from the split vertex.
The full computational domain is shown in Fig. 2a and Fig. 2b shows a magnified
view near the cylinder, where the three cell topologies produced by the algorithm
(triangular, quadrilateral, and the pentagon split into a triangle plus a quadrilateral)
are clearly visible.

3.2 Numerical solution procedure

The dimensionless governing equations (6)-(9), with the Dirichlet velocity and tem-
perature conditions stated in Section 2.2, are advanced on the body conforming mesh
of Section 3.1 using a pressure based finite element method. The spatial operators are
discretized by a classical Galerkin scheme with equal order bilinear interpolation for
all primitive variables (u,v,p,#), and the time evolution is carried out by an explicit
fractional step (projection) algorithm [13, 44] with a second-order Adams-Bashforth
treatment of the convection-diffusion operator. The pressure Poisson equation that
arises from the incompressibility constraint is solved at every time step by a warm
started Conjugate Gradient iteration, and the surface integrated Nusselt numbers are
extracted in a post-processing step from the dimensionless temperature gradient. The
four building blocks of the algorithm, namely the spatial discretizations, the time
integration, the pressure solver, and the Nusselt number evaluation, are described in
Sections 3.2.1-3.2.5 below.
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3.2.1 Galerkin finite element spatial discretizations

The computational domain is discretized into N, elements by the grid generation
procedure of Section 3.1. The dominant cell type is the four-node bilinear quadrilateral
(Q4). On a generic Q4 element Q° the primary unknowns are interpolated from nodal
values using the standard bilinear Lagrangian shape functions defined on the reference
square (&,n) € [—1,1]? [22, 50],

Ny = 3(1-§)(1-n), Np=;(1+&)(1-n), Ns3=;(1+&)(1+n), Ni= i(l—é)((H;?)-
23

Each primary variable ¢ € {u,v,p, 0} is approximated element wise as ¢°(z,y) =
Zi:l Ni(&,7) ¢, so the formulation is an equal order Q4/Q4 element [6, 16]. The
mapping from the reference element to the physical element uses the same shape
functions (iso-parametric mapping), and the Jacobian J = 0(z,y)/0(§,n) links the
natural and physical derivatives, VN, = J_1V§Nk.

Multiplying Eqns. (7)-(9) by a test function NV; drawn from the same space, inte-
grating over ¢, and applying the divergence theorem to the viscous and thermal
diffusion terms gives the standard Galerkin weak form [16]. Collecting the coeffi-
cients, the element level interpolation generates four matrices that depend only on the
geometry and are therefore computed once during pre-processing and stored,

. ON; ON;
K, = /Q (20200 1 209 ) (24)
xT,e C')NJ € ON;
o / Nodo, o / N2 gq, (25)
:/ NZN] dQ, mf: deQ (26)
Qe Qe

The matrix K¢ is the diffusion (stiffness) matrix common to the viscous and
thermal operators. The matrices C*¢ and C¥¢ are the advection matrices that are
contracted with the element centroid velocity. M€ is the consistent mass matrix and
mg is its row sum. The row sum provides the diagonal lumped mass that is used in
the explicit time advance. This is a standard device that conserves total mass without
the cost of a linear solve at each step [22, 50].

All element integrals in Eqns. (24)-(26) are evaluated by a 2 x 2 Gauss-Legendre
quadrature on the reference element, with integration points at £, = +1/v/3 and
unit weights. This rule integrates the bilinear polynomials that appear in K¢ and M*
exactly on parallelogram elements and is sufficiently accurate for the mildly distorted
quadrilaterals generated by the grid algorithm [50]. For the small set of triangular cells
at the cylinder interface, the standard closed-form expressions for linear triangular
(Py) elements are used in place of the quadrature rule.

The mesh is Eulerian and stays fixed throughout the run. The element matri-
ces (24)-(26) are therefore built once at the start, kept in a compact element-by-
element (EBE) storage [9, 23], and reused at every time step.
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3.2.2 Fractional-step time integration

The pressure-velocity coupling in Eqns. (6)-(8) is handled by the fractional-step (pro-
jection) method introduced by Chorin [13] and Temam [44] and analyzed for finite
elements by Guermond et al. [19] and earlier implemented in [28, 29]. The advance
from t,, to t,+1 = t, + At is split into three sub-steps: a predictor that computes
an auxiliary, generally non-solenoidal, velocity by ignoring the pressure gradient; a
Poisson equation for the pressure that encodes the incompressibility constraint; and a
corrector that projects the auxiliary field onto the space of divergence-free velocities.

Predictor

A forward Euler step of Eqns. (7)-(9), without the pressure gradient, leads to an
element contribution to the nodal residual of the form

4
"= ALY [-PrKG - (uen O+ uen ) |, (27)
£ = At Z[ PrKs; — (ue™ O + 0" C%) [ + RaPratd™ ms,  (28)

4
= s X, — (e e + ol o, (29)

where the convective velocity (u&™,vS™) is separately evaluated and calculated at

element centroid velocity at the previous time step and %" = nl Sopen 07 (nen, =3
for triangle and n., = 4 for quadrilateral) is the element-averaged temperature that
enters the Boussinesq buoyancy source. The last term of Eqn. (28) is the discrete

counterpart of the Ra Pr # source in Eqn. (8).

Adams-Bashforth extrapolation

Equations (27)-(29) form a first-order Euler estimate. To raise the time accuracy to
second order, each right-hand side f™ is replaced by its two-step Adams-Bashforth
extrapolation [3, 8],

1 ", n = 1 (Euler initialization),
"2 = (30)

3 1len—
ifn_ffn 1, n>].,

where 7! is stored from the previous step. The element contributions are then
scattered to the global nodal arrays and divided by the lumped diagonal mass d; =
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> es; M§ (the row-sum mass-lumping of Eqn. (26)), which gives the explicit update for
the intermediate velocity u* and the final temperature ™! at every interior node i,

wp = ad Y fR er = otdn YR et = oy f
edi edi edi
(31)
Nodes that lie on the cavity walls or on the cylinder surface are excluded from
Eqn. (31); their velocity and temperature are held at the prescribed Dirichlet values
stated in Section 2.1, which in finite element terms is the strong imposition of essential
boundary conditions [22].

Pressure Poisson equation

Taking the divergence of the formally corrected momentum equation u"*! = u* —
At Vp"t! and imposing the continuity constraint V-u™*! = 0 gives the pressure Pois-
son equation V2p"t! = (1/At) V-u* [19]. In the discrete setting, after absorbing the
time step into the pressure variable, the element level divergence of the intermediate
velocity is evaluated edge-wise with the midpoint rule,

D° = 37 [S 0, + i) Ayedge = 20, + ¥,) Acage) (32)

edges
where (mi,mg) are the two endpoint nodes of each element edge and
(AZedge; AYedge) are its coordinate increments. The element divergences D¢ are then
scattered to the nodes through the lumped-mass weights to produce the source vector

bi=d; 'y ms D, (33)
e31
and the discrete pressure Poisson system for an element reads

A, P =, (34)

where Afj is the element matrix for the equation for pressure and thus forms a
symmetric positive semi-definite system.

3.2.3 Cell centre and nodal velocity correction

Once p"*! is available, the pressure gradient is recovered at the element centroid
(&mn) = (0,0),

Nen Nen

ONg +1 op _ IN, +1
ONy n |, = Z T;’(0,0)pz . (35)
k=1

oz |(0,0)pk ’
The element centroid velocities that enter the next-step advection operator in
Eqns. (27)-(29) are corrected as

op
ox

€

: (36)
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The cell centre velocity components are corrected using the gradient of the evalu-
ated pressure without any interpolations. The nodal velocity components are corrected
by projecting the element centroid pressure gradient back to the nodes through the
lumped mass,
uf*lzuf—d;12m5%67 Uf“zvf—d;lme g—ZL. (37)

edi edi
As in the predictor, Eqn. (37) is applied only at interior nodes, and the no-slip

condition on the walls and on the cylinder is preserved exactly. The loop then returns
to Eqn. (27) for the next time step. The time step At = 10~7 used throughout this
work was selected to satisfy both the convective (CFL < 1) and the diffusive (At <
h?/(4 Pr)) stability limits of the explicit scheme [18] with a comfortable safety margin.

3.2.4 Solution of the pressure Poisson equation

The symmetric positive semi-definite system Eqn. (34) is solved at every time step by
the Conjugate Gradient (CG) method, which is the canonical iterative solver for such
systems and shows finite step termination in exact arithmetic [4, 40]. Three practical
features of the present implementation are worth highlighting.

The first feature is the Element-By-Element(EbE) matrix-free product. The global
matrix A in Eqn. (34) is never assembled or stored. Each CG iteration only needs
the matrix-vector product q = Ad, which is evaluated element-by-element from the
pre-computed stiffness matrices A€ as

4
(Ad); =Y Y A duodeje)- (38)
e3i j=1

This EbE strategy, originally introduced by Hughes et al. [23] for explicit dynamics
and recently reported for stream function in [28], is particularly effective on unstruc-
tured meshes with mixed element types, since it avoids the bookkeeping of a sparse
matrix.

The second feature is the warm-started initial guess. The pressure field is continu-
ous in time and changes only slightly between consecutive steps, in particular at the
small At used here. The CG iteration at step n + 1 is therefore initialized with the
solution from step n, pgbo _)H = p”. This warm start usually brings convergence in only
a few iterations per time step, well below the maximum of ten iterations imposed as
a safeguard.

The third feature is shared memory parallelism. All inner loops of the CG algo-
rithm, namely the EbE matrix-vector products (Eqn. (38)), the scatter-add assemblies,
the vector updates, and the reduction dot products, are parallelized with OpenMP [34]
through static work-sharing of element and node-index ranges. Scatter add opera-
tions, which accumulate element contributions into shared nodal arrays, are protected
by $0MP ATOMIC directives to avoid race conditions, while dot products use the
REDUCTION (+:) clause for lock-free global summation.

The convergence criterion ||r||3 < ecg with ecg = 10717 drives the residual down
to the level of double precision round off, so that the velocity projection in Eqn. (37)
enforces incompressibility to machine accuracy.
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3.2.5 Nusselt number evaluation

The integral heat transfer quantities reported in this work are the surface averaged
Nusselt number on the heated cylinder, mcyl, and its counterpart integrated over the
four cold walls of the cavity, Ntuyans. The bilinear Q4 interpolation in Eqn. (23) gives
a temperature field that is C°-continuous but whose gradient is piecewise constant
(one value per element) and therefore discontinuous across element edges. A recovery
step is therefore used to obtain a second order accurate nodal gradient field before
the boundary integrals are evaluated. The recovery is described first, followed by the
Nusselt number formulas for the cylinder and the walls.

Element-centroid temperature gradient

The gradient of the temperature field inside each element is evaluated at the element
centroid (£,n) = (0,0) in exactly the same way as the pressure gradient in Eqn. (35),
with 6 in place of p,

4

20| 96| ) _ AN, AN,

(% e’ @‘e) - Z( 8;7 8yk)(0 O)Gk' (39>
=1 ’

Nodal gradient by patch averaging

Let & = {e: i € Q°} denote the patch of |&;| elements that share node i. The nodal
temperature gradient is obtained by simple arithmetic averaging over the patch,

1 . 1
20| — 20 90| _ Z 2| 40
ox |g |5z| = ox le? oy li ‘51| = Oy le ( )

On uniform patches this procedure is equivalent to the super-convergent patch
recovery (SPR) technique of Zienkiewicz and Zhu [49] and is known to deliver nodal
gradients that are accurate one full order beyond the underlying finite element solution.

Nusselt number

The local Nusselt number along any boundary surface S (the cylinder perimeter or
any of the four cavity walls) is defined as

00
on
where s is the arc length measured along & and n is the outward unit normal.

For two consecutive boundary nodes (xl()l),xl(fﬂ)) separated by a segment of length

Nu(s) = , (41)

0l = ||x,()l+l) —Xl()l) ||, the outward normal direction is iy; = (Ay;, —Ax;) /8¢, where Ax;
and Ay, are the segment components. Using the segment-averaged nodal gradients
Goy = 3(80/0z|; + 06/0x|,11) and the analogous gy, the normal gradient along the
segment is

90| |Gea Ay — gyu A

an|, 50, (42)
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Fig. 3: Schematic of the De Vahl Davis benchmark: differentially heated square cavity

with insulated top and bottom walls.

The surface-averaged Nusselt number over any boundary S composed of N
segments with total perimeter Lg is then

1 e
N’LLS = ﬁs ; on l(%l. (43)
When S is the heated cylinder, Ls = 7D with D = 2R = 0.4, and Eqn. (43)
gives Nucy. When § is any individual cavity wall of length L, £s = L and the same
expression gives the wall-averaged Nusselt number Nuyay. For the four cold walls
taken together, the total perimeter is Ls = 4L and the summation runs over all wall
segments, yielding the enclosure-averaged Nusselt number Nuyails.

4 Validation of the Code

The solver is validated against the classical differentially heated square cavity bench-
mark of De Vahl Davis [14], refined subsequently by Hortmann et al. [21] and
Le Quéré [30]. This benchmark is the standard test case for buoyancy driven flow in
closed geometries and carries a large body of accurate reference data, making it well
suited to confirm that the spatial discretizations, fractional-step time integrator, and
the implementation of Conjugate Gradient pressure solver.

The geometry is a square cavity of side L filled with air (Pr = 0.71), as shown in
Fig. 3. The right wall is held at the hot temperature T} and the left wall at the cold
temperature T, < Tj; the top and bottom walls are thermally insulated (07/0n = 0).
The validation is performed at Ra = 10°, which lies well within the laminar steady
regime and produces boundary layers sharp enough to be a demanding test of the
spatial discretizations.

Four uniform Cartesian grids 100 x 100, 200 x 200, 300 x 300, and 400 x 400 cells
are tested using the horizontal velocity u along the vertical midline (z/L = 0.5) and
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(a) Horizontal velocity u(y) at /L = 0.5. (b) Vertical velocity v(z) at y/L = 0.5.

Fig. 4: Grid independence study for the De Vahl Davis benchmark at Ra = 106,
Pr=0.71.

the vertical velocity v along the horizontal midline (y/L = 0.5) as monitors. These
profiles are standard grid sensitivity indicators for this benchmark [14, 30] since they
capture both the boundary layer structure along the active walls and the strength of
the central recirculating core.

As seen in Fig. 4, the four curves are visually indistinguishable in both panels,
with no shift in peak velocity locations or magnitudes between successive refinements.
This confirms that the solution is grid independent already on the 100 x 100 mesh.

The present solution computed on the 300 x 300 grid is now compared with the
high accuracy reference data of De Vahl Davis [14] and Le Quéré [30], as well as with
several other published numerical studies [1, 12, 17, 25, 48]. The comparison covers
four Rayleigh numbers (Ra = 10°, 105, 107, and 108). The isotherms for all four
Rayleigh numbers are shown in Fig. 5 and the corresponding streamlines in Fig. 6.
At Ra = 10°, the isotherms are nearly vertical, indicating that heat transfer is still
largely conduction dominated. As Ra increases to 10° and beyond, the isotherms
progressively tilt toward horizontal stratification, which is the signature of strong
convective transport. By Ra = 108, the temperature gradients are concentrated into
thin layers adjacent to the hot and cold walls, while the core of the cavity is nearly
isothermal. The streamlines show a complementary evolution: the single recirculating
cell at Ra = 10° gradually tightens and the contour lines crowd near the active walls

at higher Ra, reflecting the intensification of the boundary layer driven circulation.
Both the isotherm patterns and the streamline topology are in close visual agreement
with the published contours [14, 30].

Table 1 summarizes the average Nusselt number Nu, the maximum horizontal
velocity umax along the vertical mid-line, the maximum vertical velocity vpyax along
the horizontal mid-line, and the peak stream-function value ,,;4 for each Rayleigh
number. These four quantities together probe the thermal performance of the cavity,
the strength of the boundary layer jets, and the overall intensity of the recirculation.
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(a) Ra = 10° (b) Ra = 10° (¢) Ra =107 (d) Ra = 10%

Fig. 5: Isotherms of natural convection inside a differentially heated square cavity for
10° < Ra < 108, Pr = 0.71.

(a) Ra =10° (b) Ra = 10° (¢) Ra =107 (d) Ra = 10%

Fig. 6: Streamlines of natural convection inside a differentially heated square cavity
for 10° < Ra < 108, Pr = 0.71.

5 Results and discussion

5.1 Grid convergence study

The discretizations uncertainty is quantified using the standardized Grid Convergence
Index (GCI) methodology of Celik [11], which combines the Richardson extrapolation
framework of [37] with the GCI formulation of Roache [38]. The procedure yields a
safety-factor weighted percentage uncertainty on any integral quantity of interest. The
surface-averaged cylinder Nusselt number Nu.y is chosen as the monitor variable since
it is the principal heat transfer output of the simulation. Four uniform Cartesian grids
of 100 x 100, 200 x 200, 300 x 300, and 400 x 400 cells are used, with a representative
mesh spacing h = L/N, ranging from 0.01 down to 0.0025. All grid metrics and the
derived GCI quantities are given in Table 2.

The GCI analysis is restricted to the three finest grids, as recommended by
Celik [11]; the coarsest grid is retained only for qualitative context. The successive
refinement ratios are r9; = 1.333 and r33 = 1.500, both above the recommended mini-
mum of 1.3. Iterative solution of the nonlinear order equation gives an apparent order
of accuracy p = 0.7734. This value is lower than the formal second order of the bilin-
ear Galerkin discretization because of three combined effects: the row-sum lumped

18



Table 1: Comparison of present results with published results for the differentially
heated square cavity

Reference Nu Umax VUmax Ymid
Ra = 10°
De Vahl Davis [14] 4.519 34.73 68.59 9.111
Chenoweth & Paolucci [12] 4.520 34.77 68.63 -
Kalita et al. [25] 4.522 34.825 68.61 9.123
Yu & Tian [48] 4.5526 34.6856 68.5748 9.1093
Present work 4.5214 34.8264 68.6516 9.1163
Ra =106
De Vahl Davis [14] 8.817 64.63 219.36 16.32
Chenoweth & Paolucci [12] 8.874 63.76 218.8 -
Le Quéré [30] 8.8252 64.8344 220.56 16.3864
Kalita et al. [25] 8.763 65.332 221.658 16.42
Yu & Tian [48] 8.8235 64.7187 220.377 16.3657
Dutta et al. [17] 8.7721 64.4527 217.442 16.3409
Present work 8.8246 64.9342 220.7725 16.3924
Ra = 107
Chenoweth & Paolucci [12] 16.82 146 699 -
Le Quéré [30] 16.523 148.59 699.17 29.361
Kalita et al. [25] 16.075 155.82 696.238 29.382
Yu & Tian [48] 16.489 147.6246 696.857 29.3126
Xu et al. [1] 16.52229 148.57189 699.33994 29.36267
Dutta et al. [17] 16.2525 144.406 672.739 29.06041
Present work 16.5577 149.0287 700.6196 29.3824
Ra =108
Le Quéré [30] 30.255 321.878 2222.39 52.3223
Xu et al. [1] 30.2265 320.9883 2223.4660 52.3265
Dutta et al. [17] 29.9898 304.344 2184.62 50.7929
Present work 30.5421 343.8847 2230.6075 52.9973

mass matrix used in the explicit time advance, which is known to reduce the formal
spatial order in many norms [22]; the first-order pressure splitting introduced by the
Chorin-Temam fractional-step method [13, 19, 44]; and the piecewise-linear approx-
imation of the curved cylinder boundary on the body-fitted Cartesian background
mesh. The observed value lies within the range commonly reported for lumped-mass
projection finite element schemes. The signs of the successive solution differences €91
and €32 are both negative, which confirms monotonic convergence and validates the
use of Richardson extrapolation [38]. The extrapolated continuum value in the h — 0
limit is Nup—g = 17.8031.

The resulting fine-grid uncertainty GClg,e = 0.84 % falls well below the widely
adopted 1% threshold and confirms grid independence. The asymptotic ratio
Rasymp = 1.0017 =~ 1 shows that the solution sits firmly inside the asymptotic range,
so the observed order is fully consistent with the formal order of the underlying dis-
cretizations [11]. As an additional physical check, the global energy imbalance between
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Fig. 7: Grid convergence for natural convection at Ra = 10°, Pr = 0.71.

Table 2: Consolidated grid convergence and GCI analysis for natural convection at
Ra = 10%, Pr = 0.71 for four different grids (100 x 100 to 400 x 400) with safety factor

F, =1.25.

(a) Per-grid data

Grid label Nz X Ny h Ny SNu (%) Nuwans Eimb (%)
Coarse 100 x 100 0.01000 17.4605 — 17.7925 1.866
Medium-low 200 x 200 0.00500 17.5999 0.792 17.7778 1.001
Medium-high 300 x 300 0.00333 17.6546 0.310 17.7756 0.681
Fine 400 x 400 0.00250 17.6842 0.168 17.7751 0.512
(b) GCI analysis (three finest grids)

Parameter Value

Refinement ratio r21 1.3333

Refinement ratio r3o 1.5000

Apparent order p 0.7734

Richardson extrapolation Nuj—¢ 17.8031

Approx. relative error eq 21 0.168 %

Approx. relative error eq 32 0.310%

GClfine (400 x 400 < 300 x 300) 0.84 %

GClmedium (300 X 300 < 200 x 200) 1.05%

Asymptotic ratio Rasymp 1.0017 = 1

the heat released by the cylinder and the heat absorbed by the cavity walls falls mono-
tonically from 1.87 % on the coarsest grid to 0.51 % on the 400 x 400 grid (Table 2),
which confirms consistency across the entire grid sequence.

The circumferential distribution of the local Nusselt number Nwu(f) along the
cylinder perimeter is shown in Fig. 7a for all four grids. The three finest grids over-
lap visually over most of the arc, and only the coarsest 100 x 100 result deviates
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Table 3: Flow statistics for steady natural convection around a heated cylinder placed
inside a square cavity (Pr = 0.71).

Quantity Ra = 104 Ra = 10° Ra = 10 Ra =5 x 108
Ymax 1.005 8.350 24.211 34.614

Pmin -1.005 -8.350 -24.211 -35.872

[t max 5.973 51.345 232.172 579.675

[0] max 8.152 70.602 254.610 624.089
[V]max 8.978 76.380 267.155 624.181
|w]max 463.4 4551.6 24062.4 62865.4
Nucy 6.401 9.745 17.655 25.147
Ntencl 6.444 9.813 17.776 25.298

noticeably near the separation point at 6§ ~ 60° and inside the upper plume region
180° < 0 < 240°. Fig. 7b shows the monotonic refinement history of Nuey together
with the Richardson extrapolated limit and the +GClg,e uncertainty band on the
400 x 400 result. The extrapolated value lies inside this band, which is further evidence
that the simulation is in the asymptotic regime. The result on the finest grid is

Nucy = 17.6842 £ 0.1486  (GClgpe = 0.84 %). (44)

The accuracy gain of the 400 x 400 grid over the 300 x 300 grid is only Nu =
0.168 %, while its computational cost is substantially higher. The 300x 300 grid satisfies
the grid independence criterion with GCI = 1.05 % and Ej,, = 0.68 %, and is therefore
adopted for all subsequent parametric simulations reported in this work.

5.2 Steady-State Results (Ra = 10% to 5 x 10°)

The steady state behaviour of natural convection around a heated cylinder placed
concentrically inside a cold square cavity is analyzed for Rayleigh numbers from 10*
up to 5 x 10°, keeping the Prandtl number fixed at Pr = 0.71 (air). The buoyancy
driven flow that develops in the annular gap between the cylinder and the cavity walls
is examined through isotherms and streamlines, and the corresponding flow statistics
are summarized in Table 3. The table also reports the surface averaged Nusselt number
on the cylinder, mcyl, and the area averaged value on the four cavity walls, Nuepc]-
By global energy balance these two quantities should be equal, and the small residual
difference (less than 0.7% at every Rayleigh number) is the energy balance error of
the present simulation.

As the Rayleigh number is raised by nearly three orders of magnitude (from 10*
to 5 x 10%), the maximum stream function value grows from about 1.0 to nearly 36,
and the peak velocity magnitude rises from about 9 to roughly 624. The maximum
vorticity climbs by more than two orders of magnitude, from 4.6 x 102 at Ra = 10* to
6.3 x 10* at Ra = 5 x 109, which means that the velocity gradients in the boundary
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(a) Ra =10* (b) Ra = 10° (¢) Ra = 10° (d) Ra =5 x 10°

Fig. 8: Isotherms of natural convection around a heated cylinder placed inside a
square cavity for 10* < Ra < 5 x 10, Pr = 0.71.

layers near the heated cylinder and the cold cavity walls become very steep at the high
Rayleigh number end of the range. A clear left right split of the stream function also
appears at Ra = 5x 10%: the magnitude of the negative core |1mi,| = 35.87 exceeds the
magnitude of the positive core ¥yax = 34.61 by about 3.6%. The variation in the two
values is the first physical signature of the broken symmetry mode that grows further
at higher Rayleigh numbers and is fully developed in the unsteady regime described
in Section 5.4. The amplitude of the deviation is still small enough that the spatial
contour plots look mirror symmetric to the eye. This case is therefore reported in
steady state results with the understanding that at Ra = 5 x 10° the steady symmetric
solution has just begun to lose a small fraction of its stability.

5.2.1 Isotherms

Figure 8 presents the isotherm contours for the four Rayleigh numbers. These contours
show how the temperature is distributed in the annular gap between the hot cylinder
and the cold square walls. The transition from conduction dominated transport to
convection dominated transport is clearly visible as the Rayleigh number is increased.

At Ra = 10* (Figure 8a), the isotherms appear as nearly concentric circles centered
on the cylinder. The temperature drops smoothly and almost uniformly in all direc-
tions from the hot cylinder surface towards the cold cavity walls. This pattern closely
resembles a pure conduction solution which tells us that buoyancy forces are not yet
strong enough to significantly distort the thermal field. The contours are almost sym-
metric about both the horizontal and vertical centre lines of the cavity. A very faint
upward shift of the isotherms can be seen on close inspection, indicating that a weak
convective motion has just started to develop.

When the Rayleigh number is increased to Ra = 10° (Figure 8b), the isotherms
undergo noticeable distortion. The contours in the upper half of the cavity are pushed
upwards and become compressed against the top wall, marking the beginning of a ther-
mal plume above the cylinder. This happens because the heated fluid, being lighter,
rises from the cylinder surface and carries thermal energy upwards. At the same time,
the isotherms in the lower portion of the cavity become more widely spaced, indicat-
ing a slower rate of temperature change in that region. The thermal field is no longer
symmetric about the horizontal mid plane, although the left right symmetry about
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(d) Ra =5 x 10°

Fig. 9: Streamlines of natural convection around a heated cylinder placed inside a
square cavity for 10* < Ra < 5 x 105, Pr = 0.71.

the vertical mid plane is still maintained. The compression of isotherms near the top
wall implies a large local temperature gradient, which leads to enhanced heat transfer
at the upper part of the enclosure. This shift from a conduction dominated regime to
one in which convection begins to play a noticeable role is a classic feature of natural
convection in enclosures described by Moukalled and Acharya [32].

At Ra = 10° (Figure 8c), the convective effects become much stronger and the
isotherm pattern changes significantly. A well defined thermal plume is now clearly
visible above the cylinder where the hot fluid rises in a narrow concentrated column
before spreading sideways as it hits the top wall. The isotherms in this plume region are
tightly packed, showing a steep temperature gradient. Below the cylinder the isotherms
are widely spaced and nearly horizontal, indicating thermal stratification because the
fluid in the lower part of the cavity is relatively stagnant and the temperature there
varies slowly. The isotherms on the sides of the cylinder show a characteristic S-shaped
or wavy distortion, which is caused by the recirculating flow that sweeps hot fluid
upwards along the cylinder surface and brings cold fluid downwards along the cavity
side walls. The thermal boundary layer on the cylinder surface has become noticeably
thinner compared with the lower Rayleigh number cases, which means the local heat
flux from the cylinder has increased substantially. These features are consistent with
the findings of Demirdzi¢ and Lilek [15] and Shu et al. [42].

At Ra = 5x10% (Figure 8d), the trends already established at Ra = 10° are pushed
further but no qualitatively new feature appears in the temperature field. The plume
above the cylinder is narrower and more sharply defined, and the isotherm packing
immediately above the top of the cylinder is the densest seen in the steady regime.
The horizontal spread of the plume along the top wall is also more compact, with the
warm fluid traveling further down the side walls before mixing with the cold return
flow. The S-shaped distortion on the lateral sides of the cylinder is more pronounced,
but the contours on the two sides of the cavity remain mirror images of each other to
graphical accuracy. The stratified pool below the cylinder grows further and the lower
third of the cavity is filled with widely spaced nearly horizontal isotherms that change
very little with Rayleigh number once Ra passes 10°.
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5.2.2 Streamlines

The streamline patterns for the four Rayleigh numbers of the steady regime are pre-
sented in Figure 9. Streamlines give a direct picture of the fluid motion inside the
cavity, and the way they change with rising Rayleigh number brings out the steady
strengthening and rearrangement of the buoyancy driven flow.

For Ra = 10* (Figure 9a) the flow is made up of two symmetric, counter rotating
recirculation cells placed on either side of the vertical centre line. Each cell takes up
nearly half of the annular space lying between the cylinder and the cavity wall. The
fluid moves along the hot cylinder surface, travels towards the top of the cavity, comes
down along the cold side wall, and returns to the bottom of the cylinder to close the
loop. Being smooth and evenly spaced, the streamlines reflect a gentle and orderly
circulation. Each main cell carries two separate centres of recirculation, one in its
upper part and one in its lower part, which is typical of the rather shallow flow at
this Rayleigh number. The peak stream function is only about 1.0 (Table 3), so the
circulation at this stage stays weak.

At Ra = 10° (Figure 9b) the two principal cells gain strength and their inner
structure becomes simpler. The pair of recirculation centres that stayed apart in each
cell at Ra = 10* now join into a single, well defined vortex core seated in the upper
part of the cell. With the maximum stream function climbing to about 8.35, nearly
eight times as much fluid is set into circulation in each cell as at Ra = 10*. Near
the cylinder surface and over the top portion of the cavity the streamlines pack more
closely, which is a mark of the higher velocities prevailing in those regions. A thin
stagnation zone shows up below the cylinder along the vertical centre line, where the
two cells come together and the downward flow merges. The bilateral symmetry of the
flow is held well at this Rayleigh number.

Once the Rayleigh number reaches 10° (Figure 9c) the flow grows more vigorous.
The maximum stream function moves up to about 24.2 and the peak velocity magni-
tude touches roughly 267 (Table 3). The two primary cells now cover a larger share
of the cavity and their centres have shifted higher up. One notable change at this
Rayleigh number is the appearance of two small, sharply defined corner vortices at the
lower wall, one sitting in each bottom corner. These eddies form because the strong
downward stream along the side walls, on reaching the cavity floor, is unable to turn
smoothly and instead sets up a local recirculation in the bottom region. Over the
cylinder the streamlines are drawn very tightly along the vertical centre line, marking
a strong and narrow updraft that is the kinematic partner of the thermal plume seen
in the isotherms. Beneath the cylinder the two cells meet at the bottom centre line,
where the flow gathers into a thin downward stream and then splits once more to feed
the two primary cells. The flow pattern as a whole stays symmetric about the vertical
centre line, and these features agree with what has been reported for similar enclosure
problems in the literature [15, 32].

At Ra =5 x 10% (Figure 9d) the same two cell topology is retained, but the flow
is far more energetic. In absolute terms the maximum stream function reaches about
35 and the peak velocity is close to 624. The vortex cores of the two main cells drift
still further into the upper third of the cavity, so that the lower half is left mostly
to slowly recirculating fluid. The corner eddies near the lower wall, which made their
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first appearance at Ra = 10°, are now larger and more clearly resolved, and a thin
secondary structure between these corner vortices and the bottom of the cylinder also
becomes visible. The boundary layer over the cylinder surface is plainly thinner than
at Ra = 10%, and on either side of the plume the streamlines fold into a narrow column
above the cylinder before spreading out along the top wall.

5.2.3 Nusselt Number Variation

The rising plume, the thinning thermal boundary layer on the cylinder, and the increas-
ingly stratified pool at the bottom of the cavity all leave their mark on the rate at
which heat is transferred from the cylinder to the cavity walls. To make this connec-
tion quantitative, the surface averaged Nusselt number on the cylinder mcyh the wall
averaged values Nu,, on each cavity face, and the local distribution Nu(f) around the
cylinder are examined.

Validation.

The present surface averaged cylinder Nusselt number mcyl is compared with three
independent benchmarks [2, 17, 27] at the four Rayleigh numbers for which refer-
ence data are available (10%, 10°, 10%, and 107). The agreement is within 1.6% in
every case and falls below 1% at Ra = 10%,107. This level of agreement is taken as
confirmation that the body conforming grid resolves the thermal boundary layer on
the cylinder adequately. The detailed graphical comparison together with the global
Nusselt-Rayleigh correlation is deferred to Section 5.4.3, where the steady values are
plotted alongside the unsteady ones so that a single fit can be performed on the full
range of Rayleigh number.

Local distribution on the cylinder.

The angular distribution of the local Nusselt number around the cylinder, Nu(6), is
shown in Figure 10a, with § = 0° at the bottom of the cylinder and # increasing in
the counter clockwise direction. All four cases share two qualitative features, a deep
minimum near the lateral generators of the cylinder (6 ~ 90° and 6 =~ 270°, where
the gap between the cylinder and the side wall is thinnest and the boundary layer
separates), and a broad maximum in the upper half (§ > 180°) where the buoyant
plume is born.

The quantitative gap between these extrema widens with Ra. At Ra = 10* the
profile is shallow and Numax = 6.17 at Opcax = 275.4° and Numin = 4.01 at the sides
which gives a peak to valley ratio of about 1.5 with a circumferential mean of 5.09.
By Ra = 10° the lateral minimum collapses to 1.91 while the upper peak climbs to
11.31 (still at Opeax = 275.4°) and the peak to valley ratio is now close to six. At
Ra = 10° the peak reaches 18.45 and the minimum recovers to 3.08. The recovery of
the lateral minimum is driven by the bottom corner eddies (Figure 9¢) which begin to
feed cooler fluid back across the lower flank of the cylinder. At Ra = 5 x 10° the peak
rises further to 27.06 and the minimum is 4.09, with fpc,x remaining pinned at 275.4°.
The standard deviation of Nu(f) rises monotonically from 0.68 at Ra = 10* to 4.70
at Ra = 10° and then to 5.99 at Ra = 5 x 105, confirming that the heat flux becomes
increasingly non uniform around the circumference of the cylinder as Ra is increased.
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Fig. 10: Local and wall resolved heat transfer for 10* < Ra <5 x 106, Pr = 0.71.

Wall-averaged heat fluz.

Figure 10b shows the wall averaged Nusselt number on each of the four cold walls
together with the cylinder value mcyl. The cylinder curve sits above all four wall
curves at every Rayleigh number, as it must by global energy balance: the heat released
by the cylinder is shared between the four walls. At Ra = 10* the four wall averaged
values lie close together: mmp = 2.07, Nty = Ntigny = 1.56, and Nupor = 1.24.
Expressed as fractions of the total wall heat, this corresponds to about 32%, 24%, 24%
and 19% respectively, the near uniform partition expected of a conduction dominated
transport.

As the Rayleigh number grows the four curves fan out. The top wall climbs steeply,
with mmp taking the values 5.23, 10.13 and 14.62 at Ra = 10°, 10 and 5 x 10%, and
its share of the total wall heat rising to 53%, 57% and 58%. The two side walls remain
equal to within numerical precision and grow as Nugge = 2.05 — 3.61 — 5.13, with
each side wall absorbing close to 20% of the heat at all Rayleigh numbers above 10%.
The bottom wall, by contrast, falls off the page: Nuyo decreases from 1.24 at Ra = 10*
to 0.48, 0.44 and 0.42 at the higher Rayleigh numbers, and its share of the load
collapses to less than 2% at Ra = 5x10%. Two physical effects drive this redistribution.
The first is the vertical plume, which delivers most of the hot fluid directly to the
upper wall. The second is the stratified pool of fluid that builds up below the cylinder
as Ra increases, a feature already evident in the widely spaced lower isotherms of
Figures 8c and 8d. The bottom wall therefore exhibits the somewhat counter intuitive
behaviour of a Nusselt number that decreases as the Rayleigh number rises.

5.3 Transition and onset of unsteadiness

The present section follows the cylinder averaged Nusselt number Nucyi(t) across the
loss of stability and into the time periodic regime, using the time histories at all eight
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Rayleigh numbers studied in this work (Ra = 10%, 10°, 10%, 5 x 105, 7.5 x 106, 107,
2.5 x 107 and 5 x 107) and the associated regime transition diagram.

Time histories at all the Rayleigh numbers.

The eight time histories of Nugyi(t) are shown in the lower rows of Figure 11 and span
seven orders of magnitude in fluctuation amplitude. At Ra = 10* (Figure 11b) the
sample standard deviation is o(Nucy) = 3.79 x 1077, essentially the iterative solver
tolerance. At Ra = 10° and Ra = 105 (Figures 11c and 11d) o rises to 1.0 x 107°
and 3.82 x 107° respectively. These values are still less than 1073% of the mean,
but they are now above the solver noise floor. A periodic oscillation of amplitude
~ 5 x 107° becomes visible in the magnified trace at Ra = 10°, and a similar but
weaker oscillation is present at Ra = 105. The behaviour at Ra = 5 x 105 (Figure 11e)
continues this trend but is sharper and ¢ = 1.47 x 10~* which is almost four times
the value at Ra = 10°. The magnified trace shows a small periodic-like envelope just
above the solver noise floor. Read in isolation this rise might still be interpreted as a
smooth continuation of the lower Rayleigh number trend, but read in combination with
the kinematic asymmetry between ¢pax and |¢min| already noted in the streamline
analysis, it identifies the system at Ra = 5 x 10% as no longer a perfect fixed point.

The four traces at Ra = 7.5 x 105, 107, 2.5 x 107 and 5 x 107 are qualitatively
different. At Ra = 7.5x 10° (Figure 11f) the signal is a nearly clean periodic oscillation
around the time mean mcyl = 27.185 with o(Nucy1) = 2.80 x 10~!. The cycle to
cycle amplitude is approximately constant and the peaks are evenly spaced in time.
At Ra = 107 (Figure 11g) the trace remains oscillatory and the mean rises to mcyl =
29.076 with o = 3.41 x 107!, but the peak to peak amplitude of consecutive cycles
is no longer constant and a slow modulation of the envelope is visible. The signal at
Ra = 2.5 x 107 (Figure 11h) has o0 = 4.93 x 10~! and shows pronounced amplitude
beating, with consecutive cycles varying in both amplitude and shape and a longer
modulation period superimposed on the basic oscillation. By Ra = 5x 107 (Figure 11i)
no clear periodicity is left in the trace. The instantaneous Nucy jumps erratically
between about 40.8 and 46.5 about its mean of Nucy = 43.090, the standard deviation
has climbed to ¢ = 6.15x 107!, and the signal now carries energy across a wide span of
timescales. Taken in order, the four signals lay out their own story. A clean limit cycle
at Ra = 7.5 x 10° slowly gives way to a broad-band, irregular trace at Ra = 5 x 107.
The path is clear enough: a periodic state first, then a quasi-periodic stage in between,
and finally chaos at the end. The detailed classification that confirms this picture is
provided by the energy spectral densities of Section 5.4.4 and by the Poincaré maps
of Section 5.4.5.

Regime transition diagram and critical Rayleigh number.

The top panel of Figure 11 collects the time mean Nucy (filled circles, left axis) and
the standard deviation o(Nucy1) (orange squares, right axis) at all the eight Rayleigh
numbers. The mean Nusselt number grows smoothly across the full range without any
visible break, rising from 6.40 at Ra = 10* to 43.09 at Ra = 5 x 107. The standard
deviation tells a very different story. From Ra = 10* to Ra = 5 x 10, o rises gently
from 3.79 x 1077 to 1.47 x 10~%, an increase of less than two orders of magnitude
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spread over nearly three decades of Ra. Between Ra = 5 x 10° and Ra = 7.5 x 10°,
however, ¢ jumps from 1.5 x 1074 to 2.8 x 10~!, an increase of more than three orders
of magnitude over a Rayleigh number ratio of only 1.5. Beyond Ra = 7.5 x 105 the
growth of ¢ is again smooth, rising by only a factor of about 2.2 as Ra is raised by a
factor of nearly seven.

The change of slope of o on the axes therefore identifies the critical Rayleigh
number for the onset of unsteadiness as

5x10° < Ra. < 7.5 x 10°. (45)

The coverage of the Rayleigh number axis used here is too coarse to localize Ra. more
precisely closing this bracket would require simulations at intermediate values. How-
ever, the estimate is consistent with the range Ra. ~ 105 to 107 reported by Wang
et al. [47] for unsteady plume dynamics around a heated cylinder in a confined enclo-
sure. It is also higher than the value that would have been obtained if the stream
function on the cylinder had been clamped to zero, as in the earlier study of Dutta
et al. [17], since that constraint suppresses the very asymmetric mode that drives the
regime transition seen here.

5.4 Unsteady Results (Ra > 7.5 x 10%)
5.4.1 Instantaneous flow structure

The instantaneous fields are the direct way of showing that the symmetric steady
state has been replaced by a state that varies in both space and time. Two Rayleigh
numbers are reported in this subsection: Ra = 107, which represents the system shortly
after the onset of unsteadiness, and Ra = 5 x 107, which represents the chaotic state
(discussed in Section 5.4.4 and 5.4.5) at the upper end of the range studied. The
intermediate cases Ra = 7.5 x 10% and 2.5 x 107 display the same qualitative behaviour
at intermediate strength and not shown because of compactness.

Figures 12 and 14 show the instantaneous isotherms and streamlines at Ra = 107 at
four times during one period of the oscillation. The first observation is that no snapshot
is symmetric about the vertical centre line of the cavity. In Figure 12a the plume above
the cylinder leans slightly to the left and a small closed isotherm contour, the thermal
trace of a detached warm pocket, sits in the upper right corner. By Figure 12b the
plume has swung to the opposite side and a curl shaped warm pocket detaches from the
cylinder cap and travels along the upper right region of the cavity. The streamline plots
in Figure 14 tell the kinematic side of the same picture. The two main recirculation
cells are visibly unequal in size at every instant, and the small secondary vortices that
sit between the main cells and the corners of the cavity appear and vanish between
snapshots. The number of distinct closed streamline loops therefore changes with time
and is not just a question of fixed structures shifting position. The thermal boundary
layer wrapped around the cylinder remains thin at every instant, but the arc along
which it is densely packed alternates between the left and right halves of the cylinder
in step with the swing of the plume. At Ra = 107 the lower stratified pool below the
cylinder is still intact. This pool was a robust feature of every steady case, and even
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here it is disturbed only near its upper surface, where the descending side-wall jets
feed into the bulk.

Figures 13 and 15 show the instantaneous isotherms and streamlines at Ra =
5 x 107. The character of the flow has now changed in a way that is not simply a
stronger version of what was seen at Ra = 107. The plume above the cylinder is no
longer a coherent rising column. In each isotherm snapshot the plume appears as a
sequence of detached warm blobs that rise, bend, and shed in the upper part of the
cavity. Closed isotherm loops, which were a rare and short lived feature at Ra = 107,
are present in every snapshot at Ra = 5x 107 and occur on both sides of the cavity. The
lower stratified pool is preserved to a very small extent, close to the bottom wall but
in slight wavy nature. Wavy distortions of the lower isotherms reach roughly halfway
up the cavity, which shows that the high speed side wall jets are now energetic enough
to pump cold fluid into the bulk on every cycle rather than to let it settle quietly at
the bottom. The streamlines in Figure 15 are reshaped even more sharply. Any one
snapshot carries between five and eight distinct vortex cores. Their sizes cover a wide
span, from large primary cells that fill much of the cavity down to small detached
eddies the size of only a few percent of the cavity area. The smaller cores no longer
sit in the corners or along the side walls. They show up as isolated closed streamline
loops inside the cavity itself, and they shift position from one snapshot to the next.
The instantaneous topology of the streamline pattern therefore changes qualitatively
between snapshots, not only quantitatively. This is the kinematic signature of a chaotic
state rather than of a simple periodic one.

The geometric and thermal boundary conditions of the problem are perfectly sym-
metric about the vertical centre line, so the asymmetry observed at any single instant
is not the consequence of a permanent symmetry breaking of the system. It is rather
the consequence of the system spending time in a continuous sequence of asymmet-
ric states whose left and right mirror images are equally accessible. The high flux arc
of the cylinder, that is, the section of the cylinder surface across which the thermal
boundary layer is most densely packed, alternates between the left and right halves
of the cylinder as the plume swings. All observed instantaneous snapshot therefore
reports a strongly asymmetric local Nusselt number distribution around the cylinder,
with the peak position varying in time. The number of closed streamline loops is itself
a time dependent quantity. At Ra = 107 it ranges between three and five from one
snapshot to the next, while at Ra = 5 x 107 it ranges between five and eight. All of
these instantaneous asymmetries are shown in average isotherms and streamlines to a
flow that is approximately symmetric about the vertical centre line, and the structure
of the steady regime is largely recovered in the mean.

5.4.2 Time averaged flow structure

The instantaneous snapshots showed a flow whose spatial structure varies continu-
ously in time. When these fields are averaged over a sufficiently long time window, a
clear mean topology emerges that is the natural extension of the steady state. This
subsection reports the time averaged isotherms and streamlines for all four unsteady
Rayleigh numbers, together with the peak instantaneous flow quantities and the time
averaged Nusselt numbers summarized in Table 4.
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(a) t = 1.0000 (b) t =1.0011 (c) t =1.0023 (d) t = 1.0034

Fig. 12: Instantaneous isotherms for Ra = 107, Pr = 0.71, at four times during one
period of the oscillation.

(a) t = 0.4750 (b) t = 0.4755 (c) t = 0.4760 (d) t = 0.4765

Fig. 13: Instantaneous isotherms for Ra = 5 x 107, Pr = 0.71, at four times during
one period of the oscillation.

Across the unsteady range, the peak stream function magnitude ¥,.x grows from
about 46.7 at Ra = 7.5 x 10% to about 83.7 at Ra = 5 x 107, a factor of 1.8. The
peak vertical velocity climbs from |v|max = 618 to 1618, a factor of 2.6, and the peak
horizontal velocity from |u|max = 564 to 1523, a similar factor of 2.7. For reference,
the largest steady case at Ra = 5 x 10° had 9max = 34.6 and |v|max = 624, so the
transition into the unsteady regime is accompanied by an immediate jump of about
30 to 50 percent in the peak kinematic quantities. The energy balance between the
cylinder and the cavity walls remains closed to within numerical accuracy at every
unsteady Ra, with mcyl and Nueye differing by less than 0.6% in the worst case.

Isotherms

The time averaged isotherms are shown in Figure 16 for the four Rayleigh numbers.
The most striking feature is that the bilateral symmetry of the mean field is recovered
to the eye at every Ra, in clear contrast to the strongly asymmetric instantaneous
snapshots of Figures 12 and 13. The averaged plume sits directly above the cylinder
and rises in a narrow column to impinge on the cold top wall. Two cold lobes descend
on either side of the plume into the upper half of the cavity. The lower half of the
cavity is filled with stratified, nearly horizontal isotherms. The thermal boundary layer
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(b) ¢t =1.0011 . (d) t = 1.0034

Fig. 14: Instantaneous streamlines for Ra = 107, Pr = 0.71, at four times during one
period of the oscillation.

(a) t = 0.4750 (b) t = 0.4755 (c) t = 0.4760 (d) t = 0.4765

Fig. 15: Instantaneous streamlines for Ra = 5 x 107, Pr = 0.71, at four times during
one period of the oscillation.

wrapped around the cylinder is thin at every Ra, with isotherms tightly packed against
the cylinder surface.

The Rayleigh number trend is monotonic. At Ra = 7.5 x 105 (Figure 16a) the
plume is comparatively wide and the cold lobes occupy only the upper corners. The
lower stratified pool is thick and its isotherms are essentially horizontal, which is the
signature of a near conduction state in the lower cavity. At Ra = 107 (Figure 16b)
the plume narrows and the cold lobes extend further down along the side walls. At
Ra = 2.5 x 107 (Figure 16¢) the plume is a slender column and the cold lobes fill
the upper half of the cavity, descending almost to the height of the cylinder centre on
either side. By Ra = 5 x 107 (Figure 16d) the plume is thinner still, the cold lobes
have grown further, and the lower isotherms now show clear wave like distortions
that were absent at lower Ra. These distortions are the mean trace of the wavy lower
isotherms seen in the instantaneous snapshots and they indicate that the side wall
jets at this Rayleigh number have begun to pump cold fluid into the stratified pool on
every cycle. The progressive thinning of the thermal boundary layer wrapped around
the cylinder over this range is consistent with the rise of the time averaged cylinder
Nusselt number reported in Section 5.4.3.
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Streamlines

The time averaged streamlines are shown in Figure 17. The two cell topology of the
steady regime is preserved in the mean at every unsteady Ra. Two large counter
rotating cells fill the cavity on either side of the vertical centre line, with their vortex
cores located in the upper third of the cavity. Fluid rises along the hot cylinder surface,
sweeps across under the cold top wall, descends along the cold side walls, and returns
toward the cylinder along the bottom of the cavity. There is no qualitative change
in the mean streamline topology between Ra = 7.5 x 10° and Ra = 5 x 107 but the
strength of the circulation and the position of the vortex cores changes. As Ra rises
across the range, the peak stream function on each side grows from 46.7 to 83.7 and
the vortex cores migrate slightly upward and toward the side walls.

The small recirculation that occupied the bottom corners of the cavity in the steady
solutions at Ra = 10% and 5 x 10° is no longer visible as a fixed structures in any of
the averaged unsteady fields. At every unsteady Ra the bottom corners are part of the
main cells, with no closed streamline loop sitting in either corner. The instantaneous
snapshots of Figures 14 and 15 make it clear that bottom corner eddies do exist at
every instant but these eddies have lost a fixed position and are smeared out of the
time average. A thin band of nearly horizontal streamlines remains immediately above
the bottom wall which is the kinematic counterpart of the stratified lower pool seen
in the isotherms.

Almost steady appearance of the averaged fields

The averaged isotherms and streamlines of Figures 16 and 17 look remarkably like
steady state solutions. The bilateral symmetry is restored, the plume is stationary and
well defined, and the recirculation cells are smooth and orderly. This appearance is
somewhat deceptive. The instantaneous snapshots make it clear that the underlying
flow at every instant is asymmetric, contains a varying number of vortex cores, and
at Ra = 5 x 107 is no longer dominated by a single coherent plume. The reason
that the time average looks symmetric is geometric in origin. The governing equations
and the boundary conditions of the problem are invariant under reflection about the
vertical centre line, so for every instantaneous state S that the system visits during the
simulation, the mirror image state S’ is also an admissible state of the system. Over a
long enough time window the trajectory visits both equally often, and the time average
lies on the symmetry plane of the underlying dynamical system. This restoration of
symmetry through statistical averaging is a generic feature of fully developed chaotic
flow in a geometrically symmetric configuration [45, 47]. The fact that the averaged
fields look almost steady should therefore not be read as evidence that the underlying
flow is steady.

5.4.3 Heat transfer characteristics

Local distribution on the cylinder

The time averaged local Nusselt number around the cylinder, Nu(#), is shown for the
four unsteady Rayleigh numbers in Figure 19a. The angle convention follows in such a
way that 6 = 0° at the bottom of the cylinder with 6 increasing in the counter clockwise
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Table 4: Flow statistics for unsteady natural convection around a heated cylinder
placed inside a square cavity (Pr = 0.71).

Quantity Ra = 7.5 x 10° Ra = 107 Ra = 2.5 x 107 Ra =5 x 107
Ymax 46.692 55.389 69.464 83.747
Ymin -47.317 -55.309 -70.311 -83.133
|t max 563.9 622.0 1044.6 1523.0
|0 max 617.6 719.6 1142.9 1618.4
Ny 27.185 29.076 36.271 43.090
Ntenct 27.346 29.240 36.399 43.147

(a) Ra =175 x 10° (b) Ra = 107 (c) Ra=2.5x 107 (d) Ra =5 x 107

Fig. 16: Time averaged isotherms of natural convection around a heated cylinder
placed in a square cavity for 7.5 x 106 < Ra < 5 x 107, Pr = 0.71.

direction. The four curves share the qualitative shape established in the steady regime,
with a broad maximum on each side of the cylinder cap and two lateral minima where
the cold side wall is closest and the boundary layer separates. As the Rayleigh number
is increased, the maxima and the minima both grow but at different rates. The peak
value rises from Nupax = 29.56 at Ra = 7.5 x 106 to 47.07 at Ra = 5 x 107, a factor
of 1.6, while the minimum value rises only from 5.61 to 6.59, a factor of 1.2. The
lateral minima therefore become relatively flatter as the Rayleigh number is increased
which is consistent with the chaotic mixing of the unsteady regime redistributing
thermal energy around the cylinder more efficiently than steady laminar convection
and smoothing the cold spots on the lateral generators without diminishing the peak
heat flux above the cylinder.

At Ra = 7.5x105, 107, and 2.5x 107 the time averaged peak sits at Opeax = 275.35°,
exactly the same value reported for every steady Rayleigh number in Section 5.2.3.
At Ra =5 x 107, however, the peak shifts to 0ok = 243.07°, more than 30° away
from the position pinned at lower Ra. Two interpretations of this shift are possible.
The first is that the chaotic attractor at Ra = 5 x 107 is not perfectly symmetric
within the finite time window used for averaging here, and that the apparent shift is a
sampling issue that would relax to 270° on a much longer record. The second is that
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(a) Ra = 7.5 x 106 (c) Ra=2.5x 107 (d) Ra=5x 10"

Fig. 17: Time averaged streamlines of natural convection around a heated cylinder
placed in a square cavity for 7.5 x 106 < Ra < 5 x 107, Pr = 0.71.

the shift is a genuine feature of the attractor at this Rayleigh number, possibly linked
to the strong thermal-plume detachment from the cylinder cap and to the long lived
asymmetric plume configurations seen in the instantaneous snapshots of Figure 13.

Wall averaged heat flux distribution

The wall averaged Nusselt numbers on the four cavity walls and on the cylinder are
plotted as functions of Rayleigh number in Figure 19b. The cylinder average Nucy
and the total wall load Nuenc collapse onto one another at every Rayleigh number
to within the energy balance error of less than 0.6%, which confirms that the time
averaged heat balance is closed. The top wall carries the largest fraction of the load
at every Rayleigh number, with Nugop growing from 14.88 at Ra = 7.5 x 10° to
23.85 at Ra = 5 x 107. Expressed as a fraction of the total wall heat, the top wall
absorbs 54%, 54%, 55%, and 55% respectively across the four unsteady cases, an
almost constant share that continues smoothly from the steady regime. The two side
walls are indistinguishable to within the resolution of the plot, with values that grow
from about 6.0 at Ra = 7.5 x 105 to about 9.5 at Ra = 5 x 107 and a near constant
share of about 22% each.

The bottom wall shows the most striking behaviour. Nuy.; decreases as the
Rayleigh number is increased, from 0.38 at Ra = 7.5 x 10% to 0.28 at Ra = 5 x 107,
even though the cylinder Nusselt number is rising by a factor of 1.6 over the same
range. The share of the bottom wall in the total wall load therefore falls from 1.4% at
Ra = 7.5 x 10° to 0.6% at Ra =5 x 107. This continues the anomalous trend already
documented in the steady regime where Nuy,o; was shown to fall with Rayleigh num-
ber even as the global cylinder Nusselt number was rising. As the Rayleigh number is
raised, the lower part of the cavity becomes more strongly stratified and the descending
side wall jets, which are the source of cold fluid for the bottom wall, are increasingly
absorbed into the bottom corner vortices before they reach the lower boundary layer.
In the unsteady regime the bottom corner vortices are no longer fixed structures but
transient corner eddies (Figure 15) on time averaging they still act as an effective
barrier between the cold side wall jet and the bottom wall.
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Fig. 18: Surface averaged Nusselt number on the heated cylinder as a function of
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depicting relative deviation.

Global Nusselt-Rayleigh correlation

A single power law of the form Nucy = C Ra™ is now fitted to all eight time averaged
cylinder Nusselt numbers, four from the steady regime (10* < Ra < 5 x 10°) and four
from the unsteady regime (7.5 x 10° < Ra < 5 x 107). The combined least squares fit
returns

Nuey = 0.764 Ra®2%, (46)

with a residual scatter that stays within 6% at every data point as shown in the
inset of Figure 18. Fitted on its own, the steady branch gives ngicady = 0.224 and
the unsteady branch gives nyunsteady = 0.243, a steepening of about 0.02 across the
transition. The reason behind this small change is simple. In the unsteady regime
two contributions add up in the time-averaged heat transport. The first comes from
the mean flow and scales like the steady laminar boundary-layer transport, with n
close to 1/4. The second comes from the fluctuating field, and grows faster with Ra
because the fluctuation amplitude itself grows with Ra. The two together give an
effective exponent slightly above 1/4, which is what the unsteady fit returns. Both
exponents sit between the classical laminar boundary-layer prediction n = 1/4 [7] and
the Castaing soft-turbulence scaling n = 2/7 ~ 0.286 [10]. This middle position fits the
picture that the flow at the upper end of the range is no longer purely boundary-layer
dominated, but has also not yet reached fully developed turbulence. The combined
exponent (0.226) is closer to the steady value than to the unsteady value because the
steady range spans nearly three decades of Ra while the unsteady range spans less
than one decade, so the steady points dominate the least squares fit.
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Fig. 19: Local and wall resolved heat transfer for 7.5x 10 < Ra < 5x 107, Pr = 0.71.

5.4.4 Energy spectral density

The regime transition diagram placed the cylinder averaged Nusselt number on a con-
tinuous path from a clean limit cycle at Ra = 7.5 x 10° to a broad band irregular trace
at Ra = 5 x 107. That diagnostic is a single scalar averaged over the cylinder surface.
It therefore says nothing about where in the cavity the unsteadiness lives, or about the
frequency content carried by the local velocity field. The present subsection answers
both questions using the energy spectral density (ESD) of the velocity fluctuation
vector u’ = (u’,v") recorded at the eleven probes P1-P11 defined in Section 2.1.

Of the eleven probes, three are retained here for the discussion. Probe P3 at
(x/L,y/L) = (0.5,0.95) sits directly in the plume impingement region above the cylin-
der and records the strongest signal at every Rayleigh number. Probe P9 at (0.15,0.5)
sits on the side wall descending jet on the left of the cylinder. Probe P11 at (0.5,0.15)
samples the lower stratified pool that the steady regime analysis identified as the qui-
etest region of the cavity. All other probes convey the results similar to those of three
chosen points so they are not shown for compactness.

Frequencies are reported in the non dimensional form f*. The spectrum E*(f*) is
computed from the sum of the auto-spectra of the two velocity fluctuation components
and is normalized so that its integral over f* equals the time averaged turbulent kinetic
energy Ejyp = +(u/? +v'2) at the corresponding probe.

At Ra = 7.5x10° (Figure 20, Ra = 7.5x 10° row) the spectrum at P3 is dominated
by a single sharp peak at f* ~ 183 together with a comb of equally spaced harmonics
that extend up to f* ~ 103. The harmonic comb is the signature of a periodic signal
of one fundamental frequency which conveys that the velocity field oscillates as a
clean limit cycle and the harmonics are introduced by the nonlinear coupling between
the momentum and energy equations. P9 carries the same fundamental at f* ~ 182,
recovered to within 1% of the P3 value, confirming that the entire side wall jet is locked
to the plume oscillation at this Rayleigh number. The picture at P11 is different. Its
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main peak sits at f* ~ 366, which is the first harmonic, not the fundamental, and the
spectrum then falls by more than three orders of magnitude across the same frequency
window. The lower stratified pool therefore registers only the symmetric part of the
plume oscillation; the cylinder filters out the asymmetric part before it can reach the
bottom of the cavity. The integrated power at P11 is 1.0 x 10% in the units used, only
about 11% of the P3 value, which matches the visual impression that the bottom of
the cavity is nearly still at this Rayleigh number.

At Ra = 107 (Figure 20, 107 row) the broad shape of the spectrum is the same,
but the harmonic comb has lost its sharpness. The dominant peak at P3 has moved to
f* =~ 366, and a second peak shows up at f* a2 549. The ratio of the two, fo/f1 = 1.50
which is irrational to the precision available. A weaker peak at f* ~ 915 corresponds
to the sum of the two. The simultaneous presence of two incommensurate frequencies
and their combination tones is the spectral signature of a quasi-periodic state on a
two torus, and not of a noisier periodic state: a noisy periodic signal would broaden
each harmonic of a single fundamental but would not introduce new sharp peaks at
incommensurate frequencies. The same two frequencies are recovered at P9 within the
spectral resolution and the side wall jet is therefore still phase locked to the plume. At
P11, by contrast, the spectrum has lost the clean peak at twice the fundamental that
was present at Ra = 7.5 x 10% and has developed a small but visible continuous floor
between f* =~ 20 and f* = 500. The lower pool has therefore begun to register the
second frequency introduced at the plume, although the response is still very weak.

By Ra = 2.5 x 107 (Figure 20, Ra = 2.5 x 107 row) the discrete peaks at P3 sit
on top of a continuous spectral floor that extends across more than three decades in
f*. The coexistence of sharp peaks and a continuous background is what is normally
seen at the chaotic edge of a quasi-periodic state, where the torus has begun to lose
smoothness without the discrete frequencies having yet vanished into the background.
P9 carries the same structure but with the discrete peaks reduced relative to the floor,
indicating that the side wall jet is more disordered than the plume itself. P11 has
changed qualitatively from Ra = 107: the spectrum is now continuous up to the same
cutoff and the integrated power has risen from 1.2 x 10 to about 1.6 x 10%, with the
bottom of the cavity now active across a broad range of timescales.

At Ra = 5 x 107 (Figure 20, Ra = 5 x 107 row) the discrete peaks at P3 have
effectively disappeared into a smooth continuous spectrum. The integrated power has
reached 5.4 x 10°, more than six times the value at Ra = 7.5 x 10%. P9 carries the
same broad spectrum scaled by about 0.4. P11 has changed the most. The integrated
power has roughly doubled relative to Ra = 7.5 x 10° and the spectrum now extends
two decades higher in frequency before rolling off, so the chaotic activity of the upper
cavity has reached the bottom of the enclosure and is no longer filtered by the cylinder.
The propagation of the disorder from the plume to the lower pool is therefore complete
by the upper end of the Rayleigh number range studied here.

The dominant peak frequencies extracted from the four spectra at each of the three
probes are given in Table 5, together with the integrated turbulent kinetic energy. The
progression with Ra confirms three observations made above: (i) The fundamental
frequency at the plume rises monotonically by a factor of about five between the
lowest and the highest Rayleigh number, signalling a stiffer and faster oscillation as
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Table 5: Dominant peak frequency f]., of the energy spectral density and integrated
turbulent kinetic energy E* at the three retained probes, for the four post-critical

Rayleigh numbers.

Ra P3 (0.50, 0.95) P9 (0.15, 0.50) P11 (0.50, 0.15)
]:))keak E* ;eak E* ;eak E*

7.5 x 106 183 8.77 x 104 182 3.40 x 104 366 1.00 x 10%

107 366 1.20 x 10° 366 4.79 x 104 336 1.18 x 10%

2.5 x 107 549 2.65 x 10° 458 9.93 x 104 458 1.62 x 10*

5 x 107 961 5.44 x 105 763 2.13 x 10° 763 2.03 x 10*

the boundary layers thin, (ii) The integrated power at P3 rises by a factor of about six
over the same range, and (iii) The ratio Ep,,/Ep, falls from 0.11 at Ra = 7.5 x 10° to
0.04 at Ra = 5 x 107, even though the absolute energy at P11 doubles. The cylinder
absorbs an increasing fraction of the fluctuating energy injected by the side walls and
only a small fraction reaches the bottom of the cavity, although the small fraction
that does reach the bottom is itself broad band at the highest Rayleigh number.

5.4.5 Poincaré maps and phase space structure

The energy spectral densities identify the regime of the velocity signal at each Rayleigh
number but they do not show the geometry of the attractor that supports the dynam-
ics. A clean limit cycle, a torus and a strange attractor produce a sharply peaked,
a multi peaked and a broad band spectrum respectively, but the same three regimes
also produce qualitatively different geometric objects in phase space, and it is the geo-
metric object that is the more direct evidence of the route to chaos. This problem is
resolved by discussing the phase plots of the velocity fluctuation in the (u’,v’) plane,
and Poincaré maps obtained by recording v’ at every upward zero crossing of u’ at
the same three probes P3, P9 and P11. The Poincaré section trades the continuous
trajectory for a discrete set of points whose pattern is independent of the trajectory
speed and is therefore the cleaner diagnostic when the trajectory becomes dense in
phase space.

Throughout this subsection «' and v’ denote the deviations of the horizontal and
vertical velocity components from their time mean values at the corresponding probe.
The time mean is removed because only the fluctuating dynamics are of interest in this
study. The Poincaré maps plot the vertical fluctuation v’ at the crossing against the
change Av’" = v, — v;, between consecutive crossings. This format has the property
that a periodic orbit projects to a small number of isolated points, a torus to a closed
curve, and a strange attractor to a scattered cloud whose dimension is fractional.

At Ra = 7.5x10° (Figures 21 and 22, Ra = 7.5x 10° rows) the phase plot at P3 is a
symmetric double-lobe limit cycle whose two halves are covered once per fundamental
period. The lobes are sharp and the red and blue colours overlap cleanly, which means
the cycle closes back on itself within the integration time used. The Poincaré section
at the same probe consists of 108 crossings that sit on a smooth open arc, with a
small total spread oa,» = 1.91 (Table 6). A clean limit cycle would project to a single
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point in this format. An arc instead of a point only means that the cycle, although
periodic in the spectral sense, is not exactly closed in two dimensions: the projection
onto (u',v") does not match the projection onto the dominant pair of phase-space
coordinates. P9 carries a topologically equivalent attractor with the lobes rotated and
elongated, and a Poincaré arc of similar smoothness with oa,» = 2.27. The behaviour
at P11 is different. Its phase plot is a single low-amplitude arch in the upper half-
plane, with |v'| < 25 throughout, more than an order of magnitude smaller than the
range seen at P3. The Poincaré section at P11 has 92 crossings with oa,» = 0.052,
so the lower stratified pool at this Rayleigh number behaves as a nearly still periodic
background driven by the plume above.

At Ra = 107 (Figures 21 and 22, Ra = 107 rows) the phase plot at P3 has acquired
a third lobe and the trajectory now visits a thickened, ribbon-like region rather than
a one dimensional curve. The Poincaré section at P3 has expanded to 175 crossings
with oAy = 9.55, a five-fold increase over Ra = 7.5 x 10%, and the points sit on a
closed parabolic curve. A closed curve in the Poincaré plane is precisely the signature
of a two torus in phase space. The second incommensurate frequency identified in
the ESD has produced a second loop on the attractor, and the trajectory now wraps
the torus densely without ever closing. P9 mirrors the same structure with the curve
more elongated. P11 has departed from its nearly still state of the previous Rayleigh
number. The phase plot has thickened to |v/| < 60 and the Poincaré section has 145
crossings with oa, = 0.81, sixteen times the value at Ra = 7.5 x 10%. The lower
pool has therefore registered the onset of quasi-periodicity at the plume, although the
absolute scale of the response is still small.

At Ra = 2.5 x 107 (Figures 21 and 22, Ra = 2.5 x 107 rows) the phase plot at P3
has lost the ribbon-like character of the previous case and is replaced by a dense, filled
region with a clear inner core and a scattered halo of outliers. The boundary of the
attractor is no longer a sharp curve. The Poincaré section at P3 contains 713 crossings
with o, = 10.13 and the points no longer fall on a closed curve. Instead they form
a wedge shaped cloud with internal sub-structure, which is the visual hallmark of a
strange attractor near the onset of chaos displaying a torus that has lost smoothness
and developed a fractal cross section. P9 carries the same dense cloud at slightly lower
amplitude with oa, = 6.06. P11 has changed the most relative to its Ra = 107
state: the Poincaré cloud is now 260 crossings wide and irregularly distributed with
oAy = 2.78, so the lower pool now carries genuinely aperiodic activity, not merely the
small response to a torus above it.

At Ra = 5 x 107 (Figures 21 and 22, Ra = 5 x 107 rows) the phase plot at P3
fills a large region of the (u’,v’) plane with no discernible internal structure beyond a
slightly denser core, and the trajectory no longer revisits any well defined skeleton. The
Poincaré section at P3 contains 485 crossings distributed as a broad cloud with oa,» =
9.32, and the geometric distinction between periodic, quasi-periodic and chaotic states
is now clearly resolved on the side of the chaotic state. The same is true at P9,
whose cloud is somewhat narrower but otherwise topologically identical to P3. P11
has, by this Rayleigh number, also acquired a full Poincaré cloud with 198 crossings
and oa,r = 0.20 which in absolute terms the scatter at P11 remains two orders of
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Table 6: Poincaré statistics at the three retained probes for the four post-critical
Rayleigh numbers. N is the number of upward u’ = 0 crossings in the analysis win-
dow and oa, is the standard deviation of the vertical fluctuation increment between
consecutive crossings.

Ra P3 (0.50, 0.95) P9 (0.15, 0.50) P11 (0.50, 0.15)
N OAv’ N TAv’ N OAv’
7.5 x 108 108 1.91 101 2.27 92 0.052
107 175 9.55 148 1.91 145 0.81
2.5 x 107 713 10.13 310 6.06 260 2.78
5% 107 485 9.32 260 1.29 198 0.20

magnitude smaller than at P3, but the cloud has no remaining structure, and the
bottom of the cavity is no longer protected from the chaotic forcing of the plume above.

If the evolution is taken in sequence, Figures 21 and 22 resolve the route from
periodicity to chaos in this geometry as a Ruelle-Takens-Newhouse scenario [33, 39]
rather than a period doubling cascade or an intermittency route. The signature of the
Ruelle-Takens-Newhouse route is precisely the sequence limit cycle (Figs. 21a and 22a)
— two torus (Figs. 21d and 22d) — strange attractor (Figs. 21j and 22j) that is
recovered here in three steps as the Rayleigh number rises from 7.5 x 106 to 5 x 107,
with the second frequency appearing through a Hopf-like secondary instability between
Ra = 7.5 x 10% and Ra = 107 and the torus losing smoothness between Ra = 107
and Ra = 2.5 x 107 (Figs. 21g and 22g). The Poincaré standard deviation oa, at
the three probes, given in Table 6, gives a numerical footprint of this sequence and of
how it spreads through the cavity. At the plume probe P3, oa, grows by a factor of
about five at the first transition (limit cycle to torus), stays at a similar level through
the second (torus to chaos), and then drops back slightly as the chaotic state settles
in. At the bottom probe P11, by contrast, oa, rises by a factor of about 15 between
Ra = 7.5 x 10% and Ra = 107, by a further factor of 3.4 between Ra = 107 and
Ra = 2.5 x 107, and stays roughly constant thereafter. The delayed and progressive
response of P11 confirms the interpretation given in the spectral analysis. The disorder
is generated at the plume above the cylinder, propagates down the side walls through
the descending jet, and only fills the lower stratified pool at the upper end of the
Rayleigh number range studied here.

6 Conclusion

A time accurate finite element study has been carried out for buoyancy driven flow of
air (Pr = 0.71) inside a cold square cavity with a heated circular cylinder of radius
R = 0.2L at its geometric centre. Eight Rayleigh numbers spanning 10* < Ra < 5x 107
were studied on a body conforming mesh, retaining the unsteady terms and imposing
no symmetry condition on the vertical centre line, so that any asymmetric mode
permitted by the physics is free to grow on its own. The solver was first validated
against the differentially heated cavity benchmark of De Vahl Davis [14], and the GCI
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study returned a fine grid uncertainty of 0.84% on Nucy1. As the Rayleigh number was
increased, the flow passed through three distinct regimes, steady, quasi periodic and
chaotic, and the present study brackets the critical Rayleigh number that separates
them and traces the full sequence of states in between.

Up to Ra =~ 5x10° the flow remains steady and symmetric about the vertical centre
line, with two mirror image recirculation cells around the cylinder and a single thermal
plume rising from the cylinder cap to the cold top wall. The first trace of symmetry
breaking already appears at Ra = 5 x 105, where the negative stream function core
|thmin| = 35.87 exceeds the positive core Pmax = 34.61 by about 3.6%, even though
the contours still look mirror symmetric to the eye. Tracking the standard deviation
of the cylinder averaged Nusselt number Nucyi(t) across all eight cases then locates
the onset of unsteadiness in the band 5 x 10° < Ra. < 7.5 x 10%, Eqn. (45), where
0(Nugy1) jumps by more than three orders of magnitude for a Rayleigh number ratio
of only 1.5. Since the present formulation does not clamp the cylinder stream function
to zero, this critical value comes out higher than the one implied by the steady only
computation of Dutta et al. [17], in which the enforced symmetry suppresses the very
mode that drives the transition.

Past Ra. the flow proceeds to chaos along the Ruelle-Takens-Newhouse route [33,
39]. The energy spectral densities and the Poincaré sections recorded at the eleven
probes together establish a clean limit cycle at Ra = 7.5 x 10%, a quasi periodic state
on a two torus at Ra = 107 once a second incommensurate frequency sets in, and
a broad band strange attractor at Ra = 5 x 107, the torus losing its smoothness in
between. The disorder is not produced everywhere at once; it is born in the thermal
plume above the cylinder and is carried downward by the descending side wall jets,
while the lower stratified pool stays nearly quiet until the highest Rayleigh number.
This staged spreading shows up in the probe energy ratio E};/Eps, which falls from
0.11 at Ra = 7.5 x 10% to 0.04 at Ra = 5 x 107, the bottom of the cavity turning
broad band only at the upper end of the range. It is worth noting that although every
instantaneous snapshot in this regime is strongly asymmetric, the long time averaged
fields recover the bilateral symmetry of the steady solution. This is a statistical effect:
the reflection symmetry of the equations and boundary conditions makes the mirror
image of every visited state equally admissible, so the average settles on the symmetry
plane, and the near steady look of the mean fields should not be mistaken for a steady
flow.

The heat transfer results tie the whole range together. A single power law mcyl =
0.764 Ra"226 Eqn. (46), fits all eight time averaged cylinder Nusselt numbers, steady
and unsteady, to within 6%. Fitted on their own the steady and unsteady branches give
n = 0.224 and n = 0.243 respectively, both lying between the laminar boundary layer
value n = 1/4 [7] and the Castaing soft turbulence scaling n = 2/7 ~ 0.286 [10], which
places the flow between a boundary layer controlled state and fully developed turbu-
lence. The partition of heat among the walls stays almost unchanged across the range,
the top wall absorbing close to 55% and each side wall about 22%, while the bottom
wall accounts for less than 2%. The bottom wall in fact behaves counter intuitively, its
averaged Nusselt number Nuy,o; decreasing with Ra, because the strengthening strat-
ification and the bottom corner eddies keep the cold side wall jets away from the lower
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boundary layer. The peak cylinder heat flux stays pinned at fpcax = 275.35° for every
case except Ra = 5 x 107, where it shifts to 243.07° under the long lived asymmetric
plume configurations of the chaotic state.

These results supply reference data on the critical Rayleigh number, the regime
sequence, and the global heat transfer correlation that earlier steady-only studies could
not provide. The study is, however, restricted to a two dimensional cavity, a single
cylinder of radius R = 0.2L fixed at the centre, and one Prandtl number. Extensions
of the present body conforming solver to three dimensional flow, to off centre and
different sized cylinders, and to higher Prandtl numbers are natural directions for
future work.
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