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Abstract

Background: The two-machine bound LB in permutation flowshop scheduling problem (PFSP)
branch-and-bound (B&B) is used to evaluate the quality of a partial solution and it is computed over
multiple machine pairs. The evaluation can be stopped earlier if pruning is feasible. As a result, the
selection of pairs and their arrangement are important. More pairs imply better bounds but slower
computation, and fewer pairs reduce costs but may weaken pruning. The trade-off has a large effect
on performance.

Methods: In this work, we provide the first systematic analysis of the selecting machine pairs problem
for computing LBs. We extend the adaptive mechanism for machine-pair selection and propose
limiting the candidate set to machine pairs that include the first or the last machine, reward sharing
when multiple machine pairs yield the same bounds, and alternative scoring such as exponentially
weighted moving averages (EWMA) ranking and one that combines accumulated reward with a pair’s
mean lower bound. In addition, we implement algorithms that dynamically modify the number of
pairs assessed at each node. Finally, we evaluate their empirical impact.

Results: Experiments on Taillard benchmark instances demonstrate a trade-off between bound tight-
ness and runtime. Restricted strategies significantly speed up the search compared to the full version
of LB5. At the same time, adaptive approaches using all machine pairs remain a strong baseline, while
methods dynamically adjusting the active set often achieve similar performance on harder instances.
Random strategies tend to be less reliable.

Keywords: Permutation Flowshop Scheduling Problem; Branch-and-bound; Lower Bounds; Machine-pair
Selection; Two-machine Relaxation



1 Introduction

The exact methods for scheduling problems
remain important whenever an optimal solu-
tion with proof of optimality is required. This
is particularly relevant for benchmarking heuris-
tic approaches and for solving problem instances
where optimality guarantees can be critical. In
such settings, branch-and-bound (B&B) algo-
rithms are among the standard exact approaches.
They systematically explore the search space and
prune subproblems whose bounds show that they
cannot improve the incumbent solution (Morrison
et al. (2016); Brucker (2007); Ruiz and Maroto
(2005)).

For minimization problems, a node can be
pruned when its lower bound (LB) is greater than
or equal to the current upper bound (UB), i.e. the
objective value of the best feasible solution found
so far. As a result, bound quality and computa-
tional cost are tightly coupled. Simple bounds are
inexpensive to compute, but may provide limited
pruning, while stronger, tighter LBs can signifi-
cantly reduce the search tree at the expense of
greater computational effort per node (Morrison
et al. (2016)).

This trade-off is clearly visible in the permuta-
tion flowshop scheduling problem (PFSP), where
each job must visit all machines in the same
order. In this case, two-machine relaxations pro-
vide effective lower bounds, commonly referred
to as LBy (Lageweg et al. (1978); Ladhari
and Haouari (2005)). The classical LBy bound
is obtained by solving a relaxation for a pair of
machines and taking the maximum value over a
set of machine pairs (Lageweg et al. (1978)). How-
ever, evaluating all (7;) machine pairs can become
costly as the number of machines grows, especially
compared to a simple LB computation based on a
single selected pair.

This is not just a theoretical concern: in our
analysis, the evaluation of machine pairs accounts
for approximately 89%-98% of the per-node LBy
time, while the shared preprocessing contributes
only about 2%-11% (see Section 5.4).

In addition, different machine pairs may pro-
duce bounds of very different quality. Conse-
quently, the order in which pairs are evaluated
can influence the number of pairs computed before
pruning occurs, and therefore the total runtime.

1.1 Motivation

These observations raise a natural question: how
should a BéB solver choose and order machine
pairs when computing LB2, especially when early
exit is possible? Here, early exit refers to stop-
ping the evaluation of machine pairs as soon as
the current lower bound reaches or exceeds the
incumbent upper bound, since the node can then
be pruned (Land and Doig (1960)).

The effectiveness of a selection policy depends
not only on the average bound quality but also on
how quickly it tends to find a pair that is strong
enough to trigger pruning, how stable the best-
performing pairs are across the search tree, and
how much overhead is introduced by the selection
mechanism itself.

1.2 Contributions

In this work, we study the problem of selecting
machine pairs for computing LB, and its impact
on both bound quality and computational effi-
ciency. In our earlier work (Gmys et al. (2020)),
we introduced a lightweight adaptive evaluation
mechanism for machine-pair selection as a pre-
liminary idea, without an in-depth analysis. This
paper systematically develops this direction. More
specifically, we compare classical static strategies
with an online adaptive mechanism, design and
evaluate different practical variants, and quan-
tify their impact in a extensive empirical evalu-
ation. The variants considered include tie-aware
reward sharing when multiple pairs yield identical
bounds, restricting the candidate set to extreme
machine pairs, alternative scoring mechanisms
that replace standard reward-based ranking, and
mechanisms for dynamically adjusting the number
of top-ranked pairs evaluated.

Our contributions are mainly empirical and
practical:

® We study machine-pair selection as a trade-
off between bound strength and computational
cost in early-exit LBy evaluation.

* We extend our lightweight online
mechanism (Gmys et al. (2020)) with tie-
aware/restricted variants, alternative scoring,
and a dynamic choice of how many top-ranked
pairs to evaluate.

® We provide a sensitivity analysis of the learn-
ing parameters and suggest default settings



that perform well across the tested Taillard
benchmark sizes.

Overall, our results highlight that evaluating
more machine pairs does not necessarily lead to
better overall performance. In many cases, limit-
ing the number of pairs evaluated while maintain-
ing an effective ordering can significantly reduce
the overall runtime of B&B.

1.3 Organization of the paper

The remainder of the paper is organized as fol-
lows. Section 2 briefly reviews PFSP, B&B, and
the classical bounds LB; (a one-machine LB)
and LBy (Lageweg et al. (1978)). Section 3 dis-
cusses related work. Section 4 describes the com-
pared machine-pair selection strategies. Section 5
presents the experimental setup and results.
Section 6 concludes the paper, and supplementary
tables are provided in Appendix A.

2 Background

We first introduce the PFSP and the B&B frame-
work, and then summarize the lower bounds LB,
and LBs that form the basis of our study. We
focus on the components needed to understand
the bounding procedure and the overall search
process.

2.1 PFSP

The PFSP is a classic NP-hard optimization prob-
lem where a set of n jobs must be processed on m
machines. Each job follows the same fixed order
of machines My, ..., M,,, and at any given time
each machine can handle at most one job. Once
an operation starts, it cannot be interrupted. The
main goal is typically to minimize the makespan,
i.e., the time when the last job finishes on the final
machine (Brucker (2007)).

Figure 1 illustrates a small PFSP instance with
four jobs and four machines using a Gantt chart
representation. The schedule corresponds to a per-
mutation of the jobs that is respected on every
machine.

PFSP is one of the standard benchmark prob-
lems in scheduling and is widely used to evaluate
exact and heuristic methods (Brucker (2007); Tail-
lard (1993); Ruiz and Maroto (2005)). Even for

small instances, minimizing the makespan is com-
putationally challenging. Although the permuta-
tion requirement simplifies the overall structure of
the problem, it introduces strong dependencies in
the ordering of jobs.

This leads to an explosion in the number of
possible schedules, which increases factorially with
the number of jobs (n!). As a result, exact meth-
ods commonly rely on B&B algorithms, which use
lower bounds (Morrison et al. (2016)) to elimi-
nate parts of the search tree that cannot have
an optimal solution. The effectiveness of these
approaches strongly depends on the quality of the
lower bounds, as tighter bounds allow for more
aggressive pruning before exploration.

Machine 1 2 3 1 4 ‘
Machine 2 2 3 1 4
Machine 3 2

Machine 4 2 ‘3 1 4

Fig. 1 Example Gantt chart of an optimal PFSP schedule
with 4 jobs and 4 machines.

2.2 B&B

B&B is a standard exact framework for solv-
ing NP-hard combinatorial problems, including
PFEFSP (Brucker (2007)). The classical scheme goes
back to the original B&B method of Land and
Doig (1960), which combines systematic branching
with pruning based on bounding.

In the following, we focus on its components
in the context of permutation-based scheduling
minimization problems. A typical B&B algorithm
for such types of problem repeatedly performs the
following steps:

® Branching: generate child nodes by fixing an
additional decision in the partial permutation.
For PFSP, a typical scheme fixes the job placed
at the next position from the beginning (build-
ing a prefix), and some variants may also fix
jobs from the end (building a suffix).

® Bounding: compute an LB by approximating
(from below) the best objective value reachable
from the node.

® Selection: choose the next open node to pro-
cess (e.g., depth-first or best-first based on node
depth or bound value).



® Pruning: discard nodes whose LB is not better
than the incumbent UB.

Here, the LB provides a guaranteed underesti-
mate of the best achievable objective value from
a partial solution, while the UB corresponds to
the cost of the best feasible solution found so far.
The pruning rule follows directly from this rela-
tionship: a node can be discarded whenever its
LB is not better than the current UB, which in
PFSP is commonly written as LB > UB (Morrison
et al. (2016)). In such exact solvers, the compu-
tation of bounds often dominates the per-node
runtime, which makes the design of effective and
inexpensive lower bounds crucial.

2.3 Lower-bound computation

Many LBs of the PFSP are obtained by relax-
ing the m-machine problem into exactly solvable
one- or two-machine subproblems. In this work, we
focus on LBy and LBy, and on how machine-pair
selection affects both the cost and the effectiveness
of LBQ

We represent a B&B node by two fixed subse-
quences: a prefix o7 (jobs fixed from the beginning
of the permutation) and a suffix oo (jobs fixed
from the end), with the remaining set of unsched-
uled jobs denoted by J. Following the classical
PFEFSP B&B notation (Gmys et al. (2020); Lageweg
et al. (1978)), we use two standard terms evalu-
ated on each machine My:

® a head term r(o1,k) that captures how much
time is already “spent” on M}, due to the fixed
prefix o1;

® a tail term ¢(o2, k) that corresponds to the pro-
cessing time after M, under the fixed suffix
ag9g.

Intuitively, r(o1, k) represents the completion
time of the prefix o1 on machine My, i.e., the accu-
mulated processing up to My. In contrast, q(o2, k)
captures the remaining processing induced by the
suffix o5 on machines M to M,,. Standard con-
ventions are used when either oy or o9 is empty.

2.3.1 LB,

For each machine M we denote by p(k) =
>_jes Pjk the total remaining processing time on
Mj,, where pj j, is the processing time of job j on
machine M}y. The one-machine bound then takes

the worst (largest) machine-wise sum:

LBy(01,02) = lg}ixm(r(al, k) + p(k) + q(o2,k)).
- (1)

Evaluating LB for a single node requires com-
puting r(o1,k), q(o2,k), and p(k) for all k €
{1,...,m}, which can be done in O(mn) add/max
operations for n jobs. Moreover, if the algorithm
evaluates LB; for all direct children of a parent
node, this can still be performed in overall O(mn)
time by computing r (o1, ), ¢(o2,-), and p(-) once
for the parent (in O(mn)), and then updating the
bound for each of the O(n) children in O(m) time.

Due to its low computational cost, LB is often
used as a first filter in branch-and-bound: nodes
satisfying LB; > U B can be pruned without eval-
uating more expensive relaxations (Morrison et al.
(2016)).

LBy can also be interpreted as a degener-
ate case of the two-machine bound LBsy, where
both machines in the pair are identical (k =
[) and no intermediate machines are considered.
In this sense, LBy generalizes LBy by explicitly
modeling interactions between distinct machine
pairs (Lageweg et al. (1978)).

2.3.2 LB,

A stronger bound is obtained by selecting two
bottleneck machines My and M; (1 < k < [ <
m) and relaxing capacity constraints on all other
machines (Lageweg et al. (1978)). Let Ckl (J)
denote the optimal makespan of the resulting two-
machine relaxation for unscheduled jobs solved by
a Johnson-type ordering with appropriate heads,
tails, and lags (time delays equal to the aggregated
processing time of each job on the intermediate
machines between M} and M;) (Johnson (1954);
Lageweg et al. (1978)). Then

LBs(01,09) = max (r(al,k)—f—C’rlf;éx(J)—I—q(ag,l)).

1<k<i<m
(2)

LBs processes machine pairs sequentially
rather than all machine pairs at once. This
allows for an early exit, since the evaluation can
be stopped as soon as a single pair is suffi-
cient to prove that the node cannot lead to an
improved solution. Specifically, if for some pair
LBs(01,09) > UB, the node can be pruned and
the evaluation stops according to the standard



B&B principle (Land and Doig (1960)). As a
result, the actual cost of computing LBy depends
not only on the number of machine pairs con-
sidered, but also on the order in which they
are evaluated. Processing stronger pairs earlier
increases the likelihood of triggering an early exit
and can therefore significantly reduce the average
evaluation time.

Although solving a two-machine relaxation
with Johnson’s rule is often reported as O(nlogn)
because of the sorting step according to Johnson
(1954), in our implementation the Johnson order
for each machine pair is precomputed and stored.
Consequently, once the O(mn) head and tail val-
ues have been computed, evaluating a machine
pair at a node only requires processing the remain-
ing jobs in the corresponding Johnson order. Since
this order is precomputed and stored, the eval-
uation takes O(n) time per machine pair. When
bounds are computed for all O(n) children of
a parent node, the overall complexity of LB,
becomes O(|W|n?) for |W| evaluated machine
pairs, resulting in a quadratic dependence on n.
Under the same evaluation scheme, L B; remains
linear in n.

3 Related work

The exact algorithms for the PFSP have long
relied on B&B, where the efficiency of the search
is largely determined by the quality and cost of
the LBs (Brucker (2007); Morrison et al. (2016)).
For a recent overview of B&B methods for PFSP,
we refer to the work of Tomazella and Nagano
(2020). Over time, research in this area has
explored increasingly strong bounds along with
practical mechanisms that make them affordable
in large search trees (Lageweg et al. (1978); Gmys
et al. (2020)). At the same time, implementation
choices, such as evaluation order, pruning strate-
gies, and parallel execution, have been shown to
interact closely with the cost of bound compu-
tations as shown in the works by Mezmaz et al.
(2013); Melab et al. (2012); Helbecque et al.
(2023). The works most closely related to our
study lie at the intersection of these directions.

3.1 LBs for PFSP B&B

An important consideration in exact PFSP algo-
rithms is the balance between bound strength and

computational cost. Surveys on B&B emphasize
that the effectiveness of a bound is determined
not only by how tight it is, but also by how
often and how early it enables pruning during
the search (Morrison et al. (2016); Tomazella and
Nagano (2020)).

In PFSP B&B solvers, LB; (Brown and Lom-
nicki (1966)) is often used as the cheapest bound:
it can serve either as a standalone LB under
tight per-node budgets or as a quick preliminary
filter before investing time in two-machine evalu-
ations. Its main limitation is structural, since it
is derived from single-machine relaxations. There-
fore, it cannot capture sequencing effects aris-
ing from interactions between machines. PFSP
solvers typically combine inexpensive filters with
stronger bounds applied more selectively Lad-
hari and Haouari (2005). The one-machine bound
LBy is commonly used as a fast preliminary test,
while the two-machine bound LBy (Lageweg et al.
(1978)) remains one of the strongest polynomial-
time bounds for makespan minimization and is
widely used in exact approaches. Moreover, the
choice of bound often depends on the region of the
search tree.

Benchmark-based evaluation also plays an
important role in this literature. The Taillard
instances which are described in the work of Tail-
lard (1993) have become a standard reference set,
and are widely used in PFSP studies to enable con-
trolled comparisons across different problem sizes
and solution methods (Ruiz and Maroto (2005)).

3.2 Machine-pair restrictions for
LB,

In exact PFSP algorithms, a limitation of LBy is
that evaluating all machine pairs incurs quadratic
computational cost in the number of machines. Let
Wo = {(k,1) : 1 <k <1< m} denote the full set
of candidate machine pairs. The complete evalu-
ation computes LBo(Wp) considering every pair
in Wy and is therefore the strongest among the
variants LBy (W), but it can solve up to (') two-
machine subproblems at a single node (Lageweg
et al. (1978)). Implementations rely on constant-
factor optimizations, including precomputing at
the root the Johnson ordering of jobs for every
machine pair, as proposed by Johnson Johnson
(1954), so that evaluating a fixed pair (k,[) at a



Table 1 Summary of common machine-pair restrictions and

adaptive evaluation policies for LBs.

Policy Pairs Main idea / effect

Full evaluation O(m?) Strongest variant, but

— AP quadratic work in the
number of machines
m.

Fixed-machine O(m) Evaluate only pairs

(e.g., last that
machine) — Last
reduce cost.
Consecutive
pairs — Adj
structured
with linear work.

include a des-
ignated machine to

Restrict to adjacent
machine pairs to keep
coverage

node mainly reduces to scanning that order for the
currently unscheduled jobs.

To further reduce the cost, many practical vari-
ants evaluate only a restricted subset of pairs,
accepting a potential loss in bound strength in
exchange for faster computation. Two classical
linear-size restrictions are:

Wy ={(k,k+1):k=1,....,m—1}
(adjacent pairs (Nabeshima (1967))), (3)

Wy={(k,m):k=1,...,m—1}
(fixed last machine (Lageweg et al. (1978))).
(4)

The consecutive-pair restriction keeps only local
interactions and may miss long-range bottlenecks,
while the fixed-last restriction is motivated by the
fact that the makespan is defined on M, (but
excludes interior pairs (k,1) with [ # m).

Table 1 summarizes the most common restric-
tions discussed above.

3.3 Strategy design and automation

Beyond manually designed heuristics, recent stud-
ies have explored automated approaches to con-
struct B&B components. For example, Maudet
and Danoy (2025) and Vorokhta et al. (2026)
investigate the use of genetic programming to
generate or select effective strategies in B&B,
showing that the policy design itself can be

optimized. More broadly, the metaheuristics lit-
erature emphasizes that algorithmic performance
is often driven by a small number of reusable
building blocks and design decisions (e.g., scoring
rules, selection policies, update schedules), which
makes automatic design and tuning attractive
when these choices are instance-dependent (Talbi
(2009)).

3.4 Parallel implementations

From a systems perspective, PFSP is also served
as a benchmark for multicore and GPU-based
B&B implementations, as shown by Melab et al.
(2012); Mezmaz et al. (2013); Helbecque et al.
(2023). These works demonstrate that reduc-
ing the work per node and efficiently managing
memory access are crucial to performance. They
also highlight additional constraints that do not
appear in sequential solvers, such as load balanc-
ing across threads and the need to keep per-node
computations predictable. In particular, early-exit
behavior and adaptive pair ordering can introduce
runtime variability that interacts with scheduling
and work stealing.

Although previous studies have explored
reduced machine-pair sets, adaptive evaluation
orders, automated strategy generation, and par-
allel execution, the practical cost of the pair-
selection policy itself has received much less atten-
tion.

In the following section, we focus on this aspect
and study several lightweight variants of machine-
pair selection policies for LBy, focusing on their
interaction with frequent bound evaluations and
early-exit pruning within PFSP B&B.

4 Proposed machine-pair
selection strategies

This section introduces the LBs machine-pair
selection baselines developed in this work and
used in our experiments. We consider a total of
ten additional baselines: two fixed (static) strate-
gies and eight learning-based variants. All meth-
ods rely on the same underlying computation:
for a given pair of machines (My, M;) we solve
the corresponding two-machine relaxation using
Johnson-type ordering.

The variants differ only in algorithmic choices:
which machine pairs are evaluated, in what order



they are considered, and how this order is updated
during the search. We restrict attention to policies
that modify only the evaluation sequence while
preserving the asymptotic per-node complexity
of the baseline evaluation strategy. This distinc-
tion is important because PFSP B&B methods
may explore large search trees, and even mod-
est increases in per-node complexity can offset
the gains obtained from reducing the number of
evaluated pairs.

In the solver, pairs are evaluated sequentially
and the evaluation stops as soon as LB > UB, so
good ordering can reduce computational cost even
when the underlying set W remains unchanged.
When many nodes are close to being pruned, early
encountering a strong pair can turn a nearly com-
plete pass over W into only a few evaluations,
while a loose upper bound rarely triggers early exit
and makes pair selection mainly affect the final
bound value rather than runtime.

Restricting the set of evaluated pairs is there-
fore important. Computing a single two-machine
relaxation is inexpensive, but doing so () times
at every node quickly becomes costly. Over large
search trees, these small costs accumulate and can
end up dominating runtime. The baselines consid-
ered here aim to learn which pairs tend to be most
useful during the search.

We now introduce the baselines. Each can be
characterized by the following features:

® pair ranking (learned / random),

e number of pairs selected (k) with multiple
choices examined and given as an extension of
the name for several variants,

e frequency of update (none / periodic / per
node),

® additional control parameters such as «, a,
the smoothing factor used in the exponentially
weighted moving average (EWMA) update rule,
as well as mechanisms such as tie-sharing,
shrinking, and adaptive selection.

All variants considered in this paper com-
pute LBy (W) for a particular (possibly dynamic)
subset W of machine pairs.

4.1 Random static subsets (fixed for
the whole run) — RS

As a simple baseline, we also evaluate random
static subsets of machine pairs. For a given subset

size k € {1, [m/2] + 1, m}, the subset is sam-
pled once at the beginning of the run and then
kept fixed throughout the search, giving W =
Wrand(By C Wy,

This variant serves as a reference point for
understanding how much of the observed perfor-
mance gains come from informed pair selection
rather than simply reducing the number of evalu-
ated pairs.

4.2 Random reshuffling
(training-length cycles) — RR

We also consider a random-with-resets strategy.
Instead of keeping a single random subset for the
entire run, the solver periodically discards the cur-
rent subset and samples a new one of the same
size.

We define the reshuffling period as follows:
each cycle begins with a full-pass “training” phase
(evaluating all pairs), followed by an exploitation
phase that uses a randomly sampled active set
of size k € 1, [m/2] + 1, m. At the next reset,
the active set is discarded and resampled, so that
W = Wkeset(k) C Wy can change from cycle to
cycle.

4.3 Adaptive top-k evaluation of
LBy — AT

We follow and extend the general online-learning
idea briefly introduced in the work of Gmys et al.
(2020) (maintaining an active machine-pair set
with periodic full refresh). Building on this, this
subsection summarizes the mechanism and the
parameters we use.

Beyond static restrictions, adaptive policies
aim to reduce the average number of evaluated
pairs per node by exploiting early exit and pri-
oritizing pairs that tend to be most informative
during the search. In the paper of Gmys et al.
(2020), we introduced a lightweight online mech-
anism that maintains an active set W* C W, of
promising pairs and first evaluates them, and the
set is dynamically updated based on the usefulness
observed. We parameterize this learning schedule
by:

® the active-set size k fixed and defined at the
beginning,



T train T refresh

(full evaluation) (top-k pairs only) (full evaluation)’ (top-k pairs only)

Time (nodes)

EXPLORATION PHASE
Evaluate all pairs in W, (full pass),
update their rewards, and rank them

EXPLOITATION PHASE
Evaluate only the active set W* of top-k pairs
in ranking order
and update their rewards

W, (all pairs) W, (all pairs)
A A
Is ) r N
\ - J\ J

top-k best pairs not evaluated pairs

Fig. 2 Schematic overview of the adaptive top-k learning
mechanism.

® a training window length Tian (number of
bound computations during which a full pass is
performed to (re)estimate pair utility),

e a full-refresh interval Tyefresn (number of bound
computations between two full passes).

In the configuration reported by Gmys et al.
(2020), we used k = m, Tirain = 2n and Trefresh =
200n, where n is the number of jobs (Gmys et al.
(2020)). Based on preliminary analysis, we addi-
tionally include k = m/2 + 1 in the experiments.

In this approach, a pair is considered “success-
ful” if it frequently triggers pruning by being the
first pair to reach LB > UB (a winner-take-all
criterion). Operationally, pairs are maintained in
a list sorted by their rewards and are evaluated in
that order.

Figure 2 provides a schematic overview of the
adaptive top-k learning mechanism, highlighting
the alternation between exploration (full pair eval-
uation) and exploitation (evaluation of the active
top-k set).

4.4 Adaptive evaluation with
tie-shared rewards — TA

The original adaptive scheme credits a single “win-
ner” pair, although ties are common, as several
pairs can produce the same best value and early
exit may make multiple pairs equally responsible
for pruning. To reduce the sensitivity to arbitrary
tie-breaking, we share the reward across all tied-
best pairs. The remainder of the method follows
the adaptive scheme described in Subsection 4.3.

Let W be the set of eligible pairs at a node.
Since several pairs can achieve the same best score,
we first compute the best value M and then collect
all pairs that achieve this value into the tie-best

set T (so the links are handled explicitly, rather
than arbitrarily broken).

M = max LBy

(p,q)EWo
T={(p.q) eWo:LBY =M}  (5)

p,q’

We assign

T, (i,j)eT,
Tij = . (6)
0, otherwise.

4.5 Learning restricted to
extreme-machine pairs with
tie-shared rewards — Fxt-TA

Empirical motivation

To motivate this restriction, we first ran a
small pre-analysis using the classical full evalua-
tion LB2(Wy). For each bound computation, we
recorded the single machine pair (M;, M;) that
achieved the maximum two-machine value.

Figures 3-4 show, for two representative
instances, how often each pair was selected as the
best in a 10-minute run. In both cases, the high-
est counts concentrate on pairs that involve the
first machine (¢ = 1, first row) or the last machine
(j = m, last column).

Extreme pool and learning rule

Motivated by this observation, we reduce the
learning search space by restricting candidates to
extreme pairs,

Wext ={(1,5):7=2,...,m}U{(i,m):i=1,...

(7)
and run the learning mechanism within this pool,
using the shared-reward update of Section 4.4
and following the adaptive scheme from Subsec-
tion 4.3.

4.6 Adaptive evaluation with
alternative tie-shared scoring —
SB-TA

This variant keeps the same overall mechanism (an
active set of k pairs that is periodically refreshed),
but replaces the winner-based reward signal with
a complex score computed from the observed LB;
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Fig. 3 Best-pair frequency heat map for a representa-
tive Taillard PFSP instance (10-minute run; full LB2(Wy);
winner-takes-all). Dark purple indicates zero selections; yel-
low indicates the maximum frequency observed on these
runs.

Distribution of Best LB2 Pairs
TA60 — Aggregated over 3 runs
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Fig. 4 Best-pair frequency heat map for a second repre-
sentative Taillard PFSP instance under the same protocol
as Fig. 3.

values. We form the next active set W iio(k)
by selecting the top-k pairs under this score.

Let the scoring window contain N observa-
tions indexed by r € {1,..., N}. For each r and

(r)
2

each pair (i,7) € Wy, we compute LB o and its

average

N
1 (r)
meanlB; ; = i ZLB?i,j' (8)
r=1
Let T denote the tied-best set defined in
Section 4.4. We compute a tie-shared best-
frequency

N

fig= %Zl[(@j) SVAR %7 9)

r=1

and define the composite score
score; ; = meanLBi,j (1 + f@j). (10)

Intuitively, f;; measures how often a pair
appears among the tied-best candidates, averaged
over N observations and normalized so that each
tie contributes its credit uniformly across all tied
pairs. This avoids over-rewarding nodes where
many pairs share the same best value. The final
score then combines the average quality of a pair,
meanLB; ;, with its stability as a frequent tied-
best choice, so that pairs that are both strong and
consistently competitive among ties receive higher
scores.

The active set is then formed by selecting the
k pairs with the largest scores.

4.7 EWMA memory in adaptive
evaluation — EFWMA

This variant also follows the same general frame-
work as the adaptive evaluation mechanism (the
same refresh schedule and the active set of size k),
but replaces score resets with a smoothed memory
of past rewards.

Let s;(t) denote the score of pair (i, ) after
the t-th update (bound computation), and let
ri,;(t) denote the reward observed at that update
using the original winner-take-all credit assign-
ment (that is, a single “winner” pair receives
reward 1 and all others receive 0). We maintain
an EWMA score Hunter (1986)

Si,j (t) =S4 (t—l)—F(l—Oé) Ti,5 (t),



At each refresh time in the adaptive evalua-
tion schedule, the next active set WZ,,..(k, a) is
formed by selecting the k pairs with the largest
current scores s; ;(t), and the pairs are evaluated

in decreasing-score order.

4.8 Championship-based
competitive pairs — Champ

We also consider a simple “championship” selec-
tion rule, inspired by dueling bandits, in which
pairs compete for points and are always kept in a
global ranking. We use an elite size k and a cham-
pionship size of 1 (one duel per node after the
champion test).

Let s;(t) be the current score of the pair i after
the t-th update. At any time, all pairs are sorted
in decreasing order of s;(t). At a node, we first
evaluate the current best-ranked pair (the cham-
pion). If this already yields LBy > UB, the node
is pruned and the evaluation stops.

Otherwise, we perform one duel by sampling
two pairs 7 and k uniformly at random and eval-
uating them (ensuring that the champion is not
re-tested if it is selected again). The duel reward
(A, Ay) is defined as follows: if both evaluations
exceed the UB, then A; = Ay = 0.5; otherwise,
the better of the two receives A = 1 and the other
receives 0. If at least one of the two evaluations
exceeds the UB, the node is pruned.

Finally, we update the two selected scores,

s;i(t) = s5(t) + 4y,
si(t) = sk(t) + Ag, (12)
and re-sort the pairs accordingly.

4.9 Shrinking method in adaptive
evaluation — Shrink

This variant keeps the same refresh schedule
and the same learning/update rule as in Subsec-
tion 4.3, but makes the active-set size k adaptive
within each exploitation period.

At the beginning of every exploitation period
(immediately after the full-pass training phase),
we initialize the active-set size to the original
choice: k = m. We also enforce the same minimum
active-set size, namely kpin = [m/2] + 1.

Let u(t) denote the number of pairs that are
actually evaluated at node t before the early exit
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stops the evaluation. At the next node, if the pre-
vious evaluation used less than half of the current
active set, u(t —1) < 3 k, we shrink the budget by

one,
k = max{kmin, k — 1}, (13)
and proceed exactly as in the standard adap-
tive top-k variant from Subsection 4.3 with this
updated k (i.e., keep maintaining the reward-
sorted list and evaluate the current top-k pairs
first).
After the next full refresh/reset, the procedure
restarts from k = m.

4.10 Knee-selected budget in
adaptive evaluation — Knee

This variant again follows the online refresh sched-
ule and the learning rule from the Subsection 4.3,
but selects the active-set size k automatically at
the end of each training phase.

Let kmin = |m/2] + 1 and kpax = 2m. After
the full-pass training phase, each pair (i, j) has an
accumulated training score R; ;, i.e., the cumula-
tive reward from the same update rule used above
(winner-takes-all). We sort all pairs in decreas-
ing R; ;. Let v > vg > --- > vy, denote the
resulting top-kmax list of scores.

We then normalize these values by their total

mass i
S = i( Vg, (14)
and define the normalizetg 1contribution
PO=%  t=L. ke (15)

If S < 1079, we set k& = kmin. Otherwise,
we interpret the “knee” as the point where the
marginal normalized contribution drops the most,
i.e., we select

t* € arg max

tE{kmin,---,Fmax }

(p(t —1) = p(t)), (16)

(with the convention p(0) = 0), and set the
exploitation budget to
k = min{kmax, max{kmin, t*}}. (17)

Intuitively, this picks the prefix length at which
the next candidate pair becomes negligible under



the training-phase reward distribution. When this
happens very early, the minimum-budget safe-
guard k > ki, prevents selecting an overly small
active set.

After the next full refresh/reset, the knee
selection is repeated.

4.11 Machine-pair selection
configurations

Table 2 summarizes the considered strategies and
their main characteristics.

Table 2 Summary of machine-pair selection strategies.

Baseline  Number of pairs  Update frequency  Source
AP (ZL) — Prior
Adj m—1 — Prior
Last m—1 — Prior
RS k — Paper
RR k periodic Paper
AT k periodic Paper
TA k periodic Paper
Ext-TA k periodic Paper
SB-TA k periodic Paper
EWMA k periodic Paper
Champ all per node Paper
Shrink adaptive periodic Paper
Knee adaptive periodic Paper

5 Experiments

This section describes the experimental setup used
to evaluate the practical impact of machine-pair
selection for LB, within the B&B framework. For
completeness, we also report results for the classi-
cal one-machine bound LB; as a cheap baseline.
We first introduce the instance sets and the pro-
tocol used to generate comparable subproblems
and then describe the solver configuration and
evaluation metrics.

5.1 Instance sets

We consider only instances from the Taillard
PFEFSP benchmark (Taillard (1993)). Since our goal
is to compare the bounding policies inside B&B,
we focus on the cases where the choice of pair-
selection strategy has a noticeable effect within a
fixed time budget.
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We first examine medium-size instances with
at least 10 machines. To select representative
cases, we ran the solver with full evaluation
LBs(Wy) and kept instances whose baseline run-
time lies roughly between 10 minutes and the
global time limit of 3 hours. This yields the subset
tall-tal6, tal8, ta20, and ta22 (for example, ta20
corresponds to 20 x 10 and ta22 to 20 x 20). For
these instances, the solver typically proves opti-
mality within the time limit, which allows us to
interpret runtime differences directly in terms of
how pair selection affects pruning efficiency and
per-node work.

To include larger instances while keeping the
comparison fair, we also consider ta51-ta60 (50 x
20). These instances are not solved to optimality
within the given time limit. To make the compari-
son more consistent, we evaluate all methods with
respect to the same reference point in the search
process.

The protocol is as follows:

e first, we run the B&B algorithm with the full
LB5(Wp) configuration for one hour;

® after one hour, we record how many nodes have
been processed up to this point, including both
explicitly explored nodes and nodes implicitly
discarded by pruning;

® this one-hour state is then fixed as a common
reference point;

e for every other configuration, we measure the
time required to reach this same state, i.e., to
process the same number of nodes and repro-
duce the recorded search state.

This protocol improves reproducibility, since
all configurations start from exactly the same pool
of subproblems instead of potentially different
trajectories.

The initial UB is initialized to the largest pos-
sible integer value (infinity”). Thus, the search
starts without any incumbent solution, eliminat-
ing the influence of heuristic warm starts on the
results.

5.2 Sensitivity analysis

Before running the main comparisons, we per-
formed a small sensitivity study on some Taillard
instances. Using the parameterization introduced
above, we varied:



® the active-set size k (top-k pairs),

® the length of the training window Tipain
(Tirain = 2n is used by Gmys et al. (2020)),

e the full-refresh interval Tiefresh (Trefresh = 200n)
is used by Gmys et al. (2020),

where n is the number of jobs.

In all instances tested, we observed that the
parameter k has the largest impact, while T} ain
and Trefresh have a relatively minor effect within
the tested ranges. In the main learning-based
experiments, we therefore use k € {m, |m/2|+1}.

Representative sensitivity results are summa-
rized in Tables 3—4. In both tables, we use the
original adaptive evaluation method, varying only
the active-set size (top-k pairs). A clear “knee”
appears around half of the available pairs: once
k exceeds this midpoint, performance improves
sharply—either through a noticeable runtime
reduction (Table 3) or through a significantly bet-
ter solution within a fixed time budget (Table 4).
The same pattern was observed across several sizes
of Taillard instances.

Table 3 Sensitivity to top-k on Taillard instance tal4
(m =10, n = 20)

o+
@]

7
B

runtime (s)

280.0
67.6
36.2
28.8
25.0
23.4
22.5
21.8
21.6
0 21.3

= © 00O Utk W

5.3 B&B configuration

We ran a sequential (single-thread) B&B so that
the search remains deterministic and the compar-
isons are reproducible. Each evaluation is repeated
three times, and we report the mean and standard
deviation.

The node selection follows a depth-first search
(DFS) strategy described by Helbecque et al.
(2023). DFS is well suited in this context, as it
makes per-node overhead more visible. As the
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Table 4 Sensitivity to top-k on Taillard instance ta27
(m = 20, n = 20)

top-k best value (10 min)
1 2428
2 2413
3 2400
4 2390
5 2390
6 2390
7 2384
8 2384
9 2379
10 2379
11 2379
12 2379
13 2379
14 2379
15 2379
16 2379
17 2379
18 2379
19 2379
20 2379

solver goes deeper in the tree, the bound is repeat-
edly evaluated on closely related subproblems.
This also helps evaluate the consistency of a
pair-selection policy and whether the time spent
selecting machine pairs is justified.

Branching is performed forward on the permu-
tation: at depth d, the decision fixes the job placed
in position d+ 1. Each node corresponds to a sub-
problem with a fixed prefix and an unfixed remain-
der. As the set of unscheduled jobs shrinks, the rel-
ative importance of machine pairs may change. In
such settings, adaptive policies are more effective
than static restrictions, whereas overly aggressive
restrictions can reduce the amount of information
captured from potential bottlenecks.

5.4 Empirical motivation for pair
reduction

To further motivate the reduction of evaluated
machine pairs in LBy, we performed a preliminary
analysis of the full evaluation scheme LBy (W), in
which all pairs of machines (7;) are considered at
each node.

Although computing a single two-machine
relaxation is relatively inexpensive, the cumula-
tive cost of evaluating all pairs becomes significant
when repeated over the search tree. To better



understand this effect, we measured the aver-
age per-node time spent on the shared part of
the LBy computation (i.e., preprocessing that is
reused across all machine pairs) and compared
it to the average time spent on evaluating all
machine pairs.

For this experiment, a simple baseline B&B
solver in C with the full LB5 evaluation was imple-
mented. The search procedure constructed par-
tial permutations in a straightforward left-to-right
manner, starting from an empty schedule, and
used an initial upper bound set to the maximum
possible integer value. To ensure comparability
between instance sizes while keeping the experi-
ment lightweight, the number of explored nodes
was limited to 107.

We performed this analysis on Taillard
instances of varying sizes, with the number of
machines ranging from 10 to 20 and the number of
jobs ranging from 20 to 500. All experiments were
performed on a node of the Aion HPC cluster at
the University of Luxembourg, equipped with 128
CPU cores and 256 GB of RAM.

Table 5 summarizes the average per-node
times across different instance sizes.

The results consistently show that machine-
pair evaluations dominate the computational cost,
despite the fact that the shared preprocessing
component is only computed once per node.

5.5 Implementation and execution
environment

All experiments were performed using the Chapel-
based PFSP B&B solver of Helbecque et al.
(2024). The runs were carried out on the Univer-
sity of Luxembourg HPC platform, as described
in Varrette et al. (2014), using one node with 128
CPU cores and 256 GB of RAM.

As discussed in Section 2, we also used the
optimized incremental evaluation of LBj: the
head/tail terms are computed once per parent
node in O(mn) time and the bound is updated
for each of its O(n) children in O(m) time (overall
O(mn) for the whole child pool).

To keep the comparison clean, we report
sequential results (single-thread runs). This
avoids potential confounding effects from parallel
scheduling, synchronization overhead, or mem-
ory locality. Each run is limited to 3 hours of
wall-clock time.
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This setup allowed us to focus on the effect
of the pair-selection policies themselves. In paral-
lel environments, additional factors, such as cache
behavior or resource contention, may affect perfor-
mance, so we leave the analysis of parallel settings
for future work.

The source code of the proposed methods
and experimental framework is publicly available
at: https://gitlab.com/uniluxembourg/snt/pcog/
ultrabo/p3d-dfs-pair-selection.

5.6 Performance metrics

We primarily report wall-clock time. For each
instance, we record either the time to termination
(when optimality is proven) or the time to-limit
(3 hours).

5.7 Results and discussion

To make the comparison easier to read, Table 6
reports three configurations for each instance: the
full-evaluation baseline, the static Last restriction,
and the best-performing adaptive policy. Run-
time ratios are also included to support direct
comparison.

For completeness, Table Al reports mean
sequential B&B runtime in seconds for all con-
figurations. Smaller values indicate better per-
formance. We use heat-map coloring to support
comparison: the best value in each column is
shown in blue, and the remaining values follow
a red-to-green scale (greener is better). The scale
saturates at 2x the best value, and values beyond
this threshold remain red. Table A2 reports nor-
malized means, and Table A3 reports standard
deviations.

We can observe several consistent patterns.
First, a weak bound (LB;) frequently reaches the
time limit. Second, evaluating all machine pairs
(LBy AP, i.e. W = W) is almost never optimal.
Despite producing the strongest per-node bound,
it is systematically dominated by cheaper strate-
gies: the additional pruning power cannot offset
the quadratic evaluation cost that grows with
|Wo|, making each node expansion disproportion-
ately expensive. Similarly, simple structured static
subsets such as Adj are not robust and often time
out.

Among static restrictions, anchoring pairs on
the last machine (LBy Last) provides a strong
baseline. It yields substantial speedups over AP


https://gitlab.com/uniluxembourg/snt/pcog/ultrabo/p3d-dfs-pair-selection
https://gitlab.com/uniluxembourg/snt/pcog/ultrabo/p3d-dfs-pair-selection

Table 5 Average per-node time comparison for full LB2(Wy) evaluation (times reported in microseconds).

Shared preprocessing time, us

Pair evaluation time, us

Instance

tald (n=20, m=10) 0.184
ta24 (n=20, m=20) 0.318
tad4 (n=50, m=10) 0.483
tabd (n=50, m=20) 0.847
ta74 (n=100, m=10) 0.953
ta84 (n=100, m=20) 1.928
ta94 (n=200, m=10) 1.778
ta104 (n=200, m=20) 3.908
talld (n=500, m=20) 9.941

3.200
16.252
4.327
28.933
7.847
34.736
19.040
56.855
126.140

on smaller instances and remains competitive on
several larger ones. However, its performance is
uneven, with Tabb reaching the time limit, sug-
gesting that a fixed subset cannot fully capture
the diversity of informative pairs across the bench-
mark.

The most reliable results are obtained by
adaptive policies that explicitly trade off bound
strength against evaluation cost. Across many
columns, AT / TA / Ext-TA and EWMA variants
rarely exhibit catastrophic failures. Ext-TA with
full budget is often one of the best-performing pro-
posed methods and is the best in several instances,
while its smaller-budget setting is less stable in
some cases.

Looking at the results, we can see that the
choice of k matters. Larger budgets (k = m) are
beneficial on some harder instances. For exam-
ple, Tal8 is solved by AT / TA with k = m but
not with the smaller k& = m/2 + 1 setting. At
the same time, smaller budgets can be preferable
when the evaluation cost dominates: several Tabx
instances favor k = m/2+1. The Shrink and Knee
heuristics behave as robust automatic choices, typ-
ically matching the best fixed-budget AT variants
without requiring a manual selection of k.

In contrast, methods with a large random
component (RS/RR) exhibit high variance and
frequent timeouts. The championship-style com-
petitive update (Champ) is generally weaker than
the best adaptive policies, but can still be com-
petitive on some smaller instances.

In general, no single configuration is uniformly
the best across all instances. Nevertheless, the
findings show that the safest default is to use
an adaptive method. This includes AT, TA, and
EWMA variants, as well as Shrink and Knee
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when automatic budget control is preferred. These
methods consistently achieve runtimes close to the
best observed values, while avoiding the severe
slowdowns that appear with full evaluation, fixed
weak subsets, or randomized selection rules.

6 Conclusion and future work

In this work, we investigated how the choice
of machine pairs affects both the computational
cost and the effectiveness of the two-machine
bound LB within an exact PFSP B&B algo-
rithm. In addition to classical static restrictions,
we explored several adaptive selection strate-
gies based on online rewards, including tie-
aware updates, extreme-machine restrictions, and
smoothed scoring mechanisms. Our experiments
also show that dynamically adapting the active-
set size k can play an important role in overall
performance.

The experiments on the Taillard benchmark
indicate that evaluating all ("g) machine pairs
(LB2(Wyp)) is usually not the most efficient option
in terms of total runtime. In many cases, cheaper
selection policies perform better because they
reduce the computational effort at each node
while still being able to identify useful pairs early
enough to improve pruning. These results indicate
that when a bound is computed at every node of
the search tree, the focus should not be only on
maximizing the quality of the bound. Rather, it is
important to balance the pruning power with the
computational cost.

Among the static approaches, the Last restric-
tion provides a strong and simple baseline,
although its behavior remains highly instance-
dependent. In contrast, adaptive strategies (AT /



Table 6 Filtered results. We report the LBy full evaluation baseline, the static Last-pair restriction, and the best mean
runtime among the proposed adaptive policies. Ratios are reported relative to LB2 Full. All runtimes are in seconds (s).

Instance LBy Full LB, Last Last/Full Best method Best (s) Best/Full
Tall 35.1 24.7 0.70 AT (k=m) 14.8 0.42
Tal2 97.4 59.8 0.61 Ext-TA (k=m) 51.3 0.53
Tal3 476.2 338.3 0.71 AT (k=m) 268.8 0.56
Tal4d 39.3 21.7 0.55 AT (k=m) 18.8 0.48
Tald 127.9 61.2 0.48 TA/Ext-TA (k=m) 57.1 0.45
Tal6 2202 1296 0.59 Shrink 845 0.38
Tal8 4355 2656 0.61 Ext-TA (k=m) 2406 0.55
Ta20 1133 651 0.57 Shrink 600 0.53
Ta22 4215 802 0.19 Ext-TA (k=m) 684 0.16
Tab51 3766 705 0.19 AT (k=m/241) 536 0.14
Tab2 3714 732 0.20 Ext-TA (k=m) 493 0.13
Tab3 3710 763 0.21 Ext-TA (k=m) 529 0.14
Tab4 3617 814 0.22 Shrink 554 0.15
Tabb 4278 10800 2.53 AT (k=m/241) 658 0.15
Tab6 3664 2143 0.58 AT (k=m/241) 518 0.14
Tab7 3699 1045 0.28 Shrink 545 0.15
Tab8 3638 961 0.26 Knee 458 0.13
Tab9 3690 1049 0.28 AT (k=m/241) 459 0.12
Ta60 3636 1025 0.28 Knee 669 0.18

TA / EWMA / Ext-TA, together with automatic
Shrink / Knee budget mechanisms) tend to per-
form more consistently across different instances
(Table 6). Finally, while the Champ update is
not among the top performers overall, it remains
a simple option that can still yield competitive
results on some smaller instances.

More generally, our results suggest that learn-
ing which pair evaluations are most informative
can itself be viewed as part of the bounding
procedure rather than as a purely implementation-
level optimization. Although this study focuses on
LBs, the same idea could naturally be applied
to other decomposable bounds where many can-
didate subcomputations compete for a limited
computational budget.

Several directions remain open for future work:

® designing hybrid strategies that adapt the bud-
get during the search, for example, by using very
cheap screening policies near the root and more
selective adaptive budgets deeper in the tree,

® developing more robust learning signals and
stabilization mechanisms, such as depth-aware
rewards, variance reduction techniques, or safe-
guards against overfitting to a small subset of
pairs,
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e studying how adaptive pair selection interacts
with other B&B components, including branch-
ing strategies, node selection policies, and dom-
inance rules.
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Appendix A Supplementary
Experimental
Results

For completeness, we include three additional
tables. Table Al reports mean runtimes and uses
the same heat-map coloring as in the main text.
It also includes a Wins column, which counts how
often each method achieves the best (lowest) run-
time, with ties counted as shared wins. Table A2
reports normalized mean runtimes relative to L By
AP. Table A3 reports the corresponding standard
deviations of runtime.
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Table A1 Mean runtime (seconds) on Taillard PFSP instances (time limit: 3 hours; unsolved runs are reported as 10800 s). The Wins column counts in how many
instances the corresponding method achieved the best (lowest) runtime among all compared configurations.

LB>

Shrink

Method Tal4 Tal5 Tal6é Tal8 Ta20 Ta22 Tab1 Ta53 Ta54 Tab5 Ta59 Ta60 Wins
LBy [117.27 1725 472.9 " 1541 490.2 10800.0 10257.4 10800.0 9998.0 10800.0 10800.0 6951.0 8519.3 10800.0 10800.0 10800.0 10800.0 10800.0 3417.7] 0
LBy AP 0
LBs Adj 0
LBy Last 0
LBy AT (k=m/2+1) 657.9 4
LBy AT (k =m) 3
LBy TA (k=m/2+1) 1
LBy TA (k=m) 57.1 1
LBy Ext-TA (k = m/2+ 1) 1
LBy Ext-TA (k=m) 57.1 528.7 5
LBy SB-TA (k=m/2+1) 0
LBy SB-TA (k=m) 0
LBy RS (k=1) 0
LBy RS (k=m/2+1) 0
LBy RS (k=m) 0
LBs RR (k= 1) 0
LBy RR (k=m/2+1) 0
LBy RR (k=m) 0
LBy EWMA (k=m/2+1, a = 0.05) 0
LBy EWMA (k=m/2+1, a=0.1) 0
LBy EWMA (k =m, a = 0.05) 0
LBy EWMA (k=m, a=0.1) 0
LBy Champ (k=m/2+1) 0
LBy Champ (k =m) 1
3
2

LBs

Knee
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Table A2 Normalized mean runtime (relative to LB2 AP) on Taillard PFSP instances.

Method Tall Tal2 Tal3 Tal4 Talb5 Tal6Tal8 Ta20Ta22Ta51Tab52Tab53 Ta54Tab5Ta56Tab57 Ta58 Ta59 Ta60
LB 334 177 099 3.92 383 4.90 2.36 9.53 2.37 2.87 291 1.87 2.36 2.53 2.95 292 297 293 094
LBy AP

LBy Adj

LBy Last

LBy AT (k=m/2+1) 0.14 0.15 0.14 0.12

LBy AT (k = m) 0.42 0.56 0.48

LBy TA (k=m/2+1)

LBy TA (k=m) 0.45

LBs Ext-TA (k=m/2 + 1) 0.18
LBy Ext-TA (k=m) 0.53 0.45 0.55 0.16 0.13 0.14

LBy SB-TA (k=m/2+1)

LBy SB-TA (k=m)

LBy RS (k=1)

LBs RS (k=m/2+1)

LBQ RS (k == m)

LBy RR (k=1)

LBy RR (k=m/2+1)

LBs RR (k =m)

LBy EWMA (k=m/2+ 1, a = 0.05)

LBy EWMA (k=m/2+1, a=0.1)

LBy EWMA (k =m, o= 0.05)

LBy EWMA (k=m, a=0.1)

LBy Champ (k=m/2+1)

LBy Champ (k=m) 0.53

LBy Shrink 0.38 0.15 0.15

LBy Knee 0.42 0.13
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Table A3 Standard deviation of runtime (seconds) on Taillard PFSP instances

Method Tall Tal2 Tal3 Tal4 Tal5 Tal6é Tal8 Ta20 Ta22 Ta51 Tab52 Tab3 Tab54 Ta55Ta56 Tab57 Tab58 Ta59 Ta60
LBy 03 08 03 03 07 00 165 00 183 00 00 11.7 94 0.0 00 00 00 00 34
LBy AP o0 03 07 01 04 110 39 23 80 27 32 204 11.8 124 76 16.2 19.7 175 10.8
LBy Adj 03 10 18 05 22 00 00 00 0O 00 00 00O 00 00 00 00 00 0.0 550
LB> Last 02 01 12 01 04 19 31 22 09 11 17 40 19 00 36 65 17 1.0 5.5
LBy AT (k=m/2+1) 00 o00 16 01 02 21 00 231 19 07 16 23 19 19 01 14 3.0 12 3.0
LBy AT (k=m) 01 01 05 01 03 55 56 82 13 06 19 28 03 37 20 03 22 26 23
LBy TA (k=m/241) 01 05 23 01 1.2 205 00 106 55 37 27 60 00 00 40 00 10 1.7 7.7
LBy TA (k=m) 00 03 05 00 02 63 7O 97 14 12 16 11 07 18 19 10 17 08 3.8
LBy Ext-TA (k=m/2+1) 0.2 2r 03 16 12 00 00 161 136 00 31 00 00 00 00 00 00 25 32
LBy Ext-TA (k=m) 01 02 11 01 02 64 90 105 28 10 10 26 1.1 00 30 11 28 24 26
LBy SB-TA (k=m/2+1) 02 05 14 01 07 125 32 129 26 20 25 31 14 00 03 12 27 39 59
LBy SB-TA (k=m) 00 03 13 02 04 85 233 11.7 11 20 37 25 16 32 31 15 3.0 45 41
LBy RS (k=1) o0 00 00 00 00O 00 00 00 00O 00 00 00O 00 00 00 00 00 0.0 0.0
LBy RS (k=m/2+1) 35.5 6064.25474.73726.9 0.0 648.3 0.0 4184.84154.85867.1 0.0 0.0 4702.8 0.0 0.0 0.0 2254.7 0.0 1193.4
LBy RS (k=m) 6217.3 39.1 63.8 13.5 37.6 4872.32198.43072.43010.4 0.0 0.0 4430.04789.7 0.0 14.1 23.7 574.5 194 374
LBy RR (k=1) 93 332 00 100 92 00 00 00 00 8067 00 00 00 00 00 00 00 0.0 0.0
LBy RR (k=m/2+1) 05 15 55 08 1.2 292 0.0 80.0 345 963.82044.8 19.7 2298.6 0.0 56.9 2313.4 0.0 39.8 17.9
LBy RR (k=m) 02 12 38 04 1.1 232 239 359 152 322 224 2060.8 0.0 0.0 14.1 23.7 2984.2 194 374

LBy EWMA (k=m/2+1, «=0.05) 00 00 14 00 05 25 00 34 14 09 04 10 19 24 13 12 16 07 14
LBy EWMA (k=m/2+1, «=0.1) 00 01 05 01 01 38 00 32 16 08 11 20 04 20 17 22 09 10 29
(

LBy EWMA (k=m, a=0.05) 02 01 59 01 01 41 80 14 08 07 05 29 07 21 14 08 19 1.0 21
LBy EWMA (k=m, a=0.1) 01 01 06 01 01 26 42 30 16 29 07 20 14 22 07 07 14 03 34
LBy Champ (k=m/2+ 1) 01 13 14 04 67 11 457 23 91 00 00 00 00 00 6.8 00 00 676 3.9
LBy Champ (k=m) 03 38 17 05 39 41 354 13 67 00 00 00 00 00 602 00 00 16.8 9.0
LBy Shrink 00 01 22 02 04 42 310 89 10 13 15 37 16 24 09 05 14 15 24

LBy Knee 00 02 20 02 03 30 310 157 16 17 22 33 19 27 05 11 16 14 0.5
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