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1. DEFINITIONS OF THE COORDINATE SYSTEMS

An outline of the coordinate systems and associated angular parameters employed in the erosion
model is presented here, with their definitions illustrated in Fig. S1. The figure depicts two
reference frames: a global frame and a local frame. In the global frame, the zg axis is defined as
the normal to the mean surface plane, while the xg axis corresponds to the projection of the mean
gas-flow direction onto that plane, i.e.

fvi-z(;<0 p(Vi)Vi dvi
Syszg<o P(Vi) dvi |

Vi — (Vi 2Gg) 2g

- ) 1.1
i = (% 26) 2G| (1)

where V; =

XG

In this expression, v; denotes the instantaneous incident gas-velocity vector, given by the sum of
the mean incident velocity ¥; and a Gaussian-distributed random thermal component determined
by the gas temperature. It is defined as

Sin(eil ) COS(G{Z)
vi|¢ = sin(6;, ) sin(6;,) | Vi, (1.2)
—cos(6;,)
with 0;, € [0,7) and 6;, € [0,277) being the global incidence angles, and p(v;) is its associated
probability density function (PDF). When the incident velocity vector ¥; is parallel to zg, we de-

fine xg via any random vector that is perpendicular to zg. The global y¢ axis is retrieved as yg =
zg X Xg. The local reference frame, defined by axes x, y1 and zy, has the former axis in the direc-

T
tion of the local surface normal vector nL\G = [sin(enl) cos(0y,) sin(Oy,) sin(6y,) cos(Gnl)} ,

where 6, € [0, %) and 6, € [0,27) are the normal angles. The xy, axis is then given as

ng — (HL 'ZG) ZG
- ) 13
o — (n, z0) zo| (1.3)
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and 6;, € [0,7),6;, € [0,277) are the instantaneous incidence angles. We default to x;, = xg when
np x zg = 0. Likewise, the yy, axis is computed as y; = zp x xp. The reflected velocity vector,
vy, can be expressed in both the local and global reference frames via the reflected angle sets
(6y,,6r,) and (6y,,6;,), with 6, € [0,7), 0, € [0,27r) and 6, € [0,5), 6, € [0,277). In the global

frame, v, takes the form vr|G = [Sin(f’rl) cos(0y,) sin(6y,)sin(6y,) cos(6y, )} , whereas in the

T
local frame, it is written as vr|L = [sin(()ll) cos(()lz) Sin(911) sin(()lz) cos(()ll)} . Changing the
reference frame from the local to the global frame is achieved via elementary matrix rotations:

vl = To(=0) Ty (=0n,) wel",
cos(6) sin(f) O cos(f) 0 —sin(9)
where TZ(O) = |- sin(9) cos(Q) 0l, Ty(f)) = 0 1 0 . (14)
0 0 1 sin(f) 0  cos(f)

From Eq. (1.4), a bijective transformation is defined, (6,,6r,) = T (6;,,6;,) and (6;,,6,,) =
T1(6y,,6;,). The first part of it is given as

0r, (61,61, 6n,,0n,) = arccos [cos(6y, ) cos(,) — sin(6y, ) sin(6y, ) cos(6},)] (1.5)

sin(0y,)C + cos(8y, sin(6y, ) sin(6;,)

08 (6, )C — sin(fy, ) sin(6y, ) sin(6,) |
where C = cos(0y,) sin(6}, ) cos(6y,) + sin(6y, ) cos(6y, ). (1.7)

Consequently, the Jacobian matrix of this transformation, | [If (Gr1 , 012,01, 912), is easily derived to
be

6y, (61,,61,,0n,,60n,) = arctan [ (1.6)

d (971/ 9V2)
0 (911' 912)

sin(6y,)
sin(6y,) |

(1.8)
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Fig. S1. Schematic of the coordinate frameworks used in the erosion model, with the associated
angular definitions indicated. The signs of the angles correspond to a rotation from the global
frame to the local frame.



2. STATISTICAL DEFINITION OF ROUGH SURFACES

A. Isotropic Surfaces: The poly-Gaussian Model

Statistical models of surface morphology have been extensively used in the literature [1, 2, 3],
particularly within the context of electromagnetic wave scattering. Although not strictly required
for spacecraft erosion modelling, such representations enable analytical treatment of complex
multiple-scattering phenomena [4], or at minimum, facilitate dimensionality reduction. Among
these, poly-Gaussian processes provide the most general and compact statistical description of
geometrically rough surfaces. Originally introduced in [5] to model height distributions, they
were later extended in [4] to incorporate slope statistics as well. Letting & : R? — R, & = &(x,y)
be a function describing the height profile of a surface, the poly-Gaussian model defines it as

S(vy) = o(x,y)e(x,y) + u(xy), 1)
where y,0 : R?> — R are C* continuous stochastic functions defining the local mean and variance

of the surface height ¢ at point [x y &(x, y)} T. On the other hand, € : R> — R is a steady-state
ergodic Gaussian process with zero mean and unit variance, i.e. € € G(0,1). To express p and
o analytically, an additional control process v : R? — R is introduced, defined as y = 7(x,y),
which is assumed to be a stationary, ergodic Gaussian process with zero mean and unit variance
ie. v ~ G(0,1). Imposing isotropy allows a further reduction in dimensionality by transforming
the Cartesian coordinates (x, y) into a radial variable r = \/x2 + 12, leading to a surface profile of
the form:

¢y =a(v(r)e(r() +p(r(), (22)
where  : R = Rand ¢ : R — R are, this time, deterministic functions that represent non-linear
transformations of the control process v. When written in this form, it was shown that the
probability density function (PDF) of the height profile &(r) is [5]

pl@ = [~ pr(nG @ ur),otr) d, @3)

where G (&, u(7y),0(7)) is the Gaussian

_ 2
GG ulr),o(y) = mexp {W} , (2.4)

and the PDF of the <y process is just the normal distribution, i.e.

_ __1 7
Similarly, the PDF of the slope profile ¢ = % was derived in [4] as
@ = [ [ ppa (18 Enslr )05 9) dyd, 6

where the Gaussian function G (&, s (7, 7), 0s(7, 7)) is given as

(é—usm))z}

2.7)

g (5/”5(7/7)/05(777)) = US\}EGXP |:_ 20_5(7’,5/)2

and the PDF of the radial derivative of the <y process, 7 = % is given as in [4]:

2.2
py(7) =G <’Y,O,\§> = Lexp {—RZ ] ) (2.8)

Var

The slope mean and variance functions, ys(vy, ) and 0s(7, ¥), are defined as

( ,)_d .
Hs\Y,7) = dy v

o) = 2 (Z2) g2 (50 Y

2.9)




The € and 7y processes have autocorrelation functions Ce, Cy : [0,00) — R of the form

2
Ci(r) = exp {f%} , with i={e}, (2.10)

where R is the autocorrelation length. Another important quantity pertaining to the statistical
description of surface morphology is the shadowing function S : [0, 7] x R x [0,00) — [0,1],
S = S(6r,, 8o, 1), defined in the global reference frame and describing the probability that a
particle residing at height ¢y and travelling at angle 6, will travel a horizontal distance  from its
origin without colliding with the surface. This shadow function has the expression [4]

B Fi(&) \PO)
5n.Gorr) = (w) '

where the cumulative density function (CDF) F(¢) is given by

¢ — )
1+erf <W>} dqy, (2.12)

(2.11)

R = [ Py

—00

and the exponent, D(6,,) has the form

DO = [ [ pr0) a3 8065 17,9 drd g

(7 — %(%7‘))2}
2(75('71 7)2

with A6 |7,7) = "S&Z’% e {’

- % (11— ps(7, 7)) erfe {

(2.13)

- us(%?)}
Us(’Y/’Y)\@

and the variable 7 = 1/ tan(6y, ). If one takes the limit of » — co of the above expression, then one
obtains the probability of a particle escaping the surface, given its initial height ¢y and reflection
angle 6,

lim S(6r,,80,7) = S(6r,, &) = Fy(60)" ™). (2.14)

B. Anisotropic "Angled" Surfaces: The Biased poly-Gaussian Model

Although ram-facing spacecraft surfaces typically erode in an isotropic manner [6], this behaviour
does not extend to other orientations. Panels inclined to the flow are etched along the incoming
direction, developing anisotropic morphologies characterised by concave cavities that cannot be
represented by a single-valued height function [7]. To solve this, the coordinate system in which
the poly-Gaussian model is defined is rotated by the mean incidence angle of the incoming AO
atoms in the +y axis (denoted henceforth as 6;), as shown in Fig. S2. Then, the height profile of
the surface,  : R2 5 R, { = ¢ (x,y), is written as

Zxy) =E(x)+ & (xy), (2.15)

where &(x) = — tan(6s)x is a deterministic bias that depends only on x, and & (x, ) is an isotropic
poly-Gaussian process defined by Eq. (2.2). Written in spherical coordinates, defined by the radial
variable r and global angles 6,, and 6,,, the surface profile becomes

&(r,0r,) = —tan(s) cos(0y, )r + & (r). (2.16)
The corresponding height PDF then depends on r and 6, and takes the form

P In6,) = [ PEIPE-E) dE. .17)

Remembering that P(¢') is given by Eq. (2.3), and that the quantity ¢ — ¢’ is deterministic with an
expression given by Eq. (2.16), the height PDF can be written as

Pl e) = [ pa(E)8(E — ¢ + tan(0,) cos(,,)r) 4 .19)
= p;, (& + tan(6s) cos(6r,)7), (2.19)



which shows that it retains the form of the poly-Gaussian height PDF, shifted by the term
tan(6s) cos(6y,)r. Expanding this PDF, we obtain

pi (G + tan(6s) cos(6r,)r) = /_o:o Py (7)G (& + tan(6s) cos(0r, )1, p(7y), o (7)) dy
= /_ o; P+ (7)G (& () — tan(6s) cos(6y,)r, o (7)) dy

= /_o; py(7)G (C,yb(v,r,erz),g(v)) doy

= (9
Thus, the height PDF of the angled surface profile is still expressed within the poly-Gaussian
framework, with the deterministic bias acting as a correction to the mean process, u’(v,7,6,,) =
u(y) — tan(6s) cos(6y, )r.

(2.20)
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Fig. S2. Illustration of "angled" anisotropic roughness. After rotating the frame by angle 6;,
the surface decomposes into a constant slope component ¢ and an isotropic poly-Gaussian
roughness ¢’.

The slope profile of the angled surface defined in Eq. (2.16) is defined as

E(r,0,,) = @ — _tan(6) cos(6y,) + (1), 2.21)

taking the same form as the unbiased poly-Gaussian slope process & (r), biased by the constant
term — tan(6s) cos(6;, ). Therefore, deriving its slope PDF, p! (&) follows the same procedure as
the height PDF derivation, leading to

p2(&) = P (¢ + tan(6s) cos(6y,))
- /_m /_oo Py ()P4 (1)G (& + tan(8s) cos(8y, ), s (7, 7), o5 (7, 7)) didy

= [ [ i (1G (E w7 — tan(@s) cos(@r), ox (. 4)) d iy

= /j; /jo Pr(VP3(1)G (&2 (7,7,0),05(7,9)) d .

The above expression is also expressed within the poly-Gaussian framework, much like that
in Eq. (2.20), with the mean slope process being corrected by the deterministic constant bias
1l (v, %,6r,) = us(y,¥) — tan(6s) cos(6y,). The final quantity to be derived for the biased poly-
Gaussian model is the shadowing function S? : [0, 7] x [0,27] x R x [0,00) — [0,1], S? =
8P (6y,,0r,, 0, 1), defined in the global reference frame and having the same meaning as for the
unbiased poly-Gaussian model. Starting from Eq. (9) from [8], this function is written as

(2.22)

Sb(erlr 97’2/ (:0/ 1") = Sb(GT]/ 91‘2/ ‘:01 0) exp |:7 /Or g(T) d T:| ’ (223)



where ¢(T)AT is the probability that a gas particle hits the surface in (7, T + A7), given that it
has not until 7. In the equation above, S b (6r,,6r,,&0,0) = 1, by definition. Then, the shadowing
function becomes

8 (6r,,61,,0,7) = xp {—r(en,em [ m r}, (2.24)
where y = m and
L@ 6) = [ (€= m)ph (@) at (2.25)

One can see that both expressions contain the previously derived height and slope PDFs for
angled surfaces, which is consistent with the biased poly-Gaussian formalism. From a numerical
standpoint, however, it is far more convenient to express St (6r,,6r,, 0, 1) directly in terms of
the bounded (), o(7), ps(7, ) and o5(7, ) processes of the unbiased poly-Gaussian model.
Hence,

r "+ 7+ tan(6s) cos(6y,)T
S(6,,,6,,,E0,7) = exp {—r(arl,eh) [ P (So+1 (65) cos(6r,)7) dT]

Fy (&) + n7 + tan(6s) cos(6y,)T)

@ ) (2.26)
T Puleo T
—exp |—T(6y,,6,,) [ P01 T g
P{ Crirfre) Jy Bye P }
where 5? = 57 + tan(6s) cos(6;,), and it was assumed that &) = ) atr = 0. Likewise,
C(6r0) = [ (6= 0) ps (€-+ tan(6) cos(6r)) d
Y b “ — tan(s) cos(6y,) — s () dé& 2.7
17-+tan(6s) cos(6r, ) ((Z ( ) ( ) ;7) P ((:) ¢ ( )

= /: (&—n")ps (&) ad.

Since both expressions coincide with those of the shadowing function for the unbiased poly-
Gaussian model outlined in [4], with # being substituted for rlb , the rest of the derivation will
proceed in a very similar manner. Changing variables from 7 to i = &{, + 17 leads to

[ T(6),,6r,) % pp(h)
b . _ 1 1) h
S (971/91‘2/60/1’) = exp I 1717 & Fh(h) dh

16,60 /.Fm 1

77b i ( (
r !
= exp —Db(Grl,Grz)ln(

DY (8, 6,
_ (Fh@a)) (0 )
Fy (&)
where & = &) + 1’r and the exponent D (8,,,6,,) takes the form

9r1,9r2 / / Pv P7 (9r1/972|7r ) dydy

— 2 ))2
with A" (Or, 0r, |1, 7) = U‘S\(/f%:()/) exp |:_ . ZUSIZ;E,');)Z)) :|

_ 1 b _ ) ) erfc Ub — MUs (’)// ')/)
5 (77 ﬂs(’)’/’Y)) V2
This completes the derivation of the biased poly-Gausswm model for random rough surfaces,
which has introduced the quantities pZ(é’ ), F (é’ ), pL(&), FP (&) and S?(8;,,6:,, &, 7). When the
surface angle is set to 6; = 0°, these expresswns reduce to thelr unbiased poly-Gaussian counter-
parts, namely py,(&), F, (%), ps(&), Fs(&) and S(8y,, &, r), which shows that the biased model is a
generalisation of the unbiased one. In the following sections, we therefore work with the biased
formulation to derive expressions for the scattering of atomic oxygen (AO) particles in different
local regimes and to construct the associated erosion model.

= exp

7 40|

(g)ﬂ

Fy (&)

(2.28)

(2.29)



3. DERIVATION OF ATOMIC OXYGEN SCATTERING LAWS

In this section, we apply the biased poly-Gaussian model to obtain analytical expressions for the
scattering distribution of AO atoms from a random rough surface, considering several distinct
local scattering regimes. We begin with the general form of this PDF,

Psct (vr,0r,,0r,) = P (vy, 04,0y, | vi, surf. param., local param.)

a(vrx/ Orys Or, )

=Kt = vl 5058

3.1)

1 .
= et [ K (vi = va) palng) g - vil ding <o sin6r,).
vi-np<0

N (Vi) .
where ICx (v; — vy) is the single-reflection Kirchhoff kernel outlined in Eq. (109) of [4], Kf (vi, — Vi)
is the local scattering kernel, defining how gas particles would interact with the surface assum-
ing no geometric roughness, and ng, and p,(ng) are the local surface normal vector and its
corresponding PDF. The normalisation factor N(v;) is defined as

N = [ palme) g vi| dmg
i-nL

- ‘(/ pn(np)ng dnL> Vi (3.2)
vi-ng<0
= |ng - vjl.
T
where ng = [Sin(@s) 0 cos(@s)] when the entire surface is in view, i.e. no shadowing

occurs. The reader should note that the original expression for Kg (v; — vy) in [4] contains a
typographical error, and that Eq. (3.1) provides the corrected form used in this work. As discussed
in the same study, Eq. (3.1) is too complex to write in a closed-form analytic expression, making it
impractical to implement in an erosion model. Great simplicity can be achieved, however, if we
rewrite the scattering PDF as

vel ang

Psct (U, 0r,,0r,) = psct (0r) - Psei (Or,,0r,)
= P (v, | v;, local vel. param) (3.3)
-P (6y,,6r, | 6;,,6;,, surf. param, local ang. param.),

where we are de-coupling the statistics of the reflected particle directions and velocity magnitudes.
Assuming that the local kernel can also be decoupled into an angular kernel and a velocity
magnitude kernel, i.e.

Ko (vi, = viy) = K3 (07, — 0,) K8 (GilLf"izL - 9,1,912) , (3.4)

we transform Eq. (3.1) into a product of two such PDFs. The angular PDF is first written as an
integral over the local surface normal:

Ing - vj
Ing - vj]

Next, we factor out the speed by introducing the incident direction vector u; = v;/v;:

PO 0m) = [ KT (80,0, = 01,01,) puln) dng-sin(0,).  (35)
vi-np <0

InL - u;

Ky (o ,91‘2L_>911,912>Pn(nL)|nG o dneosin(ér). (3.6)

ilL

pg:tg(gi‘lfe‘fz) :/

vi-np <0 1 |

We then rewrite the normal PDF p;, in terms of PDF over the surface slopes (éx, éy), using the
Jacobian of the mapping:

_ sin(6y,)
B |nG : ui| vi-n, <0
3
P(Ex &y 10(1), 1 (), R0, 6;) (1+E+83)°
-|&x sin(6;, ) cos(6;,) + &y sin(6;,) sin(6;,) + cos(6;,)| dn.

pgg(aﬁf 6r) ,Czng (eiu ’ eizL ay 912)

(3.7)



Finally, we rewrite the integral in terms of the polar angles of the local normal, (6, 85, ), which
yields:

sin(6
p?crlfg(gflreVz |nG :il| / / ’Cang 11 izL - 911’912> M(Giwgizfe"l'gnz)
3
. p’;w (—tan(8y, ) cos(8y,), — tan(6y, ) sin(6y,)) (1 + tan? (6, ) )2 (3.8)
-|cos(8;,) — tan(By, ) sin(6;, ) ( cos(6y,) cos(6;,) + sin(6y,) sin(6;,)) |

-8in(0y, ) d 6y, d Oy,

where M(Gil, iy, 0ny, 0y,) is a masking function, enforcing the condition v; - n < 0. The 2D
surface slope PDF, pé’w (éx, éy), is given by

P Gud) = [ [ [ prpsinps (19 (e (i, Br), 05 (7, 74)
g (éy/ #s (Y ¥y, 0r2),05(7,7y)) d7xdydy. (39)
We now shift our attention to the velocity magnitude PDF,
pici (or) = 02K (03, — or,). (3.10)

Since the global to local coordinate transformation does not affect velocity magnitudes, we can
rewrite this expression in the global reference frame as

e (vr) = 02§ (v; — y). @3.11)

Egs. (3.8) and (3.11) represent the final expressions for the angular and velocity components of
the scattering kernel psct (v, 0y, 6r,) written in their most general form. To further define them,
we now need to choose suitable local kernels ICan (9i1L' 0, — 61y, 912) and lCzel (vi, = vy,). For

the velocity kernel ICE"Z (v; — v;), we select an incomplete accommodation model of the form

1 4 V2
[ HAo HAO
Ki (0, > o) = 5 (R onexp [_ 2RT

(3.12)

MAoUi
3R
In the expression above, R denotes the ideal gas constant, y 40 is the molar mass of AO, and ag

and Tg are the surface energy accommodation coefficient and surface temperature. The rationale
for this particular choice of velocity kernel is discussed in the main body of this work. The angular

with T:(l—lXE)Ti+tXET5, and T; =

scattering kernel ’Czng (GilL ,0;

b, 0y, 912) , however, requires a more careful treatment. In [4] it
was shown that gas particles scattering from rough surfaces exhibit a mixture of quasi specular
and diffuse reflections that depends on the incidence angle. Since satellite surfaces subjected to
AQ erosion are strongly roughened, a similar behaviour is expected here. A convenient way to
represent this is to adopt a Maxwell type model, that is, a linear combination of a purely diffuse
and a purely specular local kernel. The fraction of gas particles that scatter diffusely is taken to be
equal to the energy accommodation coefficient ag. The final local angular kernel expression is

then given as

K1 (81,0, = 0r,,0r,) = (1= ap) KT8 (03,0, — 6r,,0r,) + g /cgjfif (6i,,6i, — 6r,,6r,) .

(3.13)
Similarly, via the linearity of the problem, the final angular scattering PDF will have the form
pg:tg(gﬁ ’ 6?’2) = (1 - ‘XE) P[sz;le‘?c(eﬁ ’ Grz) +ag p;:}gf(eﬁ ’ 97’2)' (3.14)

In the following subsections we derive the corresponding expressions for both pgzi’; (6r,,6,) and

P;Tff(erw Grz)'



A. Scattering Under Locally-Diffuse Reflections
The expression of a local angular reflection kernel under the assumption of fully-diffuse reflections

is given by the cosine law:

|cos(6y,)]

. T (3.15)
= |sin(6y, ) sin(6y, ) cos(6r, — 04,) + cos (6, ) cos(6x, )],

ang o
ICLdiff (9,‘11‘,91'% — 911,912> =

and thus is independent of the incidence angles 0; and 6;,. Furthermore, the condition cos(@l1 ) <
0 coincides with the condition v; - np, > 0. As such, we can eliminate the need for a masking
function M (6;, 0;,,64,,0n,) in Eq. (3.8), leading to the diffuse scattering PDF taking the form
sin(6y,)
Ing - uj
3
Ly (— tan(0,) cos(6,), — tan (6, ) sin(0,)) (1 + tan?(6,,))
- |cos(8;, ) — tan(By, ) sin(6;, ) (cos (6, ) cos(6;,) + sin(y,) sin(6;,)) |
-sin(Op, ) d 6y, d 6y,

e (eﬁlerz) =

I r2n 1
pus 2 [ Max (0, - |sin(6y, ) sin(8y, ) cos(8r, — On, ) + cos(6y, ) cos(by, )|)

(3.16)
This is the final expression for the diffuse component of the angular scattering PDF. Its evaluation
involves five nested numerical integrals, which remains computationally feasible on typical
modern hardware.

B. Scattering Under Locally-Specular Reflections

In the case of fully-specular local reflections, the expression of the local angular scattering kernel
takes the form
5(911 - eil L )

ang _
KPS (65,0, = 61,6,) = ~ain(a) 0~ 0, (3.17)

spec

where 6 : R — R, § = §(x), is the Dirac delta function, being equal to 0 for x # 0 and oo for x = 0.
Substituting this expression into Eq. (3.8) results in

9 27 5 91 1
Pepsc(Br,,0r,) = n) 26, —n,) ————L=0(0;, — i, )M (6,05, 0, On)
|1’1G u1| sm 911

3
. szu (—tan(8y, ) cos(6y,), — tan(6y, ) sin(6y,)) (1 + tan?( (0n,) ) z (3.18)
0;

-|cos(8;,) — tan(By, ) sin(6;, ) (cos(6y,) cos(6;,) + sin(6,,) sin(6;,)) |
-8in(Oy, ) d 6y, dby,.

Utilising the properties of the Dirac delta function, we can eliminate the integrals in the expression
of the PDF, and obtain

(N1

sin(fp,) sin(6r,)

ang _ . 2
Pspec(0r,,0r,) = sin(6;,) Ing - ui] sop (— tan(6y, ) cos(8y, ), — tan(6y, ) sin(6y, )) (1 + tan” (0, ))
. . . sin(0;
- |cos(8;,) — tan(8y, ) sin(6;,) ( cos(6y,) cos(6;,) + sin(6y,) sm(@iz)) ’ ﬁ 0,0, -
' =Yy,
(3.19)

The task at hand now is to find the normal angles 6, and 6,,, for which the conditions 6;, =
0i, , 01, = 0, are satisfied. We know from the global and local coordinate system definitions in

)
Section 1 thaLt the incident and reflected unit vectors are
sin(6;, ) cos(6;,) sin(6y, ) cos(6;,)
u; = |sin(6; ) sin(6;,) | , ur = |sin(6y, ) sin(6y,) | - (3:20)
—cos(;,) cos(6y, )



Assuming specular local reflections, the corresponding local normal vector is

sin(6y, ) cos(6y,) — sin(6;, ) cos(6;,)
sin(y, ) sin(6y,) — sin(6;, ) sin(6;,) | -

ur —u; 1 ( (
r i ( (

cos(6y,) + cos(6;,)
) )

T ar—w] Jur—

ny,
(3.21)

with  |ur —ui| = \/2 [1+ cos(6y,) cos(;,) — sin(6y,) sin(6;,) cos(6y, — 6;,)].

1

These relations allow the terms in Eq. (3.19) that depend on 6, and 6, to be written entirely in
terms of the known angles 0;,, 0;,, 0,, and 6;,. The first factor becomes

o
cos*(0y,)
2 (1 + cos(6;, ) cos(;,) — 2sin(6y, ) sin(6;, ) cos(6;, — Giz))z

- (cos(6y,) + cos(8;, ))4 (3.2)

(1 + tan? (6, ))2 = sec?(y,) =

4 F2
= Ing - wi® —F, with 02 = (cos(6) + cos(6;)’
z

where F? and v? are the same constants defined in [4], here generalised to an out-of-plane incident
direction and an inclined surface. The second factor inside the modulus, previously written as
|&xsin(6;,) cos(6;,) + &y sin(6;,) sin(6;,) + cos(6;, )|, only requires the specular slopes ¢y and &,
expressed in terms of 0; , 0;,, 0;,, and 6y,. These are

sin(6;, ) cos(6;,) — sin(6;, ) cos(6;,) . sin(6y, ) sin(6y,) — sin(6;, ) sin(6;,)

Cape cos(6y,) + cos(6;,) and Gy cos(6r,) + cos(6;,)

(3.23)
Substituting the above expressions, the scattering kernel for specular local reflections becomes

4F? .
pZZCgC (91‘1 ’ 972) = Tk pgzp <§X5p€c/ Cysp(’c>
Uz

. gxsm sin(6;, ) cos(6;,) + é‘yw( sin(6;, ) sin(6;,) + cos(6;,) | sin(6;,), (3.24)

which reduces to the poly-Gaussian Kirchhoff kernel derived in [4] when 0;, = 0°. The slope
weighting term inside the modulus plays the same role in shaping the PDF as the mixture
occlusion term @(, Vx, Ty, 0;,,0;,) introduced in that study.

4. DERIVATION OF THE EROSION MODEL

In this section, we combine the statistical tools introduced earlier, namely the biased poly-Gaussian
surface model from Section 2 and the scattering kernel from Section 3, to formulate a multi-scale
model for the long term erosion of surfaces under AO exposure. We make three underlying
assumptions in the development of this model. First, we restrict the characteristic scale of erosion
induced geometric roughness to a single Gaussian autocorrelation length, R. This implies a
separation of scales between the mesoscopic length at which conical morphologies emerge and
the atomic length at which the underlying erosion reactions occur. Second, we assume that
material removal proceeds purely along the local surface normal, neglecting any shear driven
component. This is justified because AO erosion is governed primarily by surface chemistry rather
than mechanical abrasion. Finally, we assume the erosion process to be locally-homogeneous,
i.e. we neglect the atomic-level variations in erosion behaviour due to variations in material
density and degree of crystallinity. Under these assumptions, we formulate our erosion problem
in the framework of the Level-Set Method (LSM) proposed in [9]. We introduce a C ! continuous
function
P:RPxR— R, (x,y,2,t) — ®(x,y,2,1t),

defined in the global reference frame over the Cartesian domain
_ [ Ly Ly Ly Ly L, L,
o=[-3Fx[-3F]x[-5 3]
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where Ly, Ly, and L; denote the domain extents along the x, y, and z axes, respectively. At time ¢,
the geometric surface is identified with the zero level set of ®, namely

I'(t)={(x,y,z) € Q : ®(x,y,z1t) =0}. 4.1)

Assuming I'(t) can be represented as a graph over the (x, y)-plane, we write

L) ={(xyc(xyt) : (xy) €D}, (42)
where L L
o= 5533 .
Equivalently, the height field ¢ is implicitly defined by the condition
@(x,y,&(x,y,1),t) =0, (x,y) € D. (4.4)

We prescribe the erosion kinematics of the surface by evolving ® according to the level-set PDE

0P od\?2  [od\? [0d\?
% _verwol=vey (2) + (2) () @
where Vi = Ve(x,y,z,t) denotes the local erosion speed at the point (x,y,z) and time t. We

decompose VE into two flux-driven contributions, grouped by the number of surface interactions.
Accordingly, Eq. (4.5) can be written as

od

ap = [Ber + Amr] [V, (4.6)
where Arp represents the erosion contribution from first AO-surface reflections, and Apr collects
the contributions from all multi-reflection events. We first focus on defining Arg, since it is by far
the most straightforward contribution. Consider an incident particle stream characterised by an

incident velocity vector v; = [Sin(eho ) COS(Gizo) Sin(gilo) Sin(eizo) — COS(GHO )} , mass density
p A0, and molar mass p 40. The first-reflection term can then be written as

_ PAao NA Vo . _ Vo
ApRr = p—SEy (91-10L,vi, T5> m {vi . w ,  with 9i10L = arccos | —u; - W (4.7)

where Ey (GilL , Vi, T5> denotes the volumetric erosion yield of the surface material (cm3/A0),

N, is Avogadro’s number, and the local surface normal is expressed in terms of the level-set
functional as np, = V®/|V®|. Substituting Arg into the level-set equation gives

BQZm

Na
ot = o B (8, 0 Ts) L [vie VO + A [V, 48)

from which it is clear that the first-reflection contribution enters as a non-linear advection term,
with a speed dictated by the erosion yield function E, (9,-1L , 0, T5>. We now turn to the multi-

reflection contribution Apsg, which accounts for the additional erosion driven by reflected particles
that, after scattering, re-intersect the surface and produce subsequent impacts. To evaluate this
term at a given surface point for secondary reflections alone, one must know the reflected
particle flux emitted from every other point on the surface. Moreover, accounting for additional
reflection orders leads to a combinatorial growth in the number of contributing paths, so that an
explicit computation of all multi-reflection contributions becomes computationally intractable.
For this reason, we instead approximate Apr using the statistical framework developed in
Section 2 and Section 3. Specifically, we approximate the statistics of the evolving surface
geometry via a biased poly-Gaussian model and use this surrogate description to capture the
multi-reflection contribution with sufficient accuracy. At each time t, we introduce the fitted mean
and variance functions, yf o/ R 5 R, yf = yf () and of =of (), together with the fitted
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Gaussian autocorrelation length Rf, which collectively parametrise said poly-Gaussian model.
Mathematically, these quantities are fitted according to

(yf,af,Rf) = ar];g/;,r;{in

I \pﬁ(é— tan(6,) x) — pi(& | 0, R d2
L
L

where the empirical height and slope PDFs pﬁ, ps, and p§y are computed based on the surface
geometry at time f, &(x,y,t), as

. 2 .
pS (& —tan(6s)) — ps, (& | 1, (T,R)‘ déy (4.9)

. . 2
p(gu(éy) — Psy (gl/ | H’U'R)‘ dg}/:|’

1 % 7
8 — —
K@) = LxLy / / , 0(E - E(vy) dydy, (&.10)
= : _ %y) dyd d
ps (&) = L L i Ly Cx— p ydx, an 4.11)
Ll/ ] )
ps (&) = LXL /Lk / iy (é‘y a )dydx. (4.12)
With the poly-Gaussian model fitted, we can now express the multi-reflection contribution as
0 k B ‘
Avr =Y |T18 (1= %j(@x)) | M6, 0001, 5,), (4.13)
k=0 | j=0

where A’MR denotes the erosion contribution associated with particles that undergo k reflections
prior to re-impact and &, is their average energy accommodation coefficient, approximated as a
function of the average local energy accommodation coefficient ag by

&g, =1—(1—ap)k (4.14)

The average local energy accommodation coefficient, &g, is computed as

2w
/ pSPCC 971 (07111 9”2) 972 (9711' 9"2) | 911 4 9120 )

g (04, 00 Ts) sin(6n,) d Oy d by, (415)

where ag (OilL , Ui, T5> is the local energy accommodation function, dependent on the local
0
particle incidence velocity vector and surface temperature. The factor ¢; is the probability that an

AO particle intersects the surface again following its j" reflection, while ¥} is the corresponding
mean probability of surface reaction at that reflection order. The re-impact probability ¥ is given

by

27 27
19 = / / pl?’lC 11// 12 / / / Z?tg 971’9}’2 |911 ’9 ) ph (CO)

,[1f5 (e,l,erz,go)] sin(6;,) 6y, d6,, dg sin(6;, ) d6, 6, , (416)

in which the incident-flux PDF after the j reflection, pgn c (9Zl ,0; ) is defined recursively as

27T
/ / pmc (s1,82) psct (n 611,9 sl,sz> sin(s1) dsy dsp, j>0,

pmc( 11 4 lz an
psctg (TC 911 /05 Gilo'eizo) ’ j=0.

4.17)
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In the same spirit, the mean reaction probability at reflection order j is written as

2 27
/ / pmc 11 ’ 12 / / / Pspec r1 9"1/9712) 972(9111/9?12)'91’1,./91'2/)

. p;’g{(vi | ocEj,Ts)‘I’ ((Jilb,vi, Ts) sin(6y,) d 6y, d 6y, dv; sin(6;, )dG d()l2 , (4.18)
]

where ¥ (OilL ,0i, TS) is the local reaction rate function, dependent on the local particle incidence
]

angle and velocity, as well as the surface temperature. The local incidence angle 6, ~in the same
j
expression is written in terms of the global angles via

9,-1Lj = arccos <sin(9i1j) cos(GiZI ) sin(6y, ) cos(On,)

+ sin(@,'l] ) sin(Gizj ) sin(6y, ) sin(6y, ) — C05(9i1j ) cos (6, )> . (419)

Finally, the expression of the erosion contribution for particles undergoing k reflections, A’]‘VI R s
given as

k 2 7r k 0 vel
MR(Bﬂlfenz'vi/“Ek) = / pinc 9i1k19i2k>] /O [psct (UV | XE., TS)]

21 15
: / DQ/ / pg;ﬂtg 7.[ - 07’1 (011/ 912)’ 97'2 (911/ 612) + gilj’ 912/)]

[pu@0)] [1 =8 (0n(81,6,), 6.(01,6,), &) | [Ey (61,00, T5)|  4.20)

o, P40 Ny . 4 ,
2 qu] [cos(61,) sin(61,)] 46, 46, dg dor A6, de, (421)

where the incident-angle PDF pm c ( o 0; 2k> is evaluated recursively according to Eq. (4.17). The
resulting erosion kinematics are therefore governed by

k

119 (1 - ‘T’j(aE/)>] AR Oy, Oy, iy ) [V -
j=0

(o)

0P _ pao . Na .
ot 0s Ey (911L/UZITS> m [Vl : VCI)] +k§)

(4.22)
This evolution equation is posed on the computational domain and closed by periodic boundary
conditions on the planes x = +Ly/2 and y = &Ly /2. On the planes z = *L,/2 we impose
homogeneous Neumann conditions, i.e. d®/dz = 0. The level-set functional is initialised at ¢t = 0

as
1 z>&(x,y,t=0);
P(x,y,2,0) = {_1 2 < iyt =0). (4.23)

To solve the problem, it suffices to prescribe the material-specific erosion yield and reaction
probability, Ey(9i1LrUir Ts), ‘-I’(Gl-]L,v,-, Ts) and “E(9i1LzUir Ts). In this work, all three functions
are obtained from reactive molecular dynamics simulations performed with the Large-scale

Atomic/Molecular Massively Parallel Simulator (LAMMPS) package [10] and the ReaxFF [11]
reactive force field.
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