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Abstract
‘We propose a stochastic version of the EM algorithm that partitions the data into
B blocks and places the blocks on a circle. The standard EM algorithm is used
to update the block estimates sequentially such that the estimate of the current
block is used as seed for the estimate of the next block. The estimates might
further be smoothed by averaging the estimates in a rolling window of blocks. In
this way, a population of B estimates is produced. A single estimate might be
produced taking the average of all B estimates. Contraction theory and random
iteration theory are used to infer convergence properties assuming B < oo or
B = oo. Empirical examples show that this approach might prevent over-fitting.
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1 Introduction

This paper is concerned with a stochastic version of the expectation-maximization
(EM) algorithm [6], based on averaging parameter estimates within a rolling window of
smaller block estimates. This algorithm, which we refer to as windowEM, was originally
presented in [16] and adapted for use in [12]. The motivation is to do inference on large-
scale genetic data with latent variables, such as inference on site frequency spectra [16]
or probabilistic PCA [19]. In these settings, where the dataset potentially comprises
billions of data points, the standard EM algorithm becomes impractical since it makes
use of all data in each iteration.

In response to the increasing data issue, various stochastic versions of the EM
algorithm have been proposed, in which the data is split into smaller blocks (sometimes
called “mini-batches”) [4, 14]. With large amounts of data, such an approach may
drastically speed up convergence by allowing multiple parameter updates per pass
through the data. With enough data, it may even be possible to reach convergence in
a single (or very few) passes, such that data can be kept out of RAM.

We find, however, that when the parameter space is complex, and particularly when
some parameter estimates rely on latent variables that are scarcely represented in the
input data, a stochastic approach based on individual blocks result in roughed or noisy
parameter estimates (e.g., in the case of the site frequency spectra, the probability of a
particular allele frequency is expected to vary monotonically with the allele frequency),
even when introducing decaying weights [4].

Similar to other stochastic EM algorithms, windowEM splits data randomly into
blocks. However, in the windowEM algorithm, these blocks are placed on a circle.
Inspired by Polyak-Ruppert averaging [15, 17|, estimates are then averaged over a
rolling window of blocks on this circle. The effect of this windowing is to produce a
sequence of dampened estimates, counteracting the aforementioned noise, while still



allowing frequent updates and fast convergence. For block k, a preliminary estimate
is obtained by performing one iteration of the standard EM algorithm with data from
block k, using the estimate of the previous block k as input value. That is, the prelimi-
nary estimate is ¢ = arg max,, Qx(¥|0x—1), where Qy, is the maximisation function of
the standard EM algorithm applied to the data of block k. A final estimate is obtained
by averaging all w estimates in the window, 0 = (Vg + Vp—1 + ... + Vg—wt1)/w.

While previous work has shown the utility of this scheme in practice, no work
has been done on its theoretical foundation. Thus, in the present paper, we investi-
gate the convergence properties of the windowEM algorithm. We distinguish two cases,
depending on the number of blocks B:

® B is finite, or
® B is infinite.

In the first case, the whole data is repeatedly used to update parameter estimates in
a circular manner. In effect, this yields a population of B block estimates, rather than
a single estimate. If the update function is a contraction, then we have convergence of
estimates and a fixed point exists for one block if and only if a fixed point exists for
all blocks. A single estimate might be obtained by averaging over all B estimates. The
distribution of block estimates depends on the window size, and a smaller variance in
block estimates is observed empirically with larger window sizes.

In the second case, the number of blocks is considered so large that we never see
the same block twice. For this case, we give conditions under which convergence of
estimates occur to a fixed point (for large block indices), based on random function
iteration theory for dependent data [5, 7]. Moreover, a single combined estimate might
be obtained by taking the (ergodic) average of block estimates, and we give conditions
that guarantee convergence of this average in the limit as B — oo. In both scenarios,
B is finite, as well as B is infinite, we assume that the update function is a contraction,
though in the latter case, this is only required to hold in expectation with respect to
the input data.

Having a population of estimates rather than a single ‘best’ estimate might give a
better idea about the true parameter. The window size determines how much variation
in the estimates is allowed. In concrete applications in genomics [12, 16], we have shown
that when estimating the site frequency spectrum (SFS) of the rarer allele in large
samples, averaging across a window smooths out the estimate of the SF'S, contrary
to maximum likelihood estimation that leaves ‘bump’ in the SFS because of rare
events that artificially raises an estimated frequency, and we see a similar tendency for
mixtures of normals below. We speculate, therefore, that windowEM might also help
prevent over-fitting.

The results are illustrated with familiar examples.

2 The windowEM algorithm

In this section we present the windowEM algorithm, first introduced in [16]. The primary
questions are in what sense the windowEM algorithm might converge and under what
conditions it might do so. We give partial answers to both in Section 5 below.



2.1 The setting

Let x1,...,xp be a partition of the available data into B blocks, B > 1. The blocks
might not be of the same size, nor be independent, nor have the same distribution,
even if the blocks are of the same size. Hence, we assume z, € X C R™*+ and that
(X1 X...xXp,B1®...®Bpg, P) is a measure space, where P is the joint distribution
of the data, and Bj the Borel algebra on Xj. Contrary to this, we do assume the
model parameters are comparable and vary in the same conver domain ® C R™ for
all blocks. We allow B = oo. The blocks might be arranged in random order to reduce
correlation between neighbouring blocks.

For t > 1, define b(t) = (t —1) mod B+1, such that b(Bi+k) =k fork=1,..., B,
i > 0. The function b(-) maps the tth iteration of the algorithm to a corresponding
block. If B = oo, then b(t) = t. The sequence of blocks are paved with windows,
consisting of w consecutive blocks, 1 < w < B. The kth window consists of the k
blocks numbered

b(k—w+1),....b(k—1),k, k=1,...,B,

noting that b(k) = k always, whereas for example, b(k — 1) =k — 1 or b(k — 1) = B,
depending on whether k > 1 or k = 1, respectively. There are B distinct windows.
Denote by

0:(0) = log(p(axl0)), k=1,...,B, 0O CR™,

the log-likelihood function of the data in the kth block, where © is a convex parameter
space, and p(xg|0) is the likelihood function. The log-likelihood might be given as

,(0) = log(p(x, 2]0)) — log(p(zk |2k, 0)), (1)

where 2, € Z, CR™k, k =1,..., B, are unobserved (latent) data [6]. Equation (1) is
well-known from the EM algorithm [6]. Hence, by taking the conditional expectation
of £1,(6), given xy, with respect to 6’ € O,

0:(0) =Y plrlen, 0) log(p(ex, 2410)) = > p(zk|wk, 6') log(p(zk|wx, 0))

— QuOl0) — HL (010",

where Q(0|0’) and Hy(0]0') are the two sums in the equation. Computation and
maximisation of Q(-|¢') are the E- and the M-step of the standard EM algorithm,
restricted to the kth block [6]. If data in different blocks are independent of each other,
then the full log-likelihood is obtained as the sum over k of £.

Above we assume discrete data for convenience and that the involved sums and
functions are well-defined. However, the theory also holds more generally under
standard regularity conditions [6].



2.2 The algorithm

The division of the data into blocks suggests an optimisation procedure, here called
windowEM, which is related to the Polyak-Ruppert averaging scheme though different
[15, 17]. To state the algorithm, we define the functions fi: © - 0, k=1,..., B, by

fe(0) = argmaXg: cg Qk(ﬂ’\9)7

assuming there exists a unique ¢’ € O such that fi(0) = 6’. The steps of windowEM
are the following:

A. Initialise (01,...,0,) € ©. Define ¢y 11 = fypi1)(0i), t =1,...,w,
B. For ¢t > w+1, recursively compute 6; as the average of the past w consecutive values

of 1;,
) ¢
0, = - E i, andlet Vi1 = fouq1)(0r).

i=t—w-+1

The estimate 6; for block b(t) is computed from the estimates 6;_1,...,0;_,, from
the neighbouring blocks b(t — 1),...,b(t — w). After B iterations, the algorithm has
returned to the first block again, unless B = oo, and there is only one infinite round
of iterations. We refer to k successive iterations as a k-iteration and a B-iteration as
an epoch. When B = oo, there is therefore only one epoch.

Since O is convex (by assumption), then ;1,6; € O for all ¢ > 1. This convexity
requirement is naturally fulfilled for the canonical and the mean value parameterisa-
tions of a regular exponential family [8]. In particular, the mean value parameterisation
seems a natural choice as it often leads to an update function that is a weighted sum of
sufficient statistics, see Section 3. Averaging across a window as in B) thus preserves
this property. It is, however, noteworthy that averaging across a window is not invari-
ant under parameter transformations as the operations + and f; do not commute in
general. Let ¢ = ¢g(#) be an alternative parameterisation, then

1 t 1 t
Orr = — Z fov)(0:) = ¢t+1:9<5 Z fb(i+1)(971(¢¢)))~

i=t—w+1 i=t—w+1

If w = 1, then averaging commutes with g, ¢;+1 = g(foe+1)(9~ " (¢¢))), whereas in
general the average commutes with g only if g is linear, g(6) = A6,

9(%} > fb(i+1)(971(¢i))>=$ ST Afyen(A710)).

i=t—w+1 i=t—w+1

2.3 Special cases

If w = B =1, then we retrieve the standard EM algorithm and the likelihood increases
after each epoch (one iteration in this case). However, in contrast to the standard
EM algorithm, windowEM is not designed to increase the likelihood in each successive



iteration or epoch. If w =1 and B > 1, then 01 = ¥441 and

Loce1y (Or1) > Loy (0), t>1,

as for the standard EM algorithm, but there are no guarantees the log-likelihood value
one epoch later is larger than the current log-likelihood value.

If a fixed point gq;, K = 1,..., B, exists for each block, implying g; remains the
same after iterating one epoch, then

k
1
W+ = o > hasn(@@), kE=1,...,B.
i=k—w+1

If w = B, then the right hand side does not depend on k and consequently, qx = q¢
for all kK, =1,..., B, and there is a common ¢* solving the equations. This estimate
might or might not equal the maximum likelihood estimate, even in cases where the
maximum likelihood estimate is unique. However, for exponential families, the update
function fj considered as a function of the input data x; and the parameter 6, is in
many cases linear in zj, see Section 3. If this is so, then the equation reads (with ¢
the fixed point)

1 B
9= 5> frle) = f(a).
k=1

where f: ©® — O is the update function with data i Zle xk. Since the standard EM
algorithm is guaranteed to find a local maximum [6], then so will windowEM in this
particular case.

On the other hand, if w =1, then

Q1:f1(QB), qk+1:fk+1(qk)7 kila"'anL
g = [pofp_10...0 fr0 fi(gn),

and similar for gk, k& # B. Thus, one might solve for ¢ and then find ¢, k # B,
afterwards. In particular, if the composition fg o fg_10...0 f 0 f; is a contraction,
then there is a unique gp. If fi1,..., fp are increasing and concave, then so is the
composition, see the Appendix, Section B. For a 1-dimensional parameter this implies
there is at most two fixed points, only one of which is attractive; unless the composition
is the identity.

2.4 Extensions

One might replace the single updating step, (*) ¥:+1 = for41)(0¢), by multiple
updating steps, say N, before averaging over block estimates:

§o="0t, &nr1 = foar)(n)y n=0,...,N—1, 1 =&n.



With large N, 1¢41 becomes a local maximum point for block b(¢t + 1). If there is a
unique local maximum, then this maximum point does not depend on the other blocks
and is the maximum likelihood estimate of block b(t + 1).

Another alternative to the single updating step is to replace EM with general-
ized EM [6], where (%) is replaced by choosing 141, such that Qb(t+1) (hr41]0:) >
Qu(t+1)(0¢]0:), or replacing Q(-|-) with another function, as in the case of the MM
(majorize—minimize) algorithm [20].

Finally, each term in the sum in B has equal weight. As an alternative, one might
weigh the w terms differentially. For example, the weight of ¢; might be put higher
than that of ¢, 1 and so forth, or if the data structure differs from block to block, for
example, if xy ~ Bi(ng,#), then one might weigh ¢; by n; whenever b(t) = k.

In [12], an approximation to PCA is considered where data also is divided into
blocks. The block size is increased after each round of iterations and something similar
might be considered for windowEM.

3 Exponential families
We consider the special case of an exponential family with densities,

Zf (z,2) =exp(0TT(z,2) —a(f)), (,2)eX xZ, 6cOCR",
0
where x is observed, z is latent data, and © is the (convex) canonical parameter space,
containing 0 € © (which might always be arranged). The family is assumed to be
regular, that is, the canonical parameter space is an open set.

Let 7(0) = E¢(T'(X, Z)) be the mean value parameter as a function of 6. It might
be obtained as the derivative of a(): 7(8) = Vga(8), which is an invertible function
if the family is minimal [8]. Hence, § and 7 are in one-to-one correspondence. We will
formulate the EM algorithm using the mean value parameterisation as this turns out
to be a natural choice, but apply both 6, 7 and other parameterisations in equations
for notational convenience. In the following, we assume the model is minimal unless
otherwise said. However, in applications this might not be so. For details, we refer to
textbooks on the subject [8, 18].

3.1 General exponential families

For a general exponential family, the update step for the windowEM in the mean value
parameterisation becomes:

t
Ter1 = — Z T(@b(k+1)> Zo(k+1)) | To(t41))

relying on the update step of the standard EM algorithm for exponential families [18].
In genomics the data often consist of millions of markers arranged in a linear order,
hence each block of data is itself a sequence of data points. The observed data might



be measurements of genotypes and the latent variables, the true genotypes, or the
number of dominant genotypes versus the allele counts. If so, then

Np(k41)
1

Np(k+1) ; 01 (T (To(kt1),6 Zb(kt1).,0) | To(k+1),0)
1 Mp(k41)

= Z Eo,, (T (k41,15 Zo(k+1),i) |To(k41) )
b(k+1)

B, (T(Zp(k+1)> Zo(k+1)) 1 To(k41))

where ny(y) is the number of data points in block b(k). The latter equality assumes
independence between sites to change the conditioning to be independent of 7. Thus,
the mean value parameterisation appears as a natural choice since the update 741
becomes a weighted average of terms that are similar to each other.

3.2 Mixture of distributions from an exponential family

A standard example is a mixture of normal distributions [13, 21]. Here, we consider a
mixture of distributions from a general exponential family with the previous section
in mind.

To be precise, we assume the data z = (1, .., Tkn, ), £ = 1,..., B, of block k is
distributed as nj independent draws from a mixture of M distributions from the same
regular exponential family. Let (7, ¢) € Apr x @ be the parameter vector, where Ay,
denotes the M-simplex, ¢ = (¢1, ..., @) are the canonical parameters of the mixture
components, and 7 = (71, ..., 7Tar), Z%ﬂ T, = 1 are the mixture proportions. Then,
the density function for an observation xy;, respectively, the density function of a
complete observation (zy;, 2ki), where zy; is an unobserved class indicator, takes the
form,

M M
p(akilm, 8) = Y Tmp(@rildm) = Y T exp(d,T(wx:) — a(dm)),
m=1 m=1
p(xkia Zki|ﬂ-v ¢) = Mzp; exp((b;;ﬂT(ka) - a’(¢zki))
M
= exp (Y (108(mn) = (@) Ly (22) + &Ly (21 T () ).
m=1

Thus, the model of the complete data is another exponential family. As the indicators
sum to one, this representation is not minimal. A minimal representation can be
obtained by substituting 1 — Z%;ll Limy(2xs) for 1qary(zri), and 1 — Z%;ll Ty for
7y in the first part of the sum.

The (non-minimal) sufficient statistic is

T(X,2) = (1{1}(2), Ao (D@ (2)T(X), .. I{M}(Z)T(X)>,



with expectation (mean value parameter) ¢ = (7, 71,...,7am), Tm = Ex g(1{m}(2))
and 7, = Ex ¢(1(m)(Z2)T(X)). From the standard EM algorithm, the update functions
of the windowEM in the mean value parameterisation become

t Tb(k+1) t b (k+1)
(t+1) _ 1 1 _ (t+1) _ 1 it ki (M)T (ht1,4)
T - E n qurl,l(m)’ Tm - E Z”b(k-H) ( ) ;
k=t—w+1 PR i k=t—w+1 =1 Qkv1i(m

where
Qe1,i(m) = P(2p(es1),i = MITpeg1),i 0 F),  PF = (78 7R,
Averaging over the estimates in a window remains a sum of observed statistics,
weighted by estimated class probabilities. Thus, the update functions are linear in the
observed statistics with coefficients that depend on the observations.
Note that a (non-minimal) sufficient statistics might alternatively be given as

T(X,2) = AT(X, Z)

= (1@, Ly (D), L1 (D)T(X), - Ly (D)T(X), T(X)),

where
Ing—2 0 0O
EN—1 1 0 0
A= 0 0Ipy_10
0 0 EN—1 1
Iyr_1 is the identity matrix of dimension M — 1 and ep;_1 is a row vector of M — 1
ones. The example might thus be seen as an example where one component of the
sufficient statistics is observed, namely (1,7(X)).

3.3 Partitioning the sufficient statistics

Let T = (U, V) be a partition of T of dimension d; and ds, respectively, and assume
V = v is observed. Consider the corresponding partitions of § = (01,62) and 7 =
(71, 72).

Lemma 1 The update function of the standard EM algorithm in the mean value parameter-
isation is a linear function of v,
= Eg, (Ulv) = A(T)v, Th =, (2)

where 01 = 01(7), and 7 is the current parameter estimate. After one iteration of the standard
EM algorithm, o is fized at v.

Proof Tt follows from [18] that the collection of conditional probability measures of T'(X, Z)
given V. = v forms a regular exponential family with canonical parameter 6; € ©p (the
restriction of © to the first d; coordinates) and densities,

dPy,

IS (ulv) = exp(6] u — av(61)),




where ay(61) is a normalisation constant.
Let 7/ = (71,74) and 0’ = (0}, 605) be corresponding parameter values. In the canonical
parameterisation, we find

Q'16) = [T~ @) exp(6] U~ au(61)dPo( 1o
=01 Eg, (Uv) + 05" v — a(6").
Differentiating with respect to (61, 05) yields
Vo Q('10) =Eo,(U)T — 7', VpQU|0)=v" — 15"

Equating the derivative to zero yields 75 = v and 7| = Eg, (U(Z)|v). Existence and uniqueness
of such 7’/ follow from regularity [18]. This gives the first equality for 7 in (5).

For the second equality for 71 in (5), we consider the projection in L27 equipped with the
measure Py, (-|v), of each coordinate function of U(Z) onto the linear span of the coordinate
functions of V. Let the coordinate-wise projection be V. Then, Covg, (U — \77 \7\11) = 0. Since
we are dealing with an exponential family, zero covariance implies independence, hence U — 1%
and V are independent with respect to Py, (-|v) [1]. Finally, the conditional expectation yields

Eg, (Ulv) = Bg, (U = V|v) +Eg, (Vo) =0+ V =V,

by independence and V-measurability of V. It remains to say that the linear projection is a
linear map of V. See [11] for an elaborated proof for the Gaussian exponential family. O

In the context of windowEM, this implies that the mean value parameter is updated
according to the rule

t t

1 1
D = - S AT vyesry, Y = » Do Uk,
k=t—w+1 b=t-wtl

with data vy, k = 1,..., B. Thus, 7(*) is a weighted sum of the observations. Moreover,

72(t+1) is unchanged after one epoch and is the average of the observations in the

corresponding window, and only Tl(t+1) needs updating.

4 Examples

4.1 An illustrative example

This example is a classical application of the EM algorithm for which the maxi-
mum likelihood estimate can be found by simple calculation. However, it foresees the
theoretical development in Section 5 about convergence of estimates.

Consider a gene with three genotypes AA, Aa and aa, where the A allele is reces-
sive, such that there are two phenotypes, AA and aa-Aa (non-AA). We observe the
number = of AA genotypes out of n. Assume Hardy-Weinberg proportions and that
the probability for the A allele is 6 € [0, 1]. The likelihood is binomial with probability
p =062

(Z) 02 (1— 63", z=0,... n (3)

10



Let z be the latent count of the number of aa genotypes, such that the likelihood with
data (z, z) is

I A R e T ) Kl A P e ) Lo e )
() ()

Tz

The family is not regular (see Section 3) as the full parameter space of (4) is 2-
dimensional.
Furthermore, the conditional distribution and expectation of z given z is

n—a\ o, 0" "1 —0)* 1-46
gn—z—zZ  \" ") _ _ - v

respectively. Taking expectation of the log of (4) for ' with respect to the conditional
distribution of z given = and # (and removing terms not depending on 6), yields

Q(8'16) = (n+2)log(6) + (n — ) log(1 — ¢') — (n - xﬁlzk’g (1 flef) |

Finally, finding the optimal argument for Q(6#’|6) yields

0':1(n+x—(n—x)l_9>=?iz, with u:%. ()

The maximum likelihood estimate is § = \/u, which can be found directly from (3). It
is the only fixed point of the standard EM algorithm. It can readily be seen that 6 < 6’
if 0 < \/u,and 0 > 0" if > \/u under the standard EM algorithm. Hence, convergence
to the maximum likelihood estimate is guaranteed as this is the only local extremum.

Consider the windowEM algorithm with data ux = zx/ng, k= 1,..., B. From (5),

Up(e41) + O

Vir1 = foaq1)(0r) = 1+0,

bl

hence

1 o Up(t—it2) + Or—it1 1= up(—iy2)
T w ; 1+6—i1 Z 14+ 60—t ©)

Note that the update function, considered as a function of data and parameter, is
linear in the data.
The map fy(¢41) is non-expansive,
O + Up(i41) _ 0} + Up(t41)
146, 146

/
= el

< (1 = upe41) 10: = 01l = Avesny 10: — 011,

’ = upy

11



and a contraction if w41y > 0. Here, Ap11) = 1 — up41) < 1 (non-expansive) and
< 1 (contraction) if and only if w41y > 0. It follows that the theory developed in
Theorem 8 and 9 below applies for finite B, and that there is a unique fixed point
for each block provided there is at least one non-zero observation zy, k=1,..., B. If
all observations are zero, the algorithm also converges to zero, which might be seen
directly from (6). These conclusions do not require independence between blocks or
identity in distribution.
Denote the fixed point of block & by g, k =1,...,B < co. Then,

1 o= 1—upis2
P(k+1) = 1 — — Z L (7)

w = 1+ Qyr—it1)

In few cases, the fixed points can be found explicitly:

Lemma 2 Assumeng =n, k=1,...,B. If w= B, then all qs are the same and equal the
mazimum likelihood estimate of 0,

Proof The right hand side of (7) is independent of k, hence g = ¢. The last part follows
from (7) by putting ¢x = ¢ and solving for g. Alternatively, by reference to Section 2.3 and
the linearity of the update function in the input data. O

Lemma 3 If w =1, then
B

1 52
5 > akap(re1) = 67
k=1
If in addition B = 2, then q1 and q2 are

1 1
q = 1(ul — u2) + Z\/(U1 — ug)2 =+ 8(u1 + ug),
1 1
@ = Z(W —u) + Z\/(m —u2)? + 8(u1 + u2).
Consequently,
1 > 1 9
W= 201 +a2) 20, 0(1+E(1—62)> > E(g) > EO),

where the latter requires n := ny = na.

Proof The first part follows from (7), taking w = 1 and summing over the B blocks. The
statement for B = 2 also follows from (7). The last part follows from Jensen’s inequality,

u; = ;3/n, x; ~ Bi(n,0?), and é\:q/%(u1 + ug). O

12



Let B = oo. Assume x, ~ Bi(n,6?), k > 1, is an ergodic process. This is in
particular the case if the observations are independent. We have

E(log(Ax)) = E(log(1l — x)) < oo,
in fact, the expection is —oo Hence, the assumptions of Theorem 10 below are fulfilled.

In particular, by ergodicity, this implies that 6; stabilises in distribution for large ¢,
say, to the law of T, independently of the initial conditions, and that the average,

B
1
0(B)= 5> 0 2 1.,
k=1

converges in distribution as B — co. Assuming independent input data (rather than
just ergodicity), then further

1 — 1 1-602 1
E(0 =1-= 1-P)E( ——— ) <1-—
) =1- 5 3008 (55— ) <1- - Y g

i=1 i=1
1

E(f(c)) <1—(1— 92)%’ or E(f(c0)) <9,

where E(0(c0)) = limp_, o, E(6(B)).

Figure 1 shows the result of applying windowEM to a small data set consisting of
B = 50 independent blocks with ng = 10 and a true § = 0.6. Even with relatively
small B, if w is not too large, then convergence of estimates is obtained after one
epoch, perhaps two, of iteration. In this case, the standard EM algorithm requires
several rounds (approximately 4-5) to converge.

Figure 2 shows the effect of varying the initial estimates and only aiming for one
epoch, so B = o0o. For both window sizes convergence appears rapidly.

4.2 Univariate Gaussian mixtures

As a special case of a mixture family, consider the univariate Gaussian distribution,

1 1
p(x | p,o) = ﬁexp <—M(x —u)2> , z€eR,

which is a two-parameter exponential family distribution with canonical statistics,
canonical parameter and mean value parameterisation, respectively,

T(x) = (2°,z)
6= 61,02 = (~ 5505

T 20727
_ (¥ 1
7(9) = ((6),m(0) = (57~ 357 52):
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Fig. 1 B < oo. The blue dots show the estimates 6py1,...,0B+w,0w+1,-..,08, that is, the esti-
mates after one epoch of iteration. The initial estimates for 61, ..., 6, are randomly chosen between

0 and 1 (not shown). The red line shows estimates after 100 rounds (converged estimates). Here,
B =50 and w = 1,2,5,10, 25,50, and the same input data is used for all plots. The variation in the
estimates is higher for small w than large w, while the convergence rate is slower for large w than
small w. Compare the red line and the blue dots, which in the case of w = 25,50 shows it takes
roughly 25 blocks before convergence is achieved.

Properties of mixtures of univariate Gaussian distributions and the EM algorithm are
well-studied [13, 21].

Assume x;,,i=1,...,B, k=1,...,n, are observations from a univariate Gaussian
mixture model, divided into B blocks. We find

w n 2 (t—i+1)
L) _ 1 Z Py Tp(t—i+2)eCe;
= n(t—it+1)
w
i=1 Py €5
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Fig. 2 B = oo. Multiple initiations (here, 5) on the same input data with initial estimates for
01,...,0, randomly chosen between 0 and 1 (not shown). After relatively few iterations the estimates
become independent of the random initial estimates.

w n (t—i-‘rl)
T(tﬂ) _ 1 Z 25:1 Lo(t—i+2)Cy;5
2j o n (t—it+1) ’
Wiz Py €ej
w n
A+ 1 Z Q(t=i+1)
I wn 4 b ’
=1 4=1

where eg) = E o (I;(z0)|x).

In this case © might be taken to be compact subset of R3*, delimitated by the
maximal and minimal observations. Hence by the Brouwer fixed point theorem there
is a fixed point.
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As an illustration, we consider fitting an equal-proportion mixture of ten Gaussian
distributions with unit variance and mean values equal to 0,1, ...,9. In total, there are
10 + 10 + 9 = 29 free parameters. We randomly sample n = 10° data points from the
population, and divide these into into B = 10 blocks at random, after which we run
windowEM with a window size of w = 5 blocks in both cases. For windowEM, one epoch
is B iterations and corresponds to processing all data exactly once. After 500 rounds of
iteration of standard EM and 500 epochs of windowEM, we retrieve the estimates shown
in Figure 3. We observe in particular that the estimate resulting from averaging the
block estimates achieves a log-likelihood close to the complete data MLE significantly
faster than standard EM. We note, however, that the standard EM estimate eventually
achieves a log-likelihood that is higher than then windowEM estimate, but it also exceeds
the complete data MLE. We interpret this finding to suggest that the averaging over
a population of estimates induces a measure of regularisation, similar to what was
observed for the site frequency spectrum in previous work [16].

For comparison, we show in Figure 4 a smaller dataset (n = 10*) with the same
hyperparameter settings, which has been allowed to run for 5000 iterations (resp.
epochs). As before, the log-likelihood of the windowEM solution stabilises closer to
the complete-data MLE faster than the standard EM estimate. The final windowEM
estimate looks somewhat curious compared to the standard EM solution, but we note
again that standard EM overshoots the complete-data log-likelihood, suggesting that
the apparent visual benefit is arguably not statistically meaningful.

Finally, the same setup is repeated with a larger dataset n = 10° (see Figure A1l in
Appendix A), where windowEM once again converges significantly faster and recovers
a more meaningful solution.

To compare hyperparameter settings, we repeated the same experiment at n = 10°,
while either keeping B = 20 fixed and varying the window size, or keeping the window
size fixed at B/2 and varying B. The resulting log-likelihood curves are shown in
Figure 5. As expected, we observe that as the window size increases towards the B, the
convergence behaviour startes to resemble standard EM. Similarly, as the number of
blocks decreases (with fixed window size as a proportion), convergence likewise tends
to the standard EM behaviour.

5 Convergence

We distinguish between B < oo and B = oco. In the first case, by iterating over several
epochs, the same data is repeatedly being used, whereas in the second case, only one
epoch, one iteration is done for each block.

We equip the space ©% with a norm

1o Gl = 1w Gl (G Go) € O,

where the norm ||-|| on © can be any norm.

Lemma 4 The space O equipped with ||-||max is a normed space.
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PT’OOf Let C = (C17'~~7§w) and § = (517"'75'“1)’ If HC”maX = maX;=1 ’LUH(:’L” = 07 then

,,,,,

Il = 0 for each ¢ = 1,...,w, hence ¢ = 0. For the triangular inequality,
¢+ &llmax =  max [|¢; + &l < max |||+ max [|&] = [[¢][max + [|€]lmax-
i=1,...,w i=1,...,w i=1,...,w
Finally, for a € R, [|aC||max = max1,... wl|la| = |a]||¢]|max. |

5.1 Fixed points for B < oo

Consider the kth window, k € {1,..., B}, with block indices b(k — w + 1),...,b(k —
1), b(k), noting that b(k) = k always. Define the one-block update based on the kth
window by

O'kiew—)@w, Uk(<17~'~7<w):(C2;~'~;<w+1)eawa

where

1 w
Cutr = = > Py (G0):
i=1

Similarly, define the i-block update, i > 0, based on the kth window by
Sk0(C) =¢,  Ski(Q) = Tbhgi-1) 0+ 0 Opet1) 0 k() 1 >1,
where ¢ = ((3,...,Cw) € ©¥. It holds that
Skiiti = So(k4),i(Skg), 4,7 >0, 1<k<B. (8)

Of particular interest is Sy g (update all blocks) and Sy ., (update all blocks in one
window), starting from block k.
A point ¢ € OV is a fized point for the kth window if ¢ is a fixed point for the
B-step update, that is, if
Sk,5(C) = C.

Lemma 5 Assume ¢ € ©Y is a fized point for the kth window, with k € {1,...,B}. Then,
Sk, (¢) = ¢ for i > 0. Furthermore, let & = Sy, ;(¢) for some j > 0, then Sb(kJrj)’iB(f) =¢
for alli > 0. As a consequence, all windows have a fized point if and only if one window has
a fized point.

Proof For both statements we use (8). For the first, S; 0(¢) = ¢ and Si, p(¢) = ¢. Then,
by induction, S, ;+1)8(C) = Sy+B),iB(Sk,B(C)) = Sk,iB(Sk,B(C)) = Sk,in(¢) = (. The
first part is clear. For the second, Sy(p4),iB(€) = Sp(kt4),iB(Sk,j(C)) = Sk,ip+;(() =
Sk,j(Sk,iB(€)) = Sk, (¢) = €. O

Lemma 6 Let k € {1,...,B}, and assume ( € ©¥ and Sy ;5(¢) = ¢* € O asi — oc.
Then, (* € © is a fived point for the kth window, provided Sy p is continuous in (* € O,
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Moreover, also Sy ;5(Sk,d(¢)) = Sk,d(¢*) € © withd ={—Fk for B> ¢ >k, and d = B+{—k
for k > £ > 1, provided Sy q is continuous in ( € ©V. As a consequence, a converging
sequence exists for none or all windows, provided the relevant continuity assumptions hold.

Proof We make use (8). To prove (¢* is a fixed point, consider Sk,i+1)B(C) =
Sk,B(Sk,iB(¢)) — Sk,B(C") for i — oo, by continuity. Also Sy ;11)p(¢) — ¢* for i —
oo, proving ¢* is a fixed point. By continuity, then Sy ;p(Sk q(¢)) = Sk.d(Sk.ip()) —
Sk,a(CF).- O

If © is compact, then the Brouwer fixed point theorem implies the existence of a
at least one fixed point, but there might be more fixed points [3]. In general, there are
no simple ways to find the fixed point postulated by Brouwer fixed point theorem, in
particular, the iterated sequence is not guaranteed to converge. The iterated sequence
contains however a converging subsequence due to compactness of ©.

Lemma 7 Assume there is a compact convex set Oy C O, such that f,(©) C Og for all
ke {l,...,B}. Then, there exists at least one fized point of Sy, g, k € {1,..., B}, in ©y and
none in (©\ )™

Proof The function Sy g, k € {1,..., B}, is a multi-composition of the functions f, and and
hy: ©Y — O, L € {1,...,B}, where

he(C1y-- -, Cw) = %Zfb(efuﬂri)@i)-
=1

If f,(©) C ©p and O is convex, then hy(0") C O, and the functions restricted to the
domain Oy (OF) are well-defined. Brouwer fixed point theorem guarantees the existence of
at least one fixed point within the domain as it is compact. There cannot be any in (©\ )"
as O is mapped to Og. O

5.2 Lipschitz condition

A function F: D — D, D C R", is Lipschitz if there is a > 0 such that |F(z) —
F(y)|| < a|lz —yl| for all z,y € D. For convenience, we assume « > 0, since it is
always possible to arrange that. Furthermore, the function is non-expansive if it is
Lipschitz with constant « < 1, contractive (or a contraction) if v < 1, and iteratively
contractive if ||[F™(x) — F"(y)|| < da™, z,y € D, n > 1, for some § > 0and 0 < a < 1.
A contraction is iteratively contractive. If D is a complete metric space, then any
iteratively contractive function has a unique fixed point, that is, there is a unique
x € D such that F(x) = z.

In this section, we study the particular situation, where the functions fy,
k = 1,...,B, are all Lipschitz. Let 0;., = (0s,...,0; 1) € O and 0}, =
Of,....0, i) €O, t>w.
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Theorem 8 Assume f}, is Lipschitz on © with constant Ay > 0, such that
||fk(€)_fk?(0l)||SAk”e_e/H? 059/697 k€{177B}

Then, fort > 1, , ,
Het - atH S Ct ||9w7w - aw,meaxv

and for t > w, , ,
Het,w - 6t,w”max < My Hew,w - ew,meaX»

where C1 = ... =Cyw =1, My =1, and fort > w,

t

1
Ci1 = " Z Apk+1)Crks  Miy1 = max{Ciy1,...,Cr_wy2}
k=t—w-+1

Proof The two inequalities are clearly fulfilled with C7 = ... = Cy = 1 and My = 1. Assume
the first inequality holds for all ¢/, such that ¢ > ¢’ > 1 for some ¢ > w. Then,

t+1

1
6141 — Oi41ll = " > Fo) Or—1) = Fogr) (01
k=t—w+2
|t
<= > Ay lltk—1 — Ol
k=t—w+2
L
< " Z Ab(k+1)CkH9w,w - 9;1;7w||max
k=t—w+1

= Ct—i—l How,w - eiv,w”max-

Therefore, for ¢t > w,

|‘9t+1,1u - 9£+1,w“max g . maX H9t+1,i - 9£+17i”
1=0,...,w—1

< maX{Ct+17 ey Ct—w+2}||'9w,w - eiu,w”max

= Mt+1 Hew,w - Ggu,w”max,

and the proof is completed. O

The individual constants Ag, k = 1,..., B, might depend on the data, zj, but
not on the data xy, £ # k, from other blocks. Hence, if zy, k > 1, forms a
sequence of independent random variables, then one might choose A, k > 1, to be a
sequence of independent random variables as well. Contrary to this, M; depends on
Ay ...y At—2w11, SO potentially also on xy, ..., Tt_24+1, that is, 2w values.

Theorem 9 Assume as in Theorem 8. If there exists i > 1, such that My,4;p < 1, then

-/
Mypp <opa’ B, i >0,

for some 0 < a <1, 6, >0, andk=1,...,B. Consequently, S g is iteratively contractive,
and Oy i1 — 0 for i’ — oo and some 0 € ©.
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Proof Since C1 = ... =Cw =1, My = 1 and M,1;p < 1, then by definition of M}, we have
My ymiB < (My44)™ — 0 as m — oo. Let S = max(1,supy—y . p Dg), where

1 w—1
Dy = — A ; k=1,...,B
k w ; b(k—1)» P s Dy

is the average of the w preceding A;s. If My, 4mip = max{CyimiB;---,C1+miB} < €, then
Cw+14miB < €S and by induction My 4 j4mip < €57 < eS’B, j=0,...,iB — 1. Hence, for
m >0, with € = (My4:8)™,

B stB 1/(iB)\j+miB
My jymin < (Myqi)™ S = W((Mw-‘riB) /(iB)yitmi
5iB \1/(iB)\j+miB
< 35— (MuwyiB) ) :
w—+1B

Any k+4'B withi' € Ng, k = w,w+1,..., B+w—1, can be written as j +miB by choosing
j€{0,1,...,iB — 1} and m € Ny appropriately. Hence, this leads to
. ) SiB k—w .
Myyop <éa’ B, i >0, 6, =25 a= My,
My+iB

for k=w,w+1,...,B+w—1, with § > 0 and 0 < o < 1. By changing the constant Jy,
appropriately, one might choose k to run from k = 1 to k = B. Lemma 5 gives the convergence
part and the proof is completed. O

5.3 Convergence for B = oo

In many contexts, the amount of data is huge and we might treat B as being infinite.
If so, for practical and theoretical reasons, one might consider whether convergence
occurs in some sense after a single round of iteration, or at least to a reasonable degree.

The case B < oo is quite different from the case B = oo. In the former case,
the algorithm repeatedly returns to the same block and convergence of the algorithm
depends on the finite data at hand. In contrast, in the case B = oo, each block is
visited only once and the probabilistic nature of the (infinite) data becomes important,
as we expect to see the data xj in frequency proportional to its probability.

We will lean on theory for random function iteration, see [7] for an extensive review
and [5] for the setting we apply. This setting extends the standard set-up with iid
random functions to the non-iid case that fits the non-independence introduced by
averaging across windows and using the estimate of the previous block as set-off for the
estimate of the current block. Specifically, we will apply a theorem from [5], quoting
[9, 10] for its origin, and formulated here according to our needs. Consider

Okttw,w = Okttws - - Okgtw—1, O t—1)ws1)s  t >0,
for fixed k € {1,...,w} as a random process depending on the data (and random

initial parameter values). Note that k4. . s a w-tuple and one time step has the size
of one window. In our context, the iterated function is Sy ., that depends on the data:

(9k+tw,w; xk+(t+1)w,2w) — Sk,w(ekthw,w) = 9k’+(t+1)w,wa
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where 24 (141)w,20 = (Zht(t4+1)w,w> Lhttw,w). In the terminology of [5], the first w-
tuple of Zj, 1 (441)w,2w is called the covariate process (as function of ¢) and the second,
the noise process (as function of ¢). All coordinates of Ty (441)w,2w, €xcept its last
coordinate, is used to compute Oy (14 1)w,w from Og 1w w-

In random function iteration theory, one is typically interested in the forward
iteration and the backward iteration, respectively, that is,

Sk:,tw(C) = SkJr(tfl)w,w ©0...0 Sk+2w,w o Sker,w o Sk,w(<)7 C € (__)w’ and
Tk,tw(C) = Sk,w S Sk+w,w o Sk+2w,w 0...0 Sk—i—(t—l)w,w(C)v C € @u)’

respectively. The equality of the forward iteration follows from (8), whereas the equal-
ity of the backward iteration is a definition. The forward iteration is the ¢-block update
for the window ending at block k, and the backward iteration is similar, however,
here we consider the data laid out differently from right to left. See Table 1 for an
illustration.

By laying out the data in the backward iteration way, we obtain from Theorem 10
below (under the conditions of the theorem) that

0k+tw,w = Tk’tw(ek’w) — Th oo P-as. for t— oo, Tk oo ~ Tso,
for k=1,...,w, where 0 ,, € O are arbitrary initial values. In other words, for large

enough ¢, the estimate 0+, ., stabilises to a value T}, o, € ©", which is independent
of the initial value. Furthermore, T}, o, has a distribution that is independent of £. In

turn, the sequence 0y, k = 1,2, ..., obeys the law of large numbers,
1 & 1Y
H(B)=§Zek=gzl Orriw — E(Tx),  Ax(B) = {i: k+iw < B},
k=1 k=1i€A,(B)

as B — o0o. Thus, one might apply 0(B) as an estimate of the parameter § € . Alter-
natively, one might estimate the distribution of T, from the empirical distribution of
0;, and use this as an estimate of 6. The distribution of T,, depends on w.

5.4 Theorem 10 and convergence

Assume Sy, is Lipschitz with constant Ly ., and that

E(log(Lkw)) <00, E(log([|¢, Sk,w(C)lmax) < oo (9)

(though both might be —oco) for some ¢ € ©", where the expectation is over all data
realisations. The following theorem is an extract from [5, Theorem 1], see also [9]. In
the following ergodic is short for mean ergodic. The Lipschitz constant Ly, ,, might be
obtained from those of f;, £ =k, ..., k+w—1, by multiplication Ly, = Ak -+ Aptw—1,
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Forward iteration

Block 1 2 3 L. k—1 k k+1
Data before adding block k + 1 x1 T2 T3 o Tp_1 Tk
Data after adding block k + 1 x1 T2 T3 o Trp—1 Tk T4l

Backward iteration

Block 1 2 3 ... k—1 k k+1
Data before adding block k + 1 Ty Tp_1 Tk_o - T2 x1
Data after adding block k + 1 Tht1 Th Tr—1 o T3 xo x1

Table 1 In the perspective of the forward iteration (here illustrated with w = 1), we
consider blocks and data added to the right, until there are B blocks (and then we let
B — o0). In the perspective of the backward iteration, blocks are still added to the
right, but the data is shifted once to the right at each addition and the new data point is
added at block 1. We consider convergence of 0 as k — oco. For the backward iteration,
we have convergence P-a.s. (under regularity conditions) as 05 and 041 differ in data
points ‘many blocks away’ for large k. In contrast, for the forward iteration, the best we
can achieve is convergence in distribution.

Theorem 10 Assume the process xjpytyw, t > 0, is stationary and ergodic, and that (9)
is fulfilled. Assume E(log(Ly,)) < 0, that is, Sy ., is on average a contraction. Then, for
k=1,...,w,

® Thoo = limy oo T 1w (C) exists P-a.s. and does not depend on ¢ € OV,

e There is a random function Ts, such that Ty co ~ Too and E(]|Toc||max) < 00,
® Sk.tw(C) converges in distribution to Too ast — 00, and Sk (Teo) ~ Teo,

e The process S 1uw(To), t > 0, is stationary and ergodic.

Proof If the data x4ty w, t > 0, forms a stationary process, then the random functions
Sk+tw,w> t = 0, have identical distribution, independent of ¢, and form a stationary process
as well. The Lipschitz constant Ly 4, of the forward iteration Sy 4, ¢ > 1, is bounded by

LiwLktwaw - Ly (4—1)w,w, hence

1 1
?E(log(l’k,tw)) S EE(log(Lk,ka+w,w e Lk:Jr(tfl)w,w))
t—1

1
7> E(0g(Lytiw,w)) = E(log(Ly,w)) < 0.
=0
The claim of the theorem is now part of [5, Theorem 1]. O

The condition (%) E(Ag) < 1 — € for all k implies E(Ly ) <1 — € and by Jensen’s
inequality that E(log(Lk.w)) < log(l —€) < 0. Hence, the Lipschitz condition of
Theorem 10 is fulfilled. The condition (x) itself has strong implications for convergence.

Lemma 11 Assume as in Lemma 8 and that E(A) < 1—¢ for all k > 1 and some ¢ > 0
(but not necessarily Ay, < 1). If Ag, k > 1, are independent, then fori >0 and 1 <n < w,

E(Cuwitn) <(1—¢)', 0<wit+n<w(i+l),
and for Oww, 0y € O, we have

E(16t, — 0, llmax) < w(l — )20 10, 00 — 6l o llmax.
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L. / .
The initial parameter vectors, 0w and 0y, ., are considered fized.

Proof According to Lemma 8, we have C1 = ... = Cy = 1, and for t > w,

¢
1
Ctp1= > A1) Cre
k=t—w+1
For the induction basis with i = 0 and n = 1,...,w, E(Cn) = 1 < (1 — ¢€)°. Assume the
induction hypothesis holds for all i, n’ such that wi +n > wi’ +n’ > 0. If n < w, then
1 wi+n
_— .
ECuipnit) == > B(A)EC) < (1- (-9 = (1 - o),
k=w(i—1)+n+1
where independence of Ay and Cy, is used, and that n 4+ 1 < w. If n = w, then

w(i+1)
1 ; i+1
E(Cuwitnt1) = E(Cuy(it1)+1) = Y E(Ap)ECR) < (1—e)(l—¢' = (1—o"h
k=wi+1
The last statement is a consequence of Lemma 8 and the first result. (]
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Appendix A Mixture of Gaussian distributions

See Figure Al.

Appendix B Concavity

A function F = (Fy,..., F}): C — R* defined on a convex set C C R is said to be
concave if each coordinate function F;, i = 1,...,k, is concave. As a consequence, we
have
F(tz + (1 —t)y) > tF(z)+ (1 - t)F(y), z,yeC, te(0,1),

where the inequality is taken component-wise.

The function F': C — R” is said to be non-decreasing if each coordinate function
F;,i=1,...,k, is non-decreasing in each coordinate z;, i = 1,...,n, . = (x1,...,Zp).
Equivalently,

if x>y, then F;(z)> Fi(y), i=1,...,k and hence, F(z)> F(y).
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Lemma 12 Let G: C — C' and F: C' — RF be two functions, where C CR™ and ¢! C R™
are convex sets. Consider H = F o G: C — R"™. Assume F 1is concave and non-decreasing,
and G is concave. Then, H is concave.

Proof In principle, it follows from [2, p86]. However, the reference requires the extended
function of F' to be non-decreasing, which we do not (and are not willing to) assume. Since, in
our set-up, C,C’ are convex sets, G(C) C C’ and the domain of F is C’, we do not encounter
the problems of the general set-up.

The proof is adapted from [2, p86]. Assume z,y € C and 0 < a < 1. Since C is convex,
we conclude that ax 4+ (1 — a)y € C, hence from concavity of G, we have

Glaz + (1 — a)y) > aG(z) + (1 — a)G(y), (B1)
where the inequality is component-wise. Since G(z), G(y) € C’ by assumption, we conclude
that aG(z) + (1 —a)G(y) € C’ by convexity of C’. Also, G(ax+(1—a)y) € C’ (in the general
set-up, non-decreasingness of the extended function is used to conclude the same).

Using the above conclusions, the fact that F' is non-decreasing, and (B1), we get

FoG(azx + (1 —a)z2) = F(G(az1 + (1 — a)y))
> P(aG(x) + (1 - a)G(y))
> aF(G(@) + (1 - ) F(G(y))
=aFoG(z)+ (1—a)F oG(y)

where concavity of F' is used to derive the last inequality. (]
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10 normals with n=100k, 20 blocks, 5 block window
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Fig. 3 Comparison of fitting a mixture of 10 unit variance Gaussian distributions with standard
EM and windowEM from 100000 randomly sampled data points. Both algorithms are run for 500 full
passes over the data (corresponding to iterations for standard EM, or epochs for windowEM). The
final estimates are shown together with the popaﬁtion and complete data MLE at the top. In the
middle panel, the evolution of individual parameter estimates are shown, while the bottom shows the
log-likelihood over iterations (resp. epochs). The individual block estimates are shown, together with
their average taken at the end of each epoch.



10 normals with n=10k, 20 blocks, 5 block window
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Fig. 4 The same set-up as Figure 3, but fitting n = 10* data points.
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10 normals, n=100k, windowsize = blocks/2

-2.48

-2.49 A
c
=
o
_8’ -2.50 1
-2.51
T T T
-2.52 A 420 450 480
1 10 100
Iteration
B=10, W=5 == B=40, W=20 === Standard EM = = Population
== B=20, W=10 === B=80, W=40 Complete data MLE
10 normals, n=100k, 20 blocks
-
-2.48
-2.49
c
=
8 -2.50+
-2.51 A
T T T
-2.52 420 450 480
1 10 100
Iteration
W=1 =—=W=5 == W=20 Complete data MLE

=== W=2 === W=10 === Standard EM = = Population

Fig. 5 Effects of varying window size (for fixed number of blocks) or number of blocks (with window
size a fixed proportion of blocks) when fitting th@8ame scenario as in Figure 3.



10 normals with n=1000k, 5 blocks, 5 block window
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10 normals with n=1000k, 20 blocks, 5 block window
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Fig. A1 The same set-up as Figure 3 and 4, but fitting n = 10% data points.
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