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Abstract

Near-term quantum experiments often provide only finite-shot records of selected Pauli measurements, rather than tomographically

complete data. We formulate multipartite-entanglement diagnosis as a calibrated decision problem from such records. The

protocol combines binomial Pauli estimators, task-informed observable designs, score-based diagnostic models, class-conditional

conformal prediction, and out-of-distribution abstention. It outputs a single label, a prediction set, or an abstention according to

the available evidence. Synthetic benchmarks show genuine multipartite entanglement diagnosis up to 20 qubits and reveal an

information hierarchy: global coherence probes support coarse diagnosis, whereas finer block-structure labels require richer local

and few-body Pauli information.

Keywords: quantum information processing; multipartite entanglement; finite-shot Pauli measurements; conformal prediction;

uncertainty calibration

1 Introduction

Reliable characterization of multipartite entanglement is a ba-

sic task in quantum information processing [1–3], near-term

quantum computation and simulation [4], and quantum metrol-

ogy [5, 6]. In practice, however, larger devices seldom come

with informationally complete data. What is often available

is a chosen list of Pauli measurements, each measured with a

finite number of shots. The question is then not simply “what

is the state?”, but rather “what entanglement-structure claim is

justified by this measurement record?” This is the information-

limited regime considered in this work.

We therefore focus on an uncertainty-aware diagnostic pro-

tocol for quantum-information experiments. Its input is a fixed

Pauli measurement design and a finite shot budget; its output

is a calibrated statement about multipartite entanglement struc-

ture. When the evidence is strong, the protocol may return

a single structural label. When the evidence is ambiguous,

it should return a set of plausible labels. When the sample

falls outside the calibrated regime, it should abstain. In this

form, multipartite-entanglement diagnosis becomes finite-data

inference from physically accessible Pauli records.

Multipartite entanglement also comes with a natural hierar-

chy of questions. Beyond asking whether a state is entangled,

one may ask whether it has genuine multipartite entanglement

(GME), what its entanglement depth is, how many separable

blocks it contains, or which block-size partition best matches

the observed correlations. These labels are useful for judging

the operational value of many-qubit states, but they are not

equally visible from the same limited data. A recurring point

in this paper is this information hierarchy: a few global coher-

ence probes can be enough for coarse GME diagnosis, while

fine partition labels require much more local and few-body

correlation information.

Full quantum state tomography provides complete infor-

mation but scales unfavorably with system size [7]. Entan-

glement witnesses and separability criteria provide rigorous

and physically interpretable tools [1–3, 5, 6, 8], but they are

often optimized for specific target states, observables, or prior

assumptions. Resource-efficient schemes based on local mea-

surements, graph-state structure, metrological hierarchy in-

formation, randomized measurements, classical shadows, and

derandomized Pauli measurements [9–15] reduce measurement

cost, while a separate decision layer is still needed to translate

finite-shot estimates into calibrated multipartite-structure state-

ments. A measurement-to-decision protocol must therefore

connect finite-shot estimates to explicit decision-level uncer-

tainty.

Learning-based methods have shown strong potential for

quantum-state characterization, entanglement detection, and

multipartite-structure recognition [16–26]. Many such meth-

ods, however, are primarily accuracy-oriented and return a

single label even when the input is ambiguous or lies outside

the calibrated training distribution. In finite-shot experiments,

a confident but unsupported structural assignment can be more

misleading than an explicit uncertain output. This motivates

calibrated diagnosis: the protocol should decide when a sin-

gleton label is supported, when a larger prediction set is more
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appropriate, and when the sample should be rejected or marked

as unknown.

Here we develop such a finite-shot Pauli-measurement pro-

tocol for calibrated multipartite-entanglement diagnosis. The

features are binomial finite-shot estimators of Pauli expectation

values, so the method works directly with sampled observables

rather than ideal density matrices. We use task-informed Pauli

observables to reveal correlations relevant to the target struc-

tural label, and trainable score functions to summarize these

features. The final decision layer combines class-conditional

conformal prediction [27–29] with an OOD-calibrated absten-

tion rule. It returns either a singleton label, a non-singleton pre-

diction set, or an abstention. As in split conformal prediction,

the coverage statement is tied to the calibration distribution and

the corresponding exchangeability assumption. The protocol

is meant to complement, not replace, witness-based certifica-

tion: it supplies a measurement-efficient and uncertainty-aware

diagnostic layer for Pauli-accessible experiments.

The measurement design is chosen with the physics of the

task in mind. For scalable GME diagnosis, phase-aware global

X/Y -type Pauli probes target the real and imaginary quadra-

tures of GHZ-like coherences and help separate perturbed

global GHZ-like states from large-block non-GME alternatives.

For finer hierarchical tasks, we add identity-inclusive local and

few-body probes, because block decompositions with similar

global signatures can differ in their subsystem marginals and

lower-order correlations. The paper makes three main contribu-

tions. First, it treats finite-shot Pauli measurements as a direct

diagnostic input and asks when the measured evidence is suffi-

cient for multipartite-structure decisions under native binomial

shot noise. Second, it introduces task-informed Pauli designs

for GME and hierarchical labels, pairing phase-sensitive global

probes with GHZ coherence and identity-inclusive few-body

probes with block-structure information; these measurements

are then combined with calibrated prediction sets and OOD

abstention for decision-level risk control. Third, the numerical

benchmarks make the information hierarchy visible: GME

diagnosis is possible up to N = 20 with a small set of phys-

ically motivated Pauli observables, whereas full block-size

partition diagnosis needs substantially richer measurement in-

formation. As a first mixed-state robustness check, we also

test white-noise admixtures in the Appendix. Table 1 places

the protocol next to several representative measurement-based

characterization approaches.

2 Finite-Shot Measurement Setting and

Structure Labels

This section sets up the two objects used throughout the paper:

the finite-shot Pauli feature vector and the multipartite-structure

labels to be diagnosed. The labels should be read as calibrated

diagnostic targets for the stated benchmark family and mea-

surement protocol. We consider an N-qubit state ρ and infer

multipartite entanglement information from a restricted set of

Pauli observables. Let

Pj = σ j1 ⊗σ j2 ⊗·· ·⊗σ jN

be the j-th selected observable. For global-correlation mea-

surements, the local factors are chosen from {X ,Y,Z}. For

structure-sensitive measurements, identity factors are also al-

lowed, so that the local factors are chosen from {I,X ,Y,Z},

excluding the all-identity operator. The ideal expectation value

is

m j = Tr(ρPj).

In the proposed protocol, however, m j is not used as an ideal

input. Instead, each observable is estimated from finite-shot

parity outcomes. If n j,+ denotes the number of +1 parity

outcomes in S shots, then

n j,+ ∼ Binomial

(
S,

1+m j

2

)
, m̂ j =

2n j,+−S

S
.

For K selected Pauli observables, the diagnostic input is

x = (m̂1, m̂2, . . . , m̂K) ∈ R
K , B = KS,

where B is the observable-level shot budget. Thus, the protocol

is task-oriented: it uses a finite set of Pauli estimators to infer

selected entanglement properties directly from the measure-

ment record.

The decision targets are organized by multipartite entan-

glement structure. We describe these structures by integer

partitions

λ = (λ1, . . . ,λh), λ1 ≥ ·· · ≥ λh,
h

∑
j=1

λ j = N.

Each part λ j represents the size of one entangled block in

the benchmark construction. The entanglement depth and

separability number are

w = max
1≤ j≤h

λ j, h = |λ |,

respectively, while the block-size partition label λ specifies

the complete block-size composition. In this benchmark con-

struction, these block-size labels define the entanglement-depth

and separability-number targets used for supervised diagnosis.

The diagnostic labels are (yGME, yw, yh, yλ ), corresponding to

GME diagnosis, entanglement-depth diagnosis, separability-

number diagnosis, and full block-size partition-label diagnosis.

For the binary GME task, the single-block partition λ = (N) is

treated as the GME-positive class, and all other partitions are

treated as non-GME structures.

For numerical benchmarking, each partition is represented

by a block-product state

|Ψλ ⟩= |ψλ1
⟩⊗ |ψλ2

⟩⊗ · · ·⊗ |ψλh
⟩.

Blocks of size one are random single-qubit pure states. Blocks

of size at least two are perturbed GHZ-like states,

|GHZλ j ,a,φ ⟩= a|0⟩⊗λ j +
√

1−a2eiφ |1⟩⊗λ j ,

a ∈ (0,1), φ ∈ [0,2π).

After the block-product state is generated, the qubits are ran-

domly permuted so that the model cannot rely on fixed qubit
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Table 1: Conceptual comparison with representative measurement-based characterization approaches. The entry “uncertainty” refers to an explicit decision-level

uncertainty output rather than only statistical error bars for estimated observables.

Method Finite-shot input Avoids full

tomography

Decision-level

uncertainty

OOD/unknown output Multipartite-structure

labels

Full tomography Limited by scaling No Not intrinsic No Yes, after

reconstruction

Entanglement witnesses Yes Yes Target-dependent Limited Usually

target-dependent

Classical shadows / randomized

measurements

Yes Yes Observable-level

guarantees

Not intrinsic Indirect

This work Yes Yes Calibrated prediction

sets

Calibrated abstention Direct diagnostic

labels

positions. This controlled benchmark tests which structural

decisions are supported by finite-shot Pauli measurements,

from coarse GME diagnosis to finer entanglement-structure

labels. The resulting block-size partition labels define the su-

pervised diagnostic targets used in the numerical experiments.

Accordingly, the reported labels are calibrated diagnostic labels

relative to the specified benchmark family and measurement

protocol.

3 Calibrated Diagnostic Method

This section describes the decision layer that converts finite-

shot Pauli features into calibrated diagnostic outputs. The

question is deliberately practical: after a fixed set of Pauli

observables has been measured with finite shots, is the record

strong enough to justify a single structural statement? The train-

able model supplies diagnostic scores. Conformal prediction

and abstention then decide whether those scores support one

reliable label, a broader set of possible labels, or no decision

within the calibrated regime.

3.1 Score-based diagnostic model and confor-

mal prediction

Given the finite-shot feature vector

x = (m̂1, m̂2, . . . , m̂K) ∈ R
K ,

we use a shared feature extractor with task-specific diagnostic

heads. For each diagnostic task

r ∈ {GME,w,h,λ},

the model outputs the class-score distribution

qr
θ (y | x) = softmax(gr

θ ( fθ (x))) ,

where the four heads correspond to GME diagnosis,

entanglement-depth diagnosis, separability-number diagnosis,

and full block-size partition-label diagnosis. For hierarchical

diagnosis, the training loss is

L = LGME +Lw +Lh +Lλ ,

whereas binary GME experiments use

L = LGME.

Architecture and training details are given in the Appendix.

The following conformal layer is independent of the particular

score model, provided that the calibration and test data satisfy

the stated exchangeability condition.

We apply class-conditional conformal prediction separately

to each task. For a calibration sample (xi,yi), the nonconfor-

mity score is

sr
i = 1−qr

θ (yi | xi).

For each class c, let nc be the number of calibration samples

with true label c, and define

kc = ⌈(nc +1)(1−α)⌉ .

The class-wise threshold q̂r
α,c is the kc-th order statistic of the

class-c calibration scores when kc ≤ nc, and +∞ otherwise.

The prediction set is

C
r
α(x) =

{
c ∈ Yr : 1−qr

θ (c | x)≤ q̂r
α,c

}
.

A singleton set is reported as a single-label diagnosis. A non-

singleton or empty set is treated as uncertain in single-label

evaluation. The guarantee is therefore at the decision level:

it calibrates the reported label set under the stated sampling

assumptions.

Proposition 1 (Class-conditional conformal coverage). Fix a

diagnostic task r and a class c. Suppose that the calibration

samples with label c and the test sample conditional on ytest = c

are exchangeable. Then the split-conformal prediction set

defined above satisfies

P [ytest ∈ C
r
α(xtest) | ytest = c]≥ 1−α,

up to the standard finite-sample conformal correction deter-

mined by the order statistic kc = ⌈(nc +1)(1−α)⌉.

A self-contained rank-based proof is given in the Appendix.

The proposition calibrates the reported prediction sets for the

distribution represented by the calibration data. If formal certi-

fication is needed, these outputs can be paired with witnesses

or device-specific validation criteria. In all experiments, we set

α = 0.1, 1−α = 0.9.
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3.2 Risk metrics and OOD-calibrated absten-

tion

We summarize point-label performance by balanced accu-

racy and macro-F1, and risk-control performance by cover-

age, reject rate, accepted risk, and overconfident error. The

point prediction used for balanced accuracy and macro-F1 is

ŷr(x) = argmaxc∈Yr
qr

θ (c | x); balanced accuracy is the mean

class-wise recall. For task r, the empirical coverage and reject

rate are

Coverager =
1

n

n

∑
i=1

1{yi ∈ C
r
α(xi)},

Rejectr =
1

n

n

∑
i=1

1{|C r
α(xi)| ̸= 1}.

The overconfident error is

OEr =
1

n

n

∑
i=1

1{|C r
α(xi)|= 1, yi /∈ C

r
α(xi)} ,

which counts singleton predictions that exclude the true label.

For the accepted set

A
r = {i : |C r

α(xi)|= 1},

the accepted risk is

Riskr
acc = 1−

1

|A r| ∑
i∈A r

1{yi ∈ C
r
α(xi)},

when |A r| > 0. Thus, rejection is treated as an uncertainty

output, not as a failed classification.

To handle distribution shifts represented during calibration,

we add an OOD-calibrated abstention layer. Let R(x) be

a novelty or risk score constructed from model confidence,

conformal-set information, and distances in Pauli-feature or

embedding space. A sample is marked as unknown when

R(x)> T ⋆.

The threshold is selected from in-distribution and OOD cali-

bration samples by

T ⋆ = argmax
T

RejectOOD-cal(T ),

subject to

RetainID-cal(T )≥ γ.

In the main experiments, we use γ = 0.90. Samples with

R(x) ≤ T ⋆ are passed to the conformal layer, while samples

with R(x) > T ⋆ are assigned to the abstention output. With

this rule, samples that look like the calibrated OOD families

are routed to an explicit unknown output. Its scope is limited

to the OOD families represented in calibration; broader shift

classes would require the corresponding calibration data and,

when needed, additional risk scores.

4 Measurement Design

The risk-control layer can only work with the information

present in the finite-shot feature vector. Measurement design

is therefore the physical link between the quantum device

and the statistical decision rule: it decides which aspects of

multipartite structure are visible before learning or calibration

enters. This section lists the Pauli observable families used

in the experiments and explains why they are matched to the

corresponding structure labels.

The basic principle is simple: spend the measurement budget

on the correlations needed by the decision. Global, phase-

sensitive Pauli strings are useful for GHZ-type GME diagnosis,

while identity-inclusive local and few-body strings are better

suited to entanglement depth, separability number, and block-

size partitions. With this separation, the numerical comparisons

are easier to interpret: changes in performance can be traced

not only to the diagnostic model, but also to the information

content of the measured observables.

4.1 Task-informed Pauli observable selection

The selected Pauli observables should reveal the correlations

needed by each diagnostic task. For this reason, we compare

random baselines with physically motivated designs, which

lets us separate the role of the measured observables from the

role of the learning model.

For GME-oriented experiments, the random strategy R sam-

ples full-weight Pauli strings from {X ,Y,Z}⊗N . The global-

plus-random strategy G+R augments random strings with

X⊗N , Y⊗N , Z⊗N ,

and the hybrid global-depth strategy HGD further includes

probes designed to improve coarse entanglement-depth diagno-

sis. For hierarchical structure diagnosis, where local and sub-

system correlations are needed, we also use identity-inclusive

Pauli strings from {I,X ,Y,Z}⊗N , excluding the all-identity

operator. The corresponding random baseline is denoted by

RI.

The key design for the hard large-N GME benchmark is the

phase-aware global-plus-random strategy PG+R. For

|GHZN,a,φ ⟩= a|0⟩⊗N +beiφ |1⟩⊗N , b =
√

1−a2,

a full-weight X/Y -type Pauli string P satisfies

⟨P⟩= 2abcos
(

φ −
nY π

2

)
,

where nY is the number of local Y operators in P. Different

values of nY probe different quadratures of the unknown phase

φ . The short derivation, based only on the action of X and Y on

the two GHZ basis components, is given in the Appendix. The

PG+R strategy therefore includes several global X/Y -type

probes, together with Z⊗N and additional random full-weight

strings. This design asks whether a small set of phase-sensitive

global probes can recover coherence information that small

random or phase-insensitive budgets may miss, and thereby
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distinguish perturbed global GHZ-like states from large-block

non-GME alternatives.

For full block-size partition-label diagnosis, global probes

alone are insufficient because different block decompositions

may have similar global signatures but different local and few-

body correlations. We therefore use a structure-aware strategy

SA, which combines global phase-aware probes, single-qubit

local probes, pairwise probes, triple probes, and additional

random identity-inclusive strings. This design mirrors the hier-

archy of tasks: global coherence is most relevant for GME di-

agnosis, while local and few-body correlations become increas-

ingly important for entanglement-depth, separability-number,

and full block-size partition-label diagnosis. Thus, SA is not

just a larger random feature set; it builds in the physical dis-

tinction between global coherence and subsystem-resolved

structure.

For all strategies, the cost is quantified by the number K

of selected Pauli observables and the number S of shots per

observable. In the large-N GME experiments, we use as few

as K = 40 observables with S = 512 shots per observable. For

hierarchical structure diagnosis, we use K = 80 or K = 160,

again with S = 512. In all cases, K is much smaller than the

number of possible Pauli strings, 3N for full-weight strings and

4N when identity factors are allowed.

4.2 Pauli-measurement protocol and experi-

mental workflow

The protocol does not require an offline tomographic recon-

struction. It can be run directly as a Pauli-measurement-to-

decision procedure. After state preparation, a prescribed set of

Pauli observables is measured with finite shots. The empirical

expectation values are then passed to a calibrated diagnostic

rule, which either identifies a single entanglement-structure

label, returns a small set of compatible labels, or abstains when

the data are not informative enough. In this experimentally

oriented workflow, the measured Pauli record is the resource-

limited input and the reported label set is the calibrated diag-

nostic output.

A task-specific list of Pauli observables is first selected.

Each observable is measured for S shots, and the raw bit-string

outcomes are converted into parity estimators m̂ j, forming the

finite-shot feature vector x = (m̂1, m̂2, . . . , m̂K). The calibrated

diagnostic model then maps x to conformal prediction sets.

If the set is a singleton and the OOD-abstention score is be-

low threshold, the protocol reports a single diagnostic label;

otherwise, it reports a prediction set or an unknown output.

This workflow is compatible with platforms where local Pauli

measurements are available, including superconducting qubits,

trapped ions, Rydberg-atom arrays, and photonic systems.

Here K denotes the number of Pauli observables used as

diagnostic features. For identity-inclusive observables, several

compatible correlators may in principle be estimated from the

same local-basis bit-string data. Thus, B = KS should be under-

stood as a conservative observable-level shot accounting unless

stated otherwise. Possible grouping of compatible observables

can further reduce the number of distinct experimental basis

settings. The output has a direct operational meaning: it says

whether the collected finite-shot Pauli data support a reliable

label within the calibrated diagnostic regime. It can also guide

later witness measurements, adaptive Pauli selection, or device-

specific verification when stronger validation is required.

5 Numerical Experiments

We test the framework through four experiments, each built

around a concrete decision question under limited measure-

ment information. Can finite-shot Pauli data support reliable in-

distribution GME diagnosis under noise? Can OOD-calibrated

abstention reduce overconfident decisions on unseen entangle-

ment families? Can a small number of physically designed

Pauli observables support large-N GME decisions? Finally,

how quickly does the measurement demand grow when the

target changes from coarse GME labels to fine-grained multi-

partite structure? Together, these experiments follow the full

path from finite-shot Pauli estimators to calibrated prediction

sets, abstention, and structure-level diagnostic outputs.

5.1 General experimental setting

Unless otherwise stated, each selected Pauli observable is mea-

sured with S = 512 shots. The data are divided into training,

calibration, and test subsets. The training subset fits the score-

based diagnostic model, the in-distribution calibration subset

determines conformal thresholds, and the held-out test subset

is reserved for final evaluation. For OOD abstention, a separate

OOD calibration subset sets the abstention threshold. Addi-

tional implementation details are provided in the Appendix.

We use class-conditional conformal prediction with α =
0.1, corresponding to target coverage 1−α = 0.9. We report

balanced accuracy, coverage, reject rate, and overconfident

error; accepted risk is used as an auxiliary diagnostic summary

when needed. For multi-class structure diagnosis, macro-F1 is

also reported when relevant. Rejection is reported as calibrated

uncertainty, rather than counted as an incorrect label.

The measurement strategies R, G+R, HGD, PG+R, RI,

and SA denote random, global-plus-random, hybrid global-

depth, phase-aware global-plus-random, random identity-

inclusive, and structure-aware measurements, respectively. The

OOD abbreviations LC, RC, and RG denote linear-cluster,

random-circuit, and ring-graph states.

5.2 In-distribution diagnosis and noise robust-

ness

We begin with a basic question: does the finite-shot record

contain enough information for reliable coarse in-distribution

diagnosis? The test states are generated from product states,

Bell-block states, GHZ-block states, and global GHZ states.

For binary GME diagnosis,

yGME = 1 ⇐⇒ λ = (N),
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while all other block-product structures are treated as non-

GME. The experiment is performed for N = 4,5,6 under R,

G+R, and HGD. Representative results are shown in Table 2.

In this calibrated in-distribution setting, Table 2 shows that

global correlations already give strong evidence for GME de-

cisions. With G+R and HGD, the GME balanced accuracy

is close to or equal to 1.000, and the empirical coverage stays

near the target level within finite-sample fluctuations. Depth

diagnosis is harder because it needs block-size information,

but HGD still improves on purely random measurements.

We also test three expectation-level noise models. Depolar-

izing noise maps m j 7→ (1− p)m j. Dephasing noise maps

m j 7→ (1−2p)nXY (Pj)m j,

where nXY (Pj) is the number of local X or Y factors. Readout

error attenuates global parity approximately as m j 7→ (1 −
2p)Nm j. The robustness experiment uses HGD, K = 40, and

S = 512.

The Appendix gives the complete noise-robustness values.

Depolarizing noise has a relatively mild effect, while dephasing

and readout noise suppress global X/Y -type and parity correla-

tions more strongly. Even when balanced accuracy decreases,

the conformal layer keeps GME coverage near the target level

within finite-sample fluctuations, and the depth-task reject rate

rises under stronger noise. The Appendix also includes a white-

noise mixed-state check, where GME performance remains

stable over the tested admixture strengths.

5.3 OOD families and calibrated abstention

We next test what happens under distribution shift. The main

diagnostic model is trained on product states, Bell-block states,

GHZ-block states, and global GHZ states. The OOD families

are W, Dicke, linear-cluster, ring-graph, and random-circuit

states; these families are not used in the main training stage.

We first use a multi-score OOD baseline based on Pauli-

space distances, embedding-space distances, kNN variants,

softmax confidence, and conformal set size. The baseline

removes some high-confidence mistakes, but it still leaves sub-

stantial overconfident errors for W and random-circuit states.

For example,

OEW = 0.790, OERC = 0.676.

OOD-calibrated abstention then sets a rejection threshold from

the designated OOD calibration subset. The main operating

point is γ = 0.90.

Table 3: OOD-calibrated abstention results with γ = 0.90. AR, FA, FR, and

OE denote abstention reject rate, final accept rate, final reject rate, and final

GME overconfident error, respectively.

Family AR FA FR OE

ID 0.335 0.587 0.413 0.000

Dicke 1.000 0.000 1.000 0.000

LC 1.000 0.000 1.000 0.000

RC 0.948 0.048 0.952 0.048

RG 1.000 0.000 1.000 0.000

W 1.000 0.000 1.000 0.000

Here, LC, RC, and RG denote linear-cluster, random-circuit,

and ring-graph states, respectively.

Table 3 shows the effect of adding OOD-calibrated absten-

tion when the test OOD families are represented in calibration.

For W states, the overconfident error drops from 0.790 to 0;

for random-circuit states, it drops from 0.676 to 0.048. This

improvement comes with a lower in-distribution accept rate: at

γ = 0.90, the final in-distribution accept rate is 0.587. Here, γ
controls the ID-retention constraint used to set the abstention

threshold, whereas the final ID accept rate is computed after

both OOD abstention and conformal-set rejection; therefore,

the final accept rate can be lower than γ .

Within the calibrated OOD setting, the abstention layer there-

fore works as a tunable safeguard against distribution shift.

The Appendix gives additional OOD baselines, γ-sensitivity

results, and leave-one-family-out validation; there, random-

circuit states and several N = 6 cases are the hardest transfer

tests.

5.4 Large-N scalability of the GME module

We then test whether the decision-centered GME module can

move beyond the small-system setting, where the number of

possible Pauli observables grows exponentially but the mea-

sured subset remains small. For full-weight Pauli strings, the

number of possible observables grows as 3N , reaching

320 = 3486784401

at N = 20. The goal is to determine whether a small, physically

designed Pauli set contains enough information to support a

reliable GME decision against large-block non-GME alterna-

tives.

As a favorable baseline, ideal GHZ states are correctly diag-

nosed for N = 8,10,12,16,20 using G+R. We then consider

a harder benchmark. The positive class consists of perturbed

GHZ-like states

|GHZN,a,φ ⟩= a|0⟩⊗N +
√

1−a2eiφ |1⟩⊗N ,

with a ∈ [0.60,0.80] and φ ∈ [0,2π). The negative class in-

cludes large-block non-GME states such as

GHZN−1 ⊗|ψ⟩, GHZN−2 ⊗Bell,

and

GHZ⌊N/2⌋⊗GHZ⌈N/2⌉.

This controlled benchmark isolates GHZ-coherence discrimi-

nation against strong non-GME multipartite correlations.

For this task, we use PG+R. A full-weight X/Y -type Pauli

string satisfies

⟨P⟩= 2abcos
(

φ −
nY π

2

)
, b =

√
1−a2,

so different values of nY probe different quadratures of the

unknown phase.

Fig. 1 shows that the GME module remains effective up to

N = 20. Complete tabulated values for this hard benchmark
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Table 2: In-distribution finite-shot diagnosis. BAcc, Cov., and Rej. denote balanced accuracy, conformal coverage, and reject rate, respectively.

N Str. GME task Depth task

BAcc Cov. Rej. BAcc / Rej.

4 R 0.925 0.915 0.180 0.759 / 0.442

4 G+R 1.000 0.918 0.082 0.899 / 0.173

4 HGD 1.000 0.922 0.078 0.899 / 0.158

5 R 0.886 0.911 0.228 0.597 / 0.689

5 G+R 0.998 0.914 0.085 0.794 / 0.431

5 HGD 0.999 0.912 0.088 0.816 / 0.382

6 R 0.831 0.909 0.318 0.433 / 0.856

6 G+R 1.000 0.907 0.093 0.650 / 0.679

6 HGD 1.000 0.910 0.090 0.680 / 0.634
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Fig. 1: Large-N GME performance on the hard benchmark using the phase-aware global-plus-random strategy.

are provided in the Appendix. With K = 40 and S = 512, the

model achieves

BAcc = 0.968, OE = 0.016

at N = 20, with empirical coverage fluctuating around the

target level. Within this benchmark, the method separates

GME-positive states from large-block non-GME alternatives

under a finite measurement budget. The K = 40 and K = 80

observable sets are generated independently and are not nec-

essarily nested, and the reported values include finite-sample

training and measurement-design variability; therefore, mono-

tonic improvement with K is not expected for every entry.

Table 4: Phase-aware measurement ablation on the hard benchmark. R, G+R,

and PG+R denote random Pauli, global-plus-random, and phase-aware global-

plus-random measurements, respectively. This table is computed from an

independent ablation run, so the PG+R entry can differ slightly from the large-

N sweep reported in Fig. 1 and the Appendix.

N Str. BAcc Cov. Rej. OE

12 R 0.517 0.892 0.757 0.108

12 G+R 0.686 0.896 0.465 0.104

12 PG+R 0.975 0.908 0.082 0.010

20 R 0.503 0.907 0.816 0.093

20 G+R 0.672 0.906 0.521 0.094

20 PG+R 0.965 0.896 0.088 0.017

Table 4 confirms that the gain comes from phase-aware

measurement design. Under the small measurement budgets

tested here, random Pauli measurements are close to random

guessing, and the basic global-plus-random design gives only

moderate improvement. In contrast, PG+R achieves high

balanced accuracy and low overconfident error for both N = 12

and N = 20. This comparison shows that the large-N result is

driven by phase-aware measurement information.

5.5 Hierarchical entanglement-structure diag-

nosis

Finally, we ask how the problem changes when the target la-

bel becomes more detailed. We extend the framework from

binary GME diagnosis to hierarchical structure diagnosis, in-

cluding GME, entanglement-depth, separability-number, and

full block-size partition-label tasks. The experiments cover

N = 4, . . . ,8, using the full integer-partition label set for each

N; the number of block-size partition labels therefore increases

from 5 to 22.

For structure diagnosis, we compare random identity-

inclusive measurements RI with the structure-aware strategy

SA. The latter combines global phase-aware probes, local

probes, pairwise probes, triple probes, and additional random

probes. Class-conditional conformal prediction is applied sep-

arately to each task with α = 0.1.

Fig. 2 makes clear that measurement design is crucial for
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Fig. 2: Hierarchical structure diagnosis under finite-shot Pauli measurements. Left: full block-size partition-label diagnosis under random identity-inclusive (RI)

and structure-aware (SA) measurements. Right: balanced accuracy for GME, entanglement-depth, separability-number, and full partition-label diagnosis under the

structure-aware strategy.

fine-grained diagnosis. As N increases, RI deteriorates rapidly,

while SA remains much more effective. At N = 8, the full

block-size partition-label balanced accuracy improves from

0.250 under RI to 0.596 under SA, while coverage remains

near or above the target level.

The same figure reveals a clear information hierarchy in

measurement-limited diagnosis. Depth diagnosis is more re-

liable than separability-number and full block-size partition-

label diagnosis, since the latter tasks require increasingly de-

tailed structural information. Under SA, the GME balanced

accuracy remains 1.000 and the GME overconfident error re-

mains 0 for all N = 4, . . . ,8. Additional tabulated values for

the partition-label and hierarchical tasks are provided in the

Appendix.

For N = 8, K = 160, and SA, the full block-size partition-

label task has

Part. BAcc = 0.596, Part. Cov = 0.953,

Part. OE = 0.008.

The high reject rate,

Part. Rej.= 0.899,

shows that this measurement budget often leaves several fine-

grained block-size partition labels statistically plausible. Ad-

ditional measurement-budget studies are provided in the Ap-

pendix.

Taken together, the experiments show that coarse GME de-

cisions are robust under physically designed measurements,

while full block-size partition-label decisions become increas-

ingly demanding as N grows. In this sense, the protocol does

more than assign labels: it also shows which entanglement

questions are supported by the available finite-shot Pauli evi-

dence.

6 Discussion and outlook

The experiments support a measurement-to-decision view of

multipartite-entanglement diagnosis. The finite-shot Pauli

record is the operational evidence, and the reported label set is

a calibrated statement about what that evidence supports. The

protocol separates three cases that ordinary classifiers often

blur together: a single structural decision is justified, several

structures remain plausible, or the sample lies outside the cal-

ibrated operating regime and should trigger abstention. This

separation is important for using learning-based diagnostics

responsibly in finite-data quantum experiments.

One main lesson is the diagnostic information hierarchy

exposed by the benchmarks. Coarse GME diagnosis is com-

paratively stable when phase-sensitive global Pauli probes are

available. Entanglement depth, separability number, and full

block-size partition labels need progressively richer local and

few-body information. The large-N hard benchmark shows the

same point from the measurement-design side: with a small

fixed measurement budget, random Pauli measurements and

basic global probes do not reliably capture the GHZ phase

information, whereas phase-aware X/Y -type global probes di-

rectly target the relevant coherence. The performance gains

therefore do not come only from the score model; they also

reflect the match between the measured physical correlations

and the structural question being asked.

The same viewpoint also clarifies the scope of the method.

Split conformal prediction controls in-distribution predic-

tion sets under the usual exchangeability assumption. OOD-

calibrated abstention extends the workflow to represented distri-

bution shifts by adding an explicit rejection threshold. Within

this calibration setting, the protocol provides calibrated diag-

nostic evidence under a specified Pauli-measurement model

and calibration distribution. It can then serve as a diagnos-

tic layer before stronger tools such as certification, adaptive

measurement, or device-specific verification. The leave-one-

family-out tests in the Appendix identify the most difficult

transfers, especially random-circuit states and several N = 6

cases.

The benchmarks also point to several next steps. The

state families used here are synthetic and mainly pure-state

based; the white-noise admixture test in the Appendix is

only a first mixed-state robustness check. Broader tests
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on noisy many-body ensembles, variational-circuit states,

matrix-product states, stabilizer and graph-state families, and

hardware-generated states would help clarify the empirical op-

erating range. The measurement designs used here are also

fixed and manually constructed. Adaptive Pauli measurement

selection, grouping of compatible observables, device-specific

readout calibration, and integration with witness-based certi-

fication are natural extensions. These directions would bring

efficient statistical diagnosis closer to formal quantum-state

verification while keeping the finite-measurement, uncertainty-

aware viewpoint developed here.

7 Conclusion

We have treated multipartite-entanglement diagnosis from

finite-shot Pauli data as a calibrated quantum-information infer-

ence problem. The protocol uses binomial Pauli estimators as

native experimental inputs and converts them into uncertainty-

aware diagnostic outputs through task-informed measurement

design, score-based diagnostic modeling, class-conditional con-

formal prediction, and OOD-calibrated abstention. It reports

whether the available finite measurement evidence supports

a single structural conclusion, a broader prediction set, or no

decision within the represented calibration regime.

In the benchmark families studied here, phase-aware global

Pauli probes support GME diagnosis up to N = 20, while

structure-aware local and few-body probes show the larger

measurement demand of hierarchical entanglement-structure

diagnosis. The results reveal an intrinsic information hierar-

chy: coarse global entanglement structure can be inferred from

carefully chosen global coherence probes, whereas finer labels

such as entanglement depth, separability number, and complete

block-size partitions require substantially richer Pauli informa-

tion. The protocol therefore gives a calibrated diagnostic layer

for finite-measurement quantum experiments and is naturally

complementary to tomography, entanglement witnesses, and

device-independent certification.
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Appendix

A Additional numerical implementation and calibration details

The main text defines the finite-shot Pauli estimators, diagnostic labels, conformal prediction sets, OOD-abstention rule, and

measurement strategies. Here we give the implementation choices needed to read the Appendix results. All numerical experiments

were carried out with Python programs written by the authors, and no external datasets were used. The main diagnostic model

is trained on in-distribution benchmark samples, while OOD samples are kept for abstention calibration or final OOD testing.

Table A1 summarizes the settings.

The train/calibration/test split is kept disjoint in all Python-based experiments. Unless a table states otherwise, the reported

entries are computed on held-out test samples after the conformal and abstention thresholds have already been fixed. The Pauli

feature vector contains finite-shot parity estimators only; it does not use ideal density matrices or full tomography data. Formal

runs use 2000 in-distribution states per N for the small-system in-distribution, noise, and OOD experiments, 600 samples per OOD

family for OOD calibration and testing, 4000 states per N for the large-N GME benchmark, and 3200 states per N for hierarchical

diagnosis. Results are summarized across five random repeats. For the large-N GME experiments, the K = 40 and K = 80 Pauli

lists are generated as independent measurement designs rather than nested supersets. Small nonmonotonic differences across K

should therefore be read as measurement-design and training variability.

The abstention score combines the maximum softmax score, predictive entropy, conformal-set size, distances in the raw

Pauli-feature space, and distances in the learned embedding space. Its threshold is chosen from the ID calibration split and the

designated OOD calibration families. Thus, the reported OOD results should be interpreted for the tested shift families.

Table A1: Compact implementation settings.

Category Setting

Experiment ranges The small-system in-distribution, noise, and OOD experiments use N = 4,5,6; the large-N GME benchmark uses N =
8,10,12,16,20; hierarchical diagnosis uses N = 4, . . . ,8. The main reported budgets use K = 40,80 for GME-oriented tests

and K = 80,160 for hierarchical diagnosis. Formal runs use five random repeats; the train/calibration/test split is 60/20/20 for

in-distribution samples, and the OOD calibration/test split is 50/50 for OOD families.

Model The diagnostic model is a two-hidden-layer fully connected network with task-specific output heads. Hidden widths are 128 for

the small-system and large-N experiments and 160 for the hierarchical diagnosis model.

Training Models are trained with Adam, learning rate 10−3, batch size 64, and class-weighted cross-entropy losses. Calibration is

applied after training through split conformal prediction and OOD-calibrated abstention.

OOD abstention The abstention module combines finite-shot Pauli features with confidence, entropy, conformal-set-size, and distance-based

indicators to produce a thresholded OOD score.

B Theoretical derivations

This section gives two short derivations behind the calibrated decision layer and the phase-aware Pauli-measurement design used

in the main text. The purpose is to separate the statistical calibration statement from the measurement features that are tied to

GHZ-type quantum coherences.

B.1 Rank proof of class-conditional conformal coverage

Fix a diagnostic task and a class c. Let

Si = 1−qθ (c | Xi), i = 1, . . . ,nc,

be the calibration nonconformity scores among samples whose true label is c, and let

Stest = 1−qθ (c | Xtest)

be the corresponding score for a test sample conditional on Ytest = c. Under the stated class-conditional exchangeability assumption,

S1, . . . ,Snc ,Stest

are exchangeable random variables. Let S(1) ≤ ·· · ≤ S(nc) be the ordered calibration scores and set

kc = ⌈(nc +1)(1−α)⌉ .

If kc > nc, the threshold is taken as +∞, so the true class is included with probability one. Otherwise, the class-wise threshold is

q̂α,c = S(kc).
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The conformal set contains the true label c exactly when

Stest ≤ q̂α,c.

By exchangeability, the rank of Stest among the nc + 1 scores is uniformly distributed in the no-tie case; with ties, the same

argument gives conservative coverage when ties are handled by the non-strict inequality above. Therefore

P
(
Stest ≤ S(kc) | Ytest = c

)
≥

kc

nc +1
≥ 1−α.

Thus

P(Ytest ∈ Cα(Xtest) | Ytest = c)≥ 1−α.

This is a finite-sample calibration statement for the diagnostic prediction set under class-conditional exchangeability. Entanglement-

witness or device-independent certification can be added when the required experimental assumptions and validation criteria are

available.

B.2 Expectation of phase-aware global X/Y Pauli probes

Consider the GHZ-like state

|GHZN,a,φ ⟩= a|0⟩⊗N +beiφ |1⟩⊗N , b =
√

1−a2.

Let P =
⊗N

j=1 Pj be a full-weight Pauli string with Pj ∈ {X ,Y}, and let nY be the number of local Y factors. Since

X |0⟩= |1⟩, X |1⟩= |0⟩, Y |0⟩= i|1⟩, Y |1⟩=−i|0⟩,

we have

P|0⟩⊗N = inY |1⟩⊗N , P|1⟩⊗N = (−i)nY |0⟩⊗N .

The diagonal overlaps vanish because P flips every computational-basis bit. Hence only the two coherence terms contribute:

⟨P⟩= ⟨GHZN,a,φ |P|GHZN,a,φ ⟩

= ab
[
eiφ (−i)nY + e−iφ inY

]

= 2abcos
(

φ −
nY π

2

)
.

Thus changing nY selects different phase quadratures of the GHZ coherence. This explains why the phase-aware global-plus-

random design includes several full-weight X/Y -type probes instead of relying only on X⊗N , Y⊗N , or random full-weight Pauli

strings.

C Robustness and out-of-distribution evaluation

C.1 Noise robustness

Table A2 gives the numerical values behind the noise-robustness trends in the main text. The results use the hybrid global-depth

strategy with K = 40 and S = 512. Depolarizing noise has a relatively mild effect, while dephasing and readout noise affect

depth-related diagnosis more strongly. GME coverage remains near the target level within finite-sample fluctuations, and the

depth-task reject rate increases under harder noise conditions.

C.2 Mixed-state white-noise stress test

As a simple mixed-state robustness check, each pure benchmark state |ψ⟩⟨ψ| is replaced by

ρη = (1−η)|ψ⟩⟨ψ|+η
I

2N
,

before finite-shot Pauli sampling. This test checks how sensitive the calibrated GME module is to a basic white-noise admixture.

Table A3 shows stable GME balanced accuracy, coverage, and overconfident error over the tested range η ≤ 0.20.
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Table A2: Noise robustness under the hybrid global-depth strategy with K = 40 and S = 512. Depol. and Deph. denote depolarizing and dephasing noise,

respectively.

N Noise p GME task Depth task

BAcc Cov. BAcc / Rej.

4 Clean – 1.000 0.919 0.954 / 0.054

4 Depol. 0.10 1.000 0.922 0.954 / 0.052

4 Deph. 0.10 1.000 0.916 0.702 / 0.402

4 Readout 0.10 0.700 0.908 0.665 / 0.600

5 Clean – 1.000 0.902 0.870 / 0.262

5 Depol. 0.10 1.000 0.888 0.865 / 0.294

5 Deph. 0.10 0.501 0.906 0.421 / 0.876

5 Readout 0.10 0.500 0.905 0.279 / 0.939

6 Clean – 1.000 0.908 0.764 / 0.522

6 Depol. 0.10 1.000 0.906 0.754 / 0.538

6 Deph. 0.10 0.694 0.916 0.363 / 0.940

6 Readout 0.10 0.585 0.901 0.395 / 0.972

Table A3: White-noise mixed-state stress test for the GME module. Here η is the white-noise admixture strength in ρη = (1−η)|ψ⟩⟨ψ|+ηI/2N .

N η BAcc Cov. Rej. OE

4 0.00 1.000 0.883 0.117 0.000

4 0.05 1.000 0.892 0.108 0.000

4 0.10 0.999 0.887 0.113 0.000

4 0.20 0.999 0.923 0.077 0.000

5 0.00 0.998 0.891 0.109 0.000

5 0.05 0.996 0.896 0.104 0.000

5 0.10 0.999 0.907 0.093 0.000

5 0.20 0.997 0.925 0.075 0.000

6 0.00 0.998 0.913 0.087 0.000

6 0.05 0.999 0.919 0.081 0.000

6 0.10 0.999 0.896 0.104 0.000

6 0.20 0.999 0.917 0.083 0.000

Table A4: Multi-score OOD rejection baseline. NR, FR, and OE denote novelty reject rate, final GME reject rate, and final GME overconfident error, respectively.

Family NR FR OE

ID 0.052 0.121 0.000

Dicke 0.668 0.668 0.332

LC 0.412 0.415 0.585

RC 0.285 0.324 0.676

RG 0.324 0.324 0.676

W 0.210 0.210 0.790
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Fig. A1: Sensitivity of the OOD-calibrated abstention mechanism with respect to the ID-retention target γ . (a) ID accept rate and OOD reject rate as functions of

γ . (b) Final OOD overconfident error under different choices of γ .
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C.3 OOD baseline and sensitivity analysis

Table A4 reports a multi-score OOD rejection baseline based on Pauli-space distances, embedding-space distances, kNN variants,

softmax confidence, and conformal set size. The baseline rejects part of the OOD samples, but it still leaves large overconfident

errors for W and random-circuit states. This motivates the OOD-calibrated abstention mechanism used in the main text.

Fig. A1 shows stable OOD rejection and low final OOD overconfident error over γ = 0.80, . . . ,0.98, which indicates that the

operating point is not sensitive to these threshold choices.

As an additional cross-family check, we perform leave-one-family-out OOD validation. For each held-out family among

W, Dicke, LC, RG, and RC, the abstention layer and threshold are calibrated using ID calibration samples together with OOD

calibration samples from the other four families. The held-out family is reserved for final testing. Table A5 reports the resulting

performance. Here, ID retain means the fraction of in-distribution calibration samples retained after abstention thresholding; FA,

FR, and OE denote final accept rate, final reject rate, and final GME overconfident error, respectively.

Table A5: Leave-one-family-out OOD validation. For each held-out family, the abstention layer is calibrated using all other OOD families and then tested on the

held-out family only.

N Held-out ID retain OOD reject FA FR OE

4 W 0.905 1.000 0.000 1.000 0.000

4 Dicke 0.905 1.000 0.000 1.000 0.000

4 LC 0.905 0.969 0.031 0.969 0.031

4 RG 0.905 1.000 0.000 1.000 0.000

4 RC 0.905 0.689 0.258 0.742 0.258

5 W 0.905 1.000 0.000 1.000 0.000

5 Dicke 0.905 1.000 0.000 1.000 0.000

5 LC 0.905 0.942 0.042 0.958 0.042

5 RG 0.905 0.983 0.017 0.983 0.017

5 RC 0.905 0.703 0.272 0.728 0.272

6 W 0.905 0.653 0.347 0.653 0.347

6 Dicke 0.905 0.853 0.147 0.853 0.147

6 LC 0.905 0.892 0.108 0.892 0.108

6 RG 0.905 0.750 0.250 0.750 0.250

6 RC 0.905 0.453 0.503 0.497 0.503

Table A5 shows effective cross-family abstention for several held-out families, especially W, Dicke, LC, and RG at N = 4,5.

Random-circuit states and several N = 6 cases are harder; for example, held-out RC at N = 6 gives OE = 0.503.

D Large-system benchmarks

We also provide additional values for the hard perturbed-GHZ benchmark. As a reference check, the GME module is first

evaluated on ideal GHZ states.

For the ideal-GHZ benchmark using the global-plus-random strategy, all tested cases N = 8,10,12,16,20 with K = 40,80

achieve GME balanced accuracy 1.000 and overconfident error 0.000, with empirical coverage fluctuating around the target level.

For this reason, the main text focuses on the harder perturbed-GHZ benchmark.

Table A6 gives the complete numerical values for the hard perturbed-GHZ benchmark summarized graphically in the main text.

Table A6: Hard perturbed-GHZ benchmark using the phase-aware global-plus-random strategy. BAcc, Cov., Rej., and OE denote balanced accuracy, conformal

coverage, reject rate, and overconfident error, respectively.

N K BAcc Cov. Rej. OE

8 40 0.983 0.913 0.082 0.005

10 40 0.979 0.907 0.081 0.011

12 40 0.969 0.906 0.079 0.015

16 40 0.969 0.905 0.077 0.019

20 40 0.968 0.917 0.068 0.016

8 80 0.978 0.906 0.082 0.011

10 80 0.980 0.883 0.110 0.006

12 80 0.962 0.896 0.064 0.040

16 80 0.953 0.913 0.047 0.040

20 80 0.960 0.919 0.051 0.030
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E Hierarchical and measurement-budget diagnostics

E.1 Detailed hierarchical-structure values

Table A7 gives the full block-size partition-label balanced accuracy and coverage for the structure-diagnosis trend shown

in the main text. Table A8 gives additional hierarchical-structure values under structure-aware measurements, including the

partition-label rejection and overconfident-error rates.

Table A7: Full block-size partition-label diagnosis with K = 160 and S = 512. RI and SA denote random identity-inclusive and structure-aware measurements,

respectively.

N Str. BAcc Cov.

4 RI 0.922 0.918

4 SA 0.928 0.918

5 RI 0.688 0.935

5 SA 0.851 0.932

6 RI 0.474 0.944

6 SA 0.782 0.935

7 RI 0.306 0.959

7 SA 0.636 0.939

8 RI 0.250 0.927

8 SA 0.596 0.953

Table A8: Hierarchical entanglement-structure diagnosis using structure-aware measurements with K = 160 and S = 512. Part. denotes full partition-label

balanced accuracy. Part. Rej. and Part. OE are the corresponding rejection and overconfident-error rates.

N GME Depth Sep. Part. Cov. Rej. OE

4 1.000 0.931 0.903 0.928 0.918 0.162 0.039

5 1.000 0.899 0.855 0.851 0.932 0.418 0.031

6 1.000 0.848 0.749 0.782 0.935 0.497 0.020

7 1.000 0.757 0.681 0.636 0.939 0.796 0.016

8 1.000 0.728 0.662 0.596 0.953 0.899 0.008

E.2 Measurement-budget dependence

Fig. A2 summarizes the measurement-budget dependence at N = 8 under the structure-aware strategy. The GME task reaches

stable high performance with a moderate measurement budget, while finer-grained structure tasks improve more slowly. For full

partition-label diagnosis, coverage remains near the target level within finite-sample fluctuations and overconfident error stays low,

but the reject rate is high when the budget is limited.
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Fig. A2: Measurement-budget dependence at N = 8 under the structure-aware strategy. (a) Balanced accuracy for GME, entanglement-depth, separability-number,

and full partition-label diagnosis. (b) Calibration metrics for the full partition-label task, including conformal coverage, reject rate, and overconfident error.
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