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Hamiltonian dynamics from pure dissipation

Zhong-Xia Shang1, ∗ and Daniel Stilck França1, †

1Department of Mathematical Sciences, University of Copenhagen, Universitetsparken 5, 2100 Denmark

The fundamental difference between closed and open quantum dynamics lies in their environmental
interaction: closed systems are perfectly isolated and evolve reversibly under unitary Hamiltonian
dynamics, whereas open systems continuously couple to an external bath, resulting in irreversible
dissipation and information loss. In this work, we show internal Hamiltonian dynamics can be
”faked“ via external pure dissipation, i.e., Lindbladians without a coherent Hamiltonian part. More
concretely, we show that, in a GKSL representation with zero explicit Hamiltonian, bounded-norm
dissipative generators can approximate Hamiltonian dynamics within ϵ error in diamond norm using
O(t2/ϵ) evolution time. We further prove that for time-independent dynamics this O(t2/ϵ) scaling
is in the worst case, necessary and optimal from a geometric perspective, which captures the fun-
damental decoherence cost for catching up with the speed of Hamiltonian dynamics. For practical
considerations, we establish an autonomous QDRIFT protocol and show how to exponentially im-
prove the dependence on ϵ for expectation value estimation via extrapolations. Our construction
leads to various implications, including the BQP-completeness of purely dissipative dynamics even
before reaching approximate equilibrium, a Zeno-adjacent state-independent freezing effect, the no
super-quadratic fast-forwarding theorem of a class of purely dissipative dynamics, and reducing
Lindbladian simulation cost via gauge changing.

Introduction.—The dynamics of any physical systems are governed by a combination of internal interactions and
external coupling to an environment. For a quantum system described by a d-dimensional Hilbert space H ∼= C

d, the
most general trace-preserving and completely positive Markovian evolution is described by the Gorini–Kossakowski–
Sudarshan–Lindblad master equation (Lindbladian) [1, 2]

dρ

dt
= −i[H, ρ] +

∑

i

(
FiρF

†
i − 1

2
{ρ, F †

i Fi}
)
. (1)

Here, the first term captures the internal, coherent evolution driven by the system Hamiltonian H ∈ C
d×d, while

the second term captures the external interactions mediated by the jump operators {Fi} ⊂ C
d×d. When external

interactions are completely absent, the system is closed; it evolves unitarily and reversibly, preserving all quantum
information. Conversely, the inclusion of the jump operators defines an open quantum system, where continuous
interaction with a bath drives irreversible dissipation and decoherence [3].
Understanding how to simulate quantum systems and the effect of dissipation or decoherence is a central theoretical

pursuit in quantum mechanics, with profound practical implications for quantum information and quantum computing.
Especially, a recent wave of dissipation-based quantum algorithms has emerged, spanning Gibbs state [4–6] and ground
state [7–9] preparation, solving differential equations [10], and optimization [11]. The performance, advantages, and
inherent limitations of these dissipative approaches, especially when compared to traditional coherent algorithms [12],
are deeply rooted in how open and closed dynamics interface and diverge [6].

To interrogate this boundary, we ask: can coherent Hamiltonian dynamics be approximately reproduced by purely
dissipative interactions, and if so, at what cost? While Stinespring dilation [13] allows open systems to be modeled
via closed dynamics, it does so by artificially expanding the Hilbert space to encompass the entire bath, thereby
redefining the system-environment partition and converting external interactions into internal ones. However, if we
restrict our view to the system alone, the fundamentally distinct physical origins and time-reversal properties of
these two mechanisms suggest they cannot substitute for one another. Even though the gauge invariance [3] of the
Lindbladian allows a certain level of freedom of interconversions, finding Fi such that

∑

i

(
FiρF

†
i − 1

2
{ρ, F †

i Fi}
)

= −i[H, ρ] (2)

holds exactly is impossible for any nonzero H [14].
In this work, we demonstrate that the internal, coherent Hamiltonian interactions can be well mimicked by strictly

external, dissipative ones. Specifically, we prove that purely dissipative Lindbladians (i.e. Lindbladians with only
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{Fi} and no H in eq. (1)) can achieve approximate ideal t-time Hamiltonian evolution within an error ϵ in diamond
norm using an evolution time of O(t2/ϵ). This scaling shows that this imitation is not only possible but also efficient
with no exponential overheads in time, system size or precision. Since the purely dissipative dynamics is fundamen-
tally irreversible, we further show that this O(t2/ϵ) Lindbladian evolution time is actually necessary and optimal to
simulate the reversible Hamiltonian dynamics in the worst case. We prove this via geometry: how to maximize the ro-
tational speed (Hamiltonian dynamics) while minimizing the radial one (decoherence). Later, we show an autonomous
QDRIFT [15] protocol and an extrapolation-based expectation value estimation method as practical applications. We
also give several implications of our results for various topics, including the complexity class of dissipative dynamics,
Zeno effect, fast-forwarding dissipative dynamics, and Lindbladian simulations.

FIG. 1. The physical meaning of theorem 1. Our construction essentially says that for any closed quantum system characterized
by the Hamiltonian H with zero external dissipation, we can always find a purely dissipative open quantum system with zero
internal Hamiltonian to efficiently mimic its dynamics.

Hamiltonian dynamics via dissipation.— Our construction is simple and direct. Consider a purely dissipative,
single-jump Lindbladian

dρ

dt
= L[ρ] = FρF † − 1

2
{F †F, ρ}, (3)

i.e. in GKSL form with only one jump (albeit not necessarily traceless). If we set F = I − iδH, then we will have

dρ

dt
= −iδ[H, ρ] + δ2

(
HρH − 1

2
{H2, ρ}

)
, (4)

where the first term is a δ-strength Hamiltonian dynamics and the second term is δ2-strength dissipation when viewing
H as a jump operator, which has recently been found to have deep connections with quantum phase estimation [16].
Based on eq. (4), we obtain the following theorem.

Theorem 1. By setting δ = ϵ/t, the purely dissipative, single-jump Lindbladian eq. (3) can approximate the Hamilto-

nian dynamics eLHt[ρ] = e−iHtρeiHt within ϵ error in diamond distance [17] in the sense that sup0≤s≤t

∥∥∥eLT
t
s − eLHs

∥∥∥
⋄
≤

ϵ, by an evolution time

T = O
(
∥H∥2∞t2ϵ−1

)
. (5)

We give detailed proofs in App. A, which uses Duhamel’s Identity [18] to bound the distance between dynamics
via the distance between the Liouvillian operators. The theorem 1 is surprising in terms of the physical picture as
shown in fig. 1. Closed quantum systems have zero dissipation and non-zero internal Hamiltonians, while purely
dissipative open quantum systems have zero internal Hamiltonians but non-zero dissipation. Therefore, these two
types of systems are exactly the opposite of each other and should have fundamentally different dynamics. However,
our result here shows that in fact the purely dissipative one can efficiently mimic the other with only an overhead
that matches the first-order product formula-based Hamiltonian simulation method [19].

The design of the jump operator is not unique, and we show two generalizations. First, as long as F = I−δA+O(δ2)
and the anti-Hermitian part of A is H, then the Lindbladian evolution time to achieve the same goal in theorem 1
requires

T = O
(
∥A∥2∞t2ϵ−1

)
. (6)
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A direct example of such a jump is F = e−iHδ, which is unitary short-time Hamiltonian dynamics itself.
Second, one may argue F = I − iδH is not physical since H is a global operator, whereas physical jumps should be

local. But note that we can actually localize jumps by increasing their number. Suppose H has the decomposition
H =

∑
iHi, with Hi local, then for each term, we can assign a jump operator Fi = I − iδHi, and the resulting

multi-jump purely dissipative Lindbladian can approximate the Hamiltonian dynamics by an evolution time

T = O
(
∑

i

∥Hi∥2∞t2ϵ−1

)
. (7)

This version is especially relevant for platforms with local dissipative control [20], and it shows that coherent many-
body dynamics can be generated from local open-system primitives with only polynomial overhead. We later generalize
this idea to our autonomous QDRIFT
One may notice that in all the above constructions, the jumps have the form I+ δO+O(δ2) with O some operator.

In fact, we can prove this is the only possible form for smooth, purely dissipative Lindbladians that mimic the
Hamiltonian dynamics.

Proposition 1 (Uniqueness up to O(δ2)). Let {LD,δ}0≤δ<δ0 be a smooth family of purely dissipative Lindbladians
on a finite-dimensional system, and let

LH(ρ) := −i[H, ρ]. (8)

Assume that there exists t0 > 0 such that

ε(δ) := sup
0≤s≤t0

∥∥e s
δ
LD,δ − esLH

∥∥
⋄
−−−→
δ→0

0. (9)

Then

LD,δ = δLH +O(δ2) (10)

in diamond norm.

We refer to App. C for the detailed proof. But note that our proof boils down to showing that Eq. (9) implies
constraints on how the family of smooth Lindbladians LD,δ must behave at different orders of δ. An interesting
remark here is that while shifting the Hamiltonian (adding identity) is trivial and only introduces a global phase,
shifting the jump operator can fundamentally change the dynamics.
We finish this section by introducing a corollary of theorem 1. Since Hamiltonian dynamics can be recast as

dissipation, therefore, we can actually convert any Lindbladian into a pure dissipation form. For the general form
eq. (1), we can construct a purely dissipative Lindbladian with jump operators F ′ where we let F ′

0 = I − iδH and let

F ′
i =

√
δFi, then by setting δ = ϵ/t, to simulate the original Lindbladian for an evolution time t within error ϵ, the

required new Lindbladian evolution time is

T = O
(
∥H∥2∞t2ϵ−1

)
. (11)

Geometric Lower Bound.— Now, we want to show that since the dissipation is irreversible and fundamentally
different from the Hamiltonian dynamics after all, the O(t2/ϵ) cost is what you have to pay in the worst case, as
illustrated in the theorem below:

Theorem 2. There exist families of Hamiltonians H ∈ C
2×2 such that if a purely dissipative Lindbladian of the form

LD(ρ) =
m∑

j=1

(
FjρF

†
j − 1

2{F
†
j Fj , ρ}

)
, ∥Fj∥∞ ≤ C, (12)

can simulate the target Hamiltonian dynamics for an evolution time t within an diamond-distance error ϵ uniformly
in time

sup
0≤s≤t

∥∥∥eLD
T
t
s − eLHs

∥∥∥
⋄
≤ ϵ, (13)

then the total Lindbladian evolution time T must satisfy the lower bound

T = Ω

(∥H∥2∞
mC2

t2ϵ−1

)
. (14)
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FIG. 2. Left: Hamiltonian dynamics via dissipation can be compared to driving a top via a whip. Since we want to rotate
the top (Hamiltonian dynamics) via an external whip (environment), the rotation of a δ-strength is inevitably accompanied
by radial disturbance (dissipation) of δ2-strength. Right: Under the uniform-in-time error restriction eq. (13), the dissipative
trajectory (blue) should be close to the Hamiltonian trajectory (red). As results, the radial distance between the ideal state
and the Lindbladian evolved state should be within ϵ, and the trajectory length of the dissipative dynamics (lD) should be
close to the trajectory length of the Hamiltonian dynamics (lH).

We have two remarks for theorem 2. First, the mC2 factor in eq. (14) matches the block encoding cost in the digital
Lindbladian simulation algorithms on quantum computers [21–29]. Second, the reason we ask the uniform-in-time
error assumption is to avoid the adversarial cheating where the Lindbladian doesn’t actually simulate the Hamiltonian
dynamics but only approximates the unitary map eLHt at the specific time t.
The proof idea of theorem 2 is from a geometric point of view. Since the lower bound cares about the worst case,

we can analyze the lower bound via a single-qubit system where we consider approximating H = νσz/2 via eq. (12).
By mapping the qubit’s density matrix to a Bloch vector r ∈ R

3, the purely dissipative Lindbladian eq. (12) can be
recast as an affine Bloch equation of the form ṙ = Br + c [13] with

B = S + [ω×]. (15)

The matrix [ω×] (representing cross product by ω) is real and antisymmetric, representing the effective rotational
speed that attempts to mimic the target Hamiltonian dynamics. The matrix S is real, symmetric, and strictly
negative semi-definite (S ⪯ 0). This component drives the inevitable radial contraction, pulling the state away from
the boundary of the Bloch sphere and representing irreversible decoherence.

Since both [ω×] and S emerge from eq. (12), we prove that they have the relation

|ω|2 ≤ mC2(−TrS). (16)

This indicates that one cannot increasing the rotational speed without increasing the radial decoherence. The |ω|2
versus −TrS have been seen in eq. (4) with the δ-strength Hamiltonian part and the δ2-strength dissipative part. We
can also understand this from fig. 2 left, where we can imagine the Hamiltonian dynamics via dissipation as rotating
a top via a whip. Since the internal Hamiltonian is zero, top cannot rotate by itself, and can only rely on the external
force of whip, therefore, it is impossible to rotate the top without radial disturbance.
Under the uniform-in-time requirement eq. (13), we want the dissipative trajectory on the Bloch sphere to be close

to the Hamiltonian trajectory as shown in fig. 2 right. This leads to two further consequences. First, S should be small
such that the decoherence won’t make the radial distance between the Bloch surface and the Lindbladian evolved
state from a pure initial state to go beyond ϵ. We prove S must satisfy

−Tr(S) ≤ 6ϵ

T
. (17)

Second, |Tω| should be large such that the length of the dissipative trajectory lD can catch the length of the
Hamiltonian trajectory lH = νt, which relates to the so-called quantum speed limit [30–32]. We prove that |ω|
must satisfy

|ω| ≥ νt

8T
. (18)

By combining eq. (16), eq. (17), and eq. (18), we proof theorem 2. Detailed proofs can be found in App. B.
Autonomous QDRIFT and extrapolation.— Our construction also gives a measurement-native realization of
QDRIFT [15]. The details of the construction are discussed in App. D and we only give an overview here. Consider
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a Pauli Hamiltonian

H =

L∑

ℓ=1

hℓPℓ, Pℓ = P †
ℓ , P 2

ℓ = I, (19)

and suppose that the Pauli products Pℓ are available as dissipative readout or loss channels. Instead of implementing
the coherent Pauli rotations used in standard QDRIFT, we introduce displaced Pauli jump operators

Fℓ,δ =
√
γℓ I − iδ

hℓ√
γℓ
Pℓ, γℓ > 0. (20)

Since F †
ℓ,δFℓ,δ = (γℓ + δ2h2ℓ/γℓ)I, the click statistics are state-independent: the bath supplies the randomness, but no

outcome-conditioned feedback is required. The corresponding purely dissipative generator satisfies

∑

ℓ

DFℓ,δ
= δLH + δ2

∑

ℓ

h2ℓ
γℓ

ZPℓ
, ZP [ρ] = PρP − ρ. (21)

Thus, after the same time rescaling as in theorem 1, the leading term is the target Hamiltonian evolution, while the
subleading term is precisely the sampling-induced Pauli dephasing. If the total available displaced-channel strength
is fixed as Γ =

∑
ℓ γℓ and λ =

∑
ℓ |hℓ|, the optimal allocation is

γ⋆ℓ = Γ
|hℓ|
λ
. (22)

For this choice, the jump labels are sampled with probabilities pℓ = |hℓ|/λ, exactly as in QDRIFT, and the rescaled
generator takes the Poissonized QDRIFT form

1

δ

∑

ℓ

DFℓ,δ
= LH +

δλ

Γ

∑

ℓ

|hℓ|ZPℓ
. (23)

Consequently,

sup
0≤s≤t

∥∥∥e(s/δ)
∑

ℓ DFℓ,δ − esLH

∥∥∥
⋄
≤ 2tδλ2

Γ
. (24)

Choosing δ = Θ(ϵΓ/(tλ2)) gives a dissipative evolution time

T =
t

δ
= O

(
t2λ2

Γϵ

)
, (25)

with an expected number of autonomous jumps O(t2λ2/ϵ), matching the usual QDRIFT scaling.
The difference is operational: the random Pauli rotations are generated by continuously running dissipative channels

rather than by a classical randomized circuit scheduler. This makes the construction especially natural in architectures
where high-weight Pauli measurements are native but coherent high-weight Pauli rotations are expensive.

Finally, for observable estimation rather than channel simulation, one can vary δ and classically Richardson-
extrapolate the measured expectation values to the δ → 0 limit, in the spirit of qFLO [33]. More quantitatively,
for the rescaled dissipative flow

e(t/δ)Lδ = et(LH+δR), (26)

the parameter δ plays the role of a controllable step size, and expectation values are analytic in δ. An m-point
Richardson extrapolator cancels the firstm−1 powers of this artificial dissipative bias, giving an intrinsic extrapolation
error of order

O

[
∥b∥1

(
et∥R∥⋄δmax

m

)m]
, (27)

where ∥b∥1 is the ℓ1 norm of the extrapolation weights. Using the well-conditioned qFLO nodes [33], one has ∥b∥1 =
O(logm), so choosing m = Θ(log(1/ϵ)) reduces the largest required dissipative evolution time to

Tmax = O
(
t2∥R∥⋄ log(1/ϵ)

)
, (28)
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instead of the physical-channel scaling O(t2∥R∥⋄/ϵ). For autonomous QDRIFT with the optimal allocation, ∥R∥⋄ ≤
2λ2/Γ, hence

Tmax = O

(
t2λ2

Γ
log(1/ϵ)

)
,ENmax = O

(
t2λ2 log(1/ϵ)

)
. (29)

This improvement applies to observable estimation via signed classical post-processing, not to implementing a single
CPTP channel, and therefore does not contradict the lower bound in theorem 2.
Implications.—We now show several direct implications of our results.
1. Purely dissipative dynamics is BQP-complete.—A direct implication of our result is that purely dissipative

dynamics is BQP-complete [34] beyond the fixed point. Since Hamiltonian dynamics is BQP-complete, theorem 1
indicates the purely dissipative Lindbladian is BQP-hard, which combining with the fact that Lindbladian can be
efficiently simulated by repeated short-time unitary transformations plus tracing out operations via Stinespring dila-
tion [13, 21, 23], leads to the BQP-complete result. An important remark here is that, previously, the BQP-complete
results [6, 35, 36] of dissipation are all about the fixed point where the universal quantum computation is embedded
into the steady states of the dissipative Lindbladian. Our result is different from the existing ones on BQP complete-
ness of Lindbladians in the literature [6, 35, 36] in the sense that we do not encode the computation into properties
of a (quasi)stationary state of the dynamics. Other results [37] achieve universality of Lindbladian dynamics by in-
troducing auxiliary ’timer gadgets’ to orchestrate sequential measurement-based operations. However, this typically
requires significant spatial overhead in the form of complex lattice geometries and auxiliary clock qubits, overheads
which are not present in our simple construction.
2. A novel Zeno-adjacent freezing mechanism. Quantum Zeno effect [38] states that strong and frequent

measurements (or jump operators with large norms in the language of Lindbladian) can sometimes freeze the
system’s evolution. The mechanism of the traditional Zeno effect is to construct strong dissipators LD[ρ] =
∑

i

(
FiρF

†
i − 1

2{ρ, F
†
i Fi}

)
, which is so strong, such that the system can ignore the internal Hamiltonian and is

forced to stay in the steady subspace where LD[ρ] = 0, also known as the Zeno subspace [39]. Our theorem 1 also
leads to a fundamentally different mechanism of quantum Zeno effect. Suppose the system Hamiltonian is H, and we
know H, then to freeze the dynamics, we can simply introduce a jump operator F = δ−1/2(I + iδH). Then we have

dρ

dt
= −i[H, ρ] + FρF † − 1

2
{ρ, F †F} = O(δ). (30)

Thus, setting δ = ϵ/t can make sure ∥ρ(0) − ρ(t)∥1 = O(ϵ). The idea of this new mechanism is to actively generate
the reversal time evolution via dissipation to cancel out the system evolution. While both require large dissipation,
the biggest difference between these two mechanisms is that the traditional mechanism can only freeze states that are
inside the Zeno subspace, while ours can freeze any state.
3. No super-quadratic fast forwarding for a class of Lindbladians.—A central result in Hamiltonian simulation is

the no fast-forwarding theorem [40, 41], which states that there exist no universal (meaning for any H) Hamiltonian
simulation algorithms that can simulate t-time Hamiltonian dynamics within a constant precision ϵ = 1/4 using
sublinear costs in t. For the class of purely dissipative Lindbladian we considered (F = I − iδH), we can simply
let H be the sparse parity check Hamiltonian [40, 42] used in the Hamiltonian no-fast-forwarding proof and set

δ = ϵ/t = 1/4T , then we have T = O(t2). If this Lindbladian can be super-quadratically fast-forwarded, i.e. o(
√
T ),

we will conflict with the query lower bound of the parity check problem, implying this class of Lindbladians cannot
be fast-forwarded beyond quadratic. On the other hand, this also indicates that this class of Lindbladians has the
possibility to be quadratically fast-forwarded in some cases, which, if true, will be another class of fast-forwardable
Lindbladians beyond the recent progress [16, 43, 44]. We want to emphasize that we cannot simply use the t-time
Hamiltonian dynamics to simulate the T -time Lindbladian evolution and claim achieving the quadratic fast-forwarding
since the δ2-strength of the dissipation is fixed and prevents the simulation error to be arbitrarly small. This raises
the question of how to construct fast-forwarding algorithms for these Lindbladians.
4. Reducing Lindbladian simulation cost via gauge changing.—One way to understand theorem 1 is via the gauge

freedom of Lindbladians. For H and Fi in eq. (1), we can do a gauge transform [3] while keeping the Liouvillian
operator and therefore, the dynamics unchanged

Jump: Fi → F ′
i =

∑

j

UijFj + ciI, (31)

Hamiltonian: H → H ′ = − i

2

∑

i

(
c∗iF

′
i − ciF

′†
i

)
, (32)
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where U is unitary, ci are arbitrary complex numbers. If we let H = 0 and Fi = I − iδH, then by setting U = I
and ci = −1 we will have H ′ = δH and F ′ = −iδH, which recovers eq. (4). In the context of simulating Lindbladian
on quantum computers, given the Hamiltonian H and jump operators Fi, the algorithmic cost is then proportional
to ∥H∥∞ +

∑
i ∥Fi∥2∞ [21–29]. For the Lindbladian we considered in theorem 1, we have ∥F∥∞ = O(1) while

∥H ′∥∞ +
∑

i ∥F ′∥2∞ = O(δ). Therefore, while the gauge transform of the Lindbladian doesn’t change the actual
dynamics, it indeed can drastically change the simulation cost. This suggests that, if we want to simulate a Lindbladian
on a quantum computer, instead of directly putting the Hamiltonian and jumps into the simulation algorithms, we
can first find a better gauge with smaller norms and simulating the Lindbladian in that gauge will result in a lower
cost.

Discussions.—In this work, we show the Hamiltonian dynamics can be efficiently simulated via pure dissipation via
explicit construction (theorem 1) and prove it matches the Ω(t2/ϵ) lower bound (theorem 2). It is worth contrasting
our result with a line of work on emergent unitary dynamics from dissipation initiated by [45, 46] and extended
by [47]. These works consider a strongly dissipative Lindbladian L0 admitting a non-trivial manifold of steady states,
perturbed by a weak Hamiltonian term λH. In the limit λ → 0 with time rescaled as τ = λt, the effective dynamics
projected onto the steady-state manifold becomes unitary, generated by a projected Hamiltonian PHP . The setup
we consider here is fundamentally different in three respects. First, our Lindbladian has no Hamiltonian term at
all: the coherent dynamics is generated entirely by the dissipator. Second, our construction does not rely on the
existence of a non-trivial steady-state manifold: the target unitary evolution is approximated on the entire Hilbert
space, not on a projected subspace. Third, we provide a quantitative error bound with matching upper and lower
bounds of order t2/ϵ, whereas the dissipation-projected dynamics literature is primarily concerned with the qualitative
emergence of unitarity and its geometric structure. Our Ω(t2/ϵ) lower bound is also naturally dual to the O(t2/ϵ)
overhead identified by [23] for the reverse direction of simulating Lindblad evolution via Hamiltonian evolution on a
dilated system, with a similar scaling appearing in the repeated-interactions simulation of [28].

Several directions can be further explored. For example, whether and when it is possible and how to achieve the
quadratic fast-forwarding for our considered Lindbladians as explained in Implication 3. Also, while in Implication 4,
we explain the importance of choosing gauge in Lindbladian simulations, accurately estimating ∥H∥∞ +

∑
i ∥Fi∥2∞ is

actually QMA-hard [48]. This raises the question of how to find a better gauge in a practical way.
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Appendix A: Proof of theorem 1 and related results

On F = I − δA: To avoid ambiguity, in the following, we will use ∥ · ∥∞ to represent the spectral norm ∥ · ∥ in the
main text. When we set the jump operator to be F = I − δA with A = G+ iH, we have

FρF † = (I − δ(G+ iH))ρ(I − δ(G− iH))

= ρ− δ(G+ iH)ρ− δρ(G− iH) + δ2(G+ iH)ρ(G− iH)

= ρ− δ{G, ρ} − iδ[H, ρ] + δ2(G+ iH)ρ(G− iH). (A1)

Also, because we have

F †F = (I − δ(G− iH))(I − δ(G+ iH))

= I − δ(G− iH)− δ(G+ iH) + δ2(G− iH)(G+ iH)

= I − 2δG+ δ2(G− iH)(G+ iH), (A2)

therefore, we have

1

2
{F †F, ρ} =

1

2
{I − 2δG+ δ2(G− iH)(G+ iH), ρ}

= ρ− δ{G, ρ}+ 1

2
δ2{(G− iH)(G+ iH), ρ}. (A3)

Thus, the derivative of the density matrix has the form

dρ

dt
= DF [ρ] = F †ρF − 1

2
{F †F, ρ}

= ρ− δ{G, ρ} − iδ[H, ρ] + δ2(G+ iH)ρ(G− iH)− ρ+ δ{G, ρ} − 1

2
δ2{(G− iH)(G+ iH), ρ}

= −iδ[H, ρ] + δ2DA[ρ], (A4)

where we denote DO[ρ] = OρO† − 1
2{O†O, ρ}.

Now, to bound the error of simulating the Hamiltonian dynamics, we first introduce the following lemma

Lemma 1. Given two Lindbladians with the Liouvillian operators L1 and L2 respectively, the diamond distance
between the two Lindbladians for an evolution time t has the upper bound

∥eL1t − eL2t∥⋄ ≤ t∥L1 − L2∥⋄. (A5)

Proof. Using the Duhamel Identity [18], we have

eL1t − eL2t =

∫ t

0

eL2(t−s)(L1 − L2)e
L1sds, (A6)

which leads to

∥eL1t − eL2t∥⋄ ≤
∫ t

0

∥eL2(t−s)∥⋄∥L1 − L2∥⋄∥eL1s∥⋄ds

≤
∫ t

0

∥L1 − L2∥⋄ds = t∥L1 − L2∥⋄, (A7)

where we use ∥eLt∥⋄ ≤ 1.
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Now, using lemma 1, we have

∥eDF t/δ − eLHt∥⋄ ≤ tδ∥DA∥⋄, (A8)

where we use LH to denote the Liouvillian operator of Hamiltonian dynamics under H. To have an approximation
with an error ϵ, we can simply ask

tδ∥DA∥⋄ ≤ ϵ→ δ ≤ ϵ

t∥DA∥⋄
. (A9)

Since the Lindbladian evolution time T is T = t/δ, thus, we obtain

T ≥ ∥DA∥⋄t2/ϵ. (A10)

Since ∥DA∥⋄ = O(∥A∥2∞), we finish the proof

T = O(∥A∥2∞t2/ϵ). (A11)

When A = iH, we recover theorem 1.
On Fi = I − iδHi: Similarly, when H =

∑
iHi, and set jump operators Fi = I − iδHi, we have

dρ

dt
=
∑

i

DFi
[ρ] =

∑

i

(
F †
i ρFi −

1

2
{F †

i Fi, ρ}
)

= −iδ
[
∑

i

Hi, ρ

]
+
∑

i

δ2DHi
[ρ]. (A12)

Using lemma 1, we have

∥e
∑

i DFi
t/δ − eLHt∥⋄ ≤ tδ∥

∑

i

DHi
∥⋄ ≤ tδ

∑

i

∥DHi
∥⋄, (A13)

which leads to

T = O
(
∑

i

∥Hi∥2∞t2/ϵ
)
. (A14)

On General Lindbladian via dissipation: To simulate the general Lindbladian

dρ

dt
= L[ρ] = −i[H, ρ] +

∑

i

(
FiρF

†
i − 1

2
{ρ, F †

i Fi}
)
, (A15)

via dissipation, we construct a purely dissipative Lindbladian L′ with jumps F ′
0 = I − iδH and F ′

i =
√
δFi. Since we

have

dρ

dt
= L′[ρ] = F ′†

0 ρF
′
0 −

1

2
{F ′†

0 F
′
0, ρ}+

∑

i

(
F ′†
i ρF

′
i −

1

2
{F ′†

i F
′
i , ρ}

)

= −iδ[H, ρ] + δ
∑

i

(
F †
i ρFi −

1

2
{F †

i Fi, ρ}
)
+ δ2DH [ρ]

= δL[ρ] + δ2DH [ρ], (A16)

therefore, following the similar procedures as above, we obtain

T = O
(
∥H∥2∞t2/ϵ

)
. (A17)

Appendix B: Proof of theorem 2

In this note we prove a rigorous lower bound under the stronger simulation requirement that the dissipative evolution
must approximate the target Hamiltonian evolution for every intermediate time between 0 and t, not just at the final
time. The result is proved for a simple qubit family, which is enough to establish the desired Ω(t2/ϵ) scaling in the
worst-case sense.
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a. Simulation notion. Let

LD(ρ) =

m∑

j=1

(
FjρF

†
j − 1

2{F
†
j Fj , ρ}

)
, ∥Fj∥∞ ≤ C, (B1)

be a purely dissipative Lindbladian on a qubit, and let Φτ = eτLD . For a target Hamiltonian H, define the unitary
channel

Us(ρ) = e−iHsρeiHs. (B2)

We say that Φτ simulates Us up to time t in total dissipative time T if

sup
0≤s≤t

∥∥∥ΦT
t
s − Us

∥∥∥
⋄
≤ ϵ. (B3)

This is the natural uniform-in-time strengthening of the endpoint condition and matches the linear time reparametriza-
tion used by the constructive upper bound.

Theorem 3 (Uniform-in-time lower bound for a hard qubit family). Let

H =
ν

2
σz, Θ := |ν|t. (B4)

Assume that (B3) holds and that

0 < ϵ ≤ 1

100
min{1,Θ}. (B5)

Then

T ≥ Θ2

384mC2 ϵ
=

ν2t2

384mC2 ϵ
. (B6)

Equivalently, since ∥H∥∞ = |ν|/2,

T ≥ ∥H∥2∞t2
96mC2 ϵ

. (B7)

In particular, for any fixed-norm hard family with ∥H∥∞ = Θ(1), uniform-in-time pure-dissipative simulation requires

T = Ω(t2/ϵ). (B8)

Proof. We write the qubit state as

ρ =
1

2
(I + r · σ), r ∈ R

3, (B9)

and represent channels in Bloch form.
b. Step 1: Bloch form of a purely dissipative qubit generator. Write each jump operator as

Fj = ajI + uj · σ, aj ∈ C, uj ∈ C
3. (B10)

A standard Pauli-basis calculation gives the affine Bloch equation [13]

ṙ = Br+ c, B = S + [ω×], (B11)

where S = S⊤ is real symmetric, [ω×] is the real antisymmetric matrix for the cross product by ω, and

S = 2
m∑

j=1

(
Re(uju

†
j)− |uj |2I3

)
, (B12)

ω = −2

m∑

j=1

Im(a∗juj). (B13)
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The translation vector c will not be needed explicitly.
Two consequences are immediate. First, S ⪯ 0. Indeed, for every real x ∈ R

3,

x⊤Sx = 2
m∑

j=1

(
|x · uj |2 − |uj |2|x|2

)
≤ 0. (B14)

Hence

∥S∥∞ ≤ −Tr(S). (B15)

Second, taking the trace in (B12) gives

−Tr(S) = 4

m∑

j=1

|uj |2. (B16)

Using |aj | ≤ ∥Fj∥∞ ≤ C and Cauchy–Schwarz,

|ω| ≤ 2

m∑

j=1

|aj | |uj | ≤ 2C

√√√√m

m∑

j=1

|uj |2 (B17)

= C
√
m(−TrS), (B18)

where the last equality uses (B16). Thus

|ω|2 ≤ mC2(−TrS). (B19)

c. Step 2: Uniform channel closeness implies uniform Bloch-matrix closeness. Let Aτ = eτB denote the linear
part of Φτ in Bloch form, so that

r 7→ Aτr+ bτ . (B20)

The target channel generated by H = ν
2σz acts on Bloch vectors by the rotation

Rz(ατ), α :=
νt

T
=

Θ

T
. (B21)

Since the trace distance between qubit states equals the Euclidean distance between their Bloch vectors, (B3) implies
that for every unit vector r ∈ R

3 and every τ ∈ [0, T ],
∣∣Aτr+ bτ −Rz(ατ)r

∣∣ ≤ ϵ. (B22)

Applying (B22) to both r and −r and adding/subtracting the two inequalities yields

∥Aτ −Rz(ατ)∥∞ ≤ ϵ, |bτ | ≤ ϵ, 0 ≤ τ ≤ T. (B23)

d. Step 3: Uniform closeness forces very small total contraction. Taking τ = T in (B23), Weyl’s inequality [49]
for singular values implies that every singular value of AT lies in [1−ϵ, 1+ϵ], because all singular values of the rotation
Rz(Θ) are equal to 1. Therefore

det(AT ) ≥ (1− ϵ)3. (B24)

Since AT = eTB and Tr([ω×]) = 0,

det(AT ) = eTTr(B) = eTTr(S). (B25)

Hence, for ϵ ≤ 1/2,

−Tr(S) ≤ 3

T
log

1

1− ϵ
≤ 6ϵ

T
. (B26)

By (B15),

∥S∥∞ ≤ 6ϵ

T
. (B27)
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e. Step 4: Uniform closeness to the rotating orbit forces a macroscopic path length. Let

u(τ) := Rz(ατ)ex, v(τ) := Aτex, (B28)

where ex = (1, 0, 0)⊤. By (B23),

|v(τ)− u(τ)| ≤ ϵ, 0 ≤ τ ≤ T. (B29)

We claim that the Euclidean arc length L(v) of v(τ) satisfies

L(v) ≥ Θ

5
. (B30)

Indeed:
Case 1: 0 < Θ ≤ 1. Since length dominates endpoint distance,

L(v) ≥ |v(T )− v(0)| ≥ |u(T )− u(0)| − 2ϵ (B31)

= 2 sin(Θ/2)− 2ϵ ≥ Θ/2− 2ϵ ≥ Θ/4, (B32)

where in the last step we used (B5).
Case 2: Θ ≥ 1. Let N = ⌊Θ⌋, so N ≥ Θ/2. For k = 0, 1, . . . , N , define τk = k/α. Then consecutive target points

are separated by one radian, hence

|u(τk+1)− u(τk)| = 2 sin(1/2) > 0.95. (B33)

Using (B29) and (B5),

|v(τk+1)− v(τk)| ≥ |u(τk+1)− u(τk)| − 2ϵ > 0.93. (B34)

Therefore

L(v) ≥
N−1∑

k=0

|v(τk+1)− v(τk)| > 0.93N ≥ 0.46Θ >
Θ

5
. (B35)

This proves (B30).
f. Step 5: Convert path length into a lower bound on the effective rotation rate. Since v̇(τ) = Bv(τ), we have

L(v) =

∫ T

0

|v̇(τ)| dτ ≤
∫ T

0

∥B∥∞ |v(τ)| dτ (B36)

≤ (1 + ϵ)T
(
|ω|+ ∥S∥∞

)
, (B37)

where we used ∥[ω×]∥∞ = |ω| and |v(τ)| ≤ |u(τ)|+ ϵ = 1 + ϵ. Combining (B30), (B37), and (B27), we obtain

|ω| ≥ Θ

5(1 + ϵ)T
− 6ϵ

T
. (B38)

Under (B5), the second term is at most 0.06Θ/T and the first term is at least 0.19Θ/T , so in particular

|ω| ≥ Θ

8T
. (B39)

g. Step 6: Finish the lower bound. Combining (B39), (B19), and (B26), we find

Θ2

64T 2
≤ |ω|2 ≤ mC2(−TrS) ≤ 6mC2ϵ

T
. (B40)

Rearranging gives

T ≥ Θ2

384mC2 ϵ
, (B41)

which is exactly (B6).
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Appendix C: Uniqueness of construction for smooth Lindbladians

In this section we discuss to what extent our construction is unique, showing that any smooth family of semigroups
that can approximate Hamiltonian dynamics to arbitrary precision (potentially at the cost of increased simulation
time), must have a form similar to our evolution up to second order.

Proposition 2 (Uniqueness up to O(δ2)). Let {LD,δ}0≤δ<δ0 be a smooth family of purely dissipative Lindbladians
on a finite-dimensional system, and let

LH(ρ) := −i[H, ρ]. (C1)

Assume that there exists t0 > 0 such that

ε(δ) := sup
0≤s≤t0

∥∥e s
δ
LD,δ − esLH

∥∥
⋄
−−−→
δ→0

0. (C2)

Then

LD,δ = δLH +O(δ2) (C3)

in diamond norm. In particular, the first-order term is uniquely fixed by H. Equivalently, if L̃D,δ is another smooth
purely dissipative family satisfying (C2) for the same Hamiltonian H, then

LD,δ − L̃D,δ = O(δ2). (C4)

Moreover, assume that for some fixed m one can choose jump operators smoothly so that

LD,δ(ρ) =

m∑

j=1

(
Fj,δρF

†
j,δ −

1

2
{F †

j,δFj,δ, ρ}
)
, Fj,δ = Fj,0 + δGj +O(δ2). (C5)

Then Fj,0 = cjI for some scalars cj, and

H =

m∑

j=1

cjG
†
j − c∗jGj

2i
. (C6)

Hence, modulo the usual Lindblad gauge freedom and up to O(δ2), every nontrivial first-order jump has the form

Fj,δ =
√
γj
(
I − δAj

)
+O(δ2),

∑

j

γj
Aj −A†

j

2i
= H, (C7)

while jumps with Fj,0 = 0 contribute only at order O(δ2).

Proof. Set

Φδ,s := e
s
δ
LD,δ , Us := esLH . (C8)

We first show that LD,0 = 0. Fix any a > 0. For all sufficiently small δ, we have aδ ≤ t0, and therefore (C2) implies

∥∥eaLD,δ − eaδLH
∥∥
⋄
≤ ε(δ). (C9)

Now let δ → 0. Since LD,δ is smooth at δ = 0, we get

eaLD,0 = I. (C10)

Since this holds for every a > 0, differentiating at a = 0 yields

LD,0 = 0. (C11)

Because the family is smooth, there exists a bounded superoperator M such that

LD,δ = δM+O(δ2), M = ∂δLD,δ

∣∣
δ=0

. (C12)
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Define

Aδ := δ−1LD,δ = M+O(δ). (C13)

By Duhamel’s formula,

esAδ − esM =

∫ s

0

e(s−u)Aδ(Aδ −M)euM du. (C14)

Hence, for 0 ≤ s ≤ t0,

∥esAδ − esM∥⋄ ≤ s es(∥Aδ∥⋄+∥M∥⋄)∥Aδ −M∥⋄
= O(δ), (C15)

uniformly on [0, t0]. Since e
sAδ = e

s
δ
LD,δ , combining this with (C2) gives

sup
0≤s≤t0

∥esM − esLH∥⋄ ≤ ∥esM − e
s
δ
LD,δ∥⋄ + ∥e s

δ
LD,δ − esLH∥⋄ = O(δ + ϵ(δ)). (C16)

Letting δ → 0 we conclude that:

sup
0≤s≤t0

∥esM − esLH∥⋄ = 0. (C17)

Therefore

esM = esLH for all 0 ≤ s ≤ t0. (C18)

Differentiating at s = 0 yields

M = LH . (C19)

This proves (C3).
We now prove the jump statement. Write

DF (ρ) := FρF † − 1

2
{F †F, ρ}, LD,δ =

m∑

j=1

DFj,δ
. (C20)

Since LD,0 = 0, we have

0 = LD,0 =

m∑

j=1

DFj,0
. (C21)

Let ρ = |ψ⟩⟨ψ| be pure. Then

0 = Tr(ρLD,0[ρ])

= −
m∑

j=1

(
⟨ψ|F †

j,0Fj,0|ψ⟩ − |⟨ψ|Fj,0|ψ⟩|2
)
. (C22)

Each summand is nonnegative, so every summand must vanish for every |ψ⟩. Hence each Fj,0 has zero variance on
every pure state, which implies

Fj,0 = cjI (C23)

for some scalar cj .
Now write

Fj,δ = cjI + δGj +O(δ2). (C24)
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A direct expansion gives

DFj,δ
[ρ] = δ

(
c∗jGjρ+ cjρG

†
j −

1

2
{cjG†

j + c∗jGj , ρ}
)
+O(δ2)

= −iδ
[
cjG

†
j − c∗jGj

2i
, ρ

]
+O(δ2). (C25)

Summing (C25) over j and comparing with (C3) proves

H =

m∑

j=1

cjG
†
j − c∗jGj

2i
, (C26)

which is (C6).

Finally, if cj ̸= 0, write

Gj = −cjAj , (C27)

so that

Fj,δ = cj(I − δAj) +O(δ2). (C28)

The overall phase of cj is irrelevant because DeiθF = DF . Thus, after removing the phase and defining γj := |cj |2, we
may rewrite

Fj,δ =
√
γj(I − δAj) +O(δ2). (C29)

Then (C6) becomes

∑

j

γj
Aj −A†

j

2i
= H. (C30)

If cj = 0, then Fj,δ = O(δ) and hence

DFj,δ
= O(δ2), (C31)

so such jumps do not contribute at first order. This proves (C7).

Appendix D: Autonomous qDRIFT from displaced Pauli channels

We now transform the results of the last sections into a concrete measurement-native primitive. The relevant
situation is a platform in which Pauli products are available as readout or loss channels, but are costly to implement
as coherent many-body Hamiltonian interactions. In such a platform, a coherent displacement of the parity channel
produces precisely the nontraceless jump operators needed above. In particular, we will show how to obtain an
autonomous version of QDRIFT [15] in our framework.

qDRIFT seems a natural target for our technique, as it corresponds to a randomized approximate simulation of
Hamiltonian simulation. More precisely, QDRIFT performs randomized Hamiltonian simulation by sampling Pauli
terms with probabilities proportional to their coefficients [15]. The construction below realizes a continuous-time,
measurement-native analogue of qDRIFT. The random scheduler is not a classical compiler; it is the bath itself.
At the operating point used for Hamiltonian simulation, the click record is state-independent, so the unconditional
channel is generated without outcome-conditioned feedback. The price is the same sampling diffusion that appears
in Poissonized qDRIFT, here written as measurement shot noise.

Thus, our claim is that if a Pauli operator P is native as a displaced readout/backaction channel, then the uncon-
ditional backaction of that channel implements an approximate Hamiltonian term proportional to P .



17

1. Displaced counting instruments and their Markovian limit

We first define precisely what is meant by a displaced Pauli channel. Let H be a finite-dimensional system Hilbert
space. Given system operators

F1, . . . , FL ∈ B(H),

define

M :=

L∑

ℓ=1

F †
ℓ Fℓ. (D1)

For a small time step η > 0 satisfying

0 ≤ ηM ≤ I, (D2)

define the (L+ 1)-outcome weak counting instrument with Kraus operators

K0(η) := (I − ηM)1/2, Kℓ(η) :=
√
η Fℓ, ℓ = 1, . . . , L. (D3)

The outcome 0 is the no-click outcome, while outcome ℓ ≥ 1 is a click in channel ℓ. The instrument is trace preserving
because

K0(η)
†K0(η) +

L∑

ℓ=1

Kℓ(η)
†Kℓ(η) = I. (D4)

After discarding the classical record, the one-step channel is

Φη(ρ) := K0(η)ρK0(η) + η

L∑

ℓ=1

FℓρF
†
ℓ . (D5)

Lemma 2 (Markovian limit of the counting instrument). Let

L[ρ] :=
L∑

ℓ=1

(
FℓρF

†
ℓ − 1

2
{F †

ℓ Fℓ, ρ}
)
. (D6)

Then

Φη = id+ηL+O(η2) (D7)

in diamond norm. Consequently, for every fixed τ ≥ 0,

lim
n→∞

Φn
τ/n = eτL (D8)

in diamond norm.

Proof. Since H is finite dimensional, the functional calculus expansion of the square root gives

(I − ηM)1/2 = I − η

2
M +O(η2) (D9)

in operator norm. Substituting this into eq. (D5) gives

Φη(ρ) =
(
I − η

2
M
)
ρ
(
I − η

2
M
)
+ η

∑

ℓ

FℓρF
†
ℓ +O(η2) (D10)

= ρ+ η
∑

ℓ

(
FℓρF

†
ℓ − 1

2
{F †

ℓ Fℓ, ρ}
)
+O(η2). (D11)

This proves eq. (D7). The product-formula limit eq. (D8) follows from the Chernoff theorem, or directly from the
finite-dimensional estimate ∥∥∥

(
I +

τ

n
L+O(n−2)

)n
− eτL

∥∥∥
⋄
→ 0.

Thus specifying a weak counting instrument with jump amplitudes Fℓ is equivalent, in the continuous-time limit, to
specifying the Lindbladian

∑
ℓ DFℓ

. This is the mathematical sense in which the dissipators used below are constructed
from measurement channels.
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2. Displacing a Pauli-product channel

Let P = P † be a Pauli product, so P 2 = I. A displaced Pauli counting channel is a weak counting channel whose
jump amplitude is

F = αI + βP, α, β ∈ C. (D12)

Let

Π± :=
I ± P

2
(D13)

be the parity projectors. Then

F = (α+ β)Π+ + (α− β)Π−. (D14)

Thus a click multiplies the two parity sectors by different complex amplitudes. The magnitudes of these amplitudes
determine information gain about P , while their relative phase determines coherent phase backaction.

The click effect is

F †F = (|α|2 + |β|2)I + 2Re(α∗β)P. (D15)

Hence, in a time step η, the click probability is

pclick(ρ) = ηTr(F †Fρ) = η
(
|α|2 + |β|2 + 2Re(α∗β)Tr(Pρ)

)
. (D16)

The real part of α∗β is the information-bearing quadrature. The imaginary part is the Hamiltonian-generating
quadrature.

Lemma 3 (Displaced Pauli dissipator). For P = P †, P 2 = I, and F = αI + βP ,

DαI+βP [ρ] = −i[−Im(α∗β)P, ρ] + |β|2(PρP − ρ). (D17)

Proof. Using P = P † and P 2 = I,

FρF † = |α|2ρ+ αβ∗ρP + α∗βPρ+ |β|2PρP, (D18)

F †F = (|α|2 + |β|2)I + (α∗β + αβ∗)P. (D19)

Writing z = α∗β, the cross term in the dissipator is

zPρ+ z∗ρP − 1

2
(z + z∗)(Pρ+ ρP ) = i Im(z)(Pρ− ρP ) (D20)

= i Im(α∗β)[P, ρ]. (D21)

Combining this with the |β|2 term gives eq. (D17).

The phase-backaction operating point is obtained by choosing Re(α∗β) = 0. Then the click probability is indepen-
dent of Tr(Pρ), while the dissipator still contains a Hamiltonian commutator. This is the regime used for Hamiltonian
simulation.
For later use, it is convenient to introduce a weighted version. For a Pauli term hP , a channel-strength parameter

γ > 0, a small parameter δ > 0, and a sign σ ∈ {+1,−1}, define

F
(σ)
δ,γ,h,P :=

√
γ I − iσδ

h√
γ
P. (D22)

This is a displaced Pauli jump with

α =
√
γ, β = −iσδ h√

γ
. (D23)

Its click effect is scalar:

(
F

(σ)
δ,γ,h,P

)†
F

(σ)
δ,γ,h,P =

(
γ + δ2

h2

γ

)
I. (D24)
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Therefore the associated weak counting channel carries no information about the eigenvalue of P at this operating
point.
Equivalently, the same jump admits the polar decomposition

F
(σ)
δ,γ,h,P =

√
γ + δ2h2/γ exp

[
−iσ arctan

(
δh

γ

)
P

]
. (D25)

Thus the corresponding quantum trajectory is a Poisson process of small Pauli rotations. The deterministic Hamil-
tonian drift is the mean phase backaction; the residual dephasing is the shot noise of the random jump times.

3. Weighted displaced channels for a Pauli Hamiltonian

Let

H =
L∑

ℓ=1

hℓPℓ, hℓ ∈ R, Pℓ = P †
ℓ , P 2

ℓ = I, (D26)

where the Pauli strings Pℓ need not commute. For each nonzero coefficient hℓ, choose a positive channel strength
γℓ > 0. Define

F
(σ)
ℓ,δ :=

√
γℓ I − iσδ

hℓ√
γℓ
Pℓ, σ ∈ {+1,−1}. (D27)

The sign σ = +1 generates +H, while σ = −1 generates −H. We write

LA[ρ] := −i[A, ρ], ZP [ρ] := PρP − ρ. (D28)

Lemma 4 (Weighted displaced-Pauli identity). For F
(σ)
ℓ,δ in eq. (D27),

D
F

(σ)
ℓ,δ

[ρ] = σδLhℓPℓ
[ρ] + δ2

h2ℓ
γℓ

ZPℓ
[ρ]. (D29)

Moreover,

(
F

(σ)
ℓ,δ

)†
F

(σ)
ℓ,δ = rℓ,δI, rℓ,δ := γℓ + δ2

h2ℓ
γℓ
. (D30)

Thus the click effect of every channel is proportional to the identity.

Proof. This is lemma 3 with

α =
√
γℓ, β = −iσδ hℓ√

γℓ
.

Then

Im(α∗β) = −σδhℓ, |β|2 = δ2h2ℓ/γℓ,

which gives eq. (D29). The scalar-effect identity follows from P 2
ℓ = I.

The full weak counting instrument for the Pauli Hamiltonian is obtained by taking the jump amplitudes in eq. (D27).
Its effect operator is

Mδ,γ :=

L∑

ℓ=1

(
F

(σ)
ℓ,δ

)†
F

(σ)
ℓ,δ = Λδ,γI, Λδ,γ :=

L∑

ℓ=1

(
γℓ + δ2

h2ℓ
γℓ

)
. (D31)

Consequently, for any time step

0 < η ≤ Λ−1
δ,γ ,
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the no-click Kraus operator is simply

K0(η) =
√
1− ηΛδ,γ I, (D32)

while

Kℓ(η) =
√
η F

(σ)
ℓ,δ . (D33)

Thus neither the click probabilities nor the no-click evolution reveal information about the system state. The record
is a classical Poisson record of kick times and labels.
Define the purely dissipative generator

L(σ)
δ,γ :=

L∑

ℓ=1

D
F

(σ)
ℓ,δ

. (D34)

By lemma 4,

L(σ)
δ,γ = σδLH + δ2Rγ , (D35)

where

Rγ :=

L∑

ℓ=1

h2ℓ
γℓ

ZPℓ
. (D36)

Since ρ 7→ PℓρPℓ is a unitary channel,

∥ZPℓ
∥⋄ = ∥Pℓ(·)Pℓ − id ∥⋄ ≤ 2. (D37)

Therefore

∥Rγ∥⋄ ≤ 2Sγ , Sγ :=

L∑

ℓ=1

h2ℓ
γℓ
. (D38)

Proposition 3 (Weighted displaced-Pauli simulation). For every t ≥ 0,

sup
0≤s≤t

∥∥∥e(s/δ)L
(+)
δ,γ − esLH

∥∥∥
⋄
≤ 2tδSγ . (D39)

Consequently, choosing

0 < δ ≤ ϵ

2tSγ
(D40)

gives diamond-norm error at most ϵ, with dissipative evolution time

T =
t

δ
= O

(
t2

ϵ

L∑

ℓ=1

h2ℓ
γℓ

)
. (D41)

Proof. By eq. (D35),

1

δ
L(+)
δ,γ = LH + δRγ . (D42)

Thus

e(s/δ)L
(+)
δ,γ = es(LH+δRγ). (D43)

Duhamel’s identity gives

es(LH+δRγ) − esLH =

∫ s

0

e(s−u)(LH+δRγ)δRγe
uLH du. (D44)

Both semigroups in the integrand are completely positive and trace preserving, hence have diamond norm one.
Therefore ∥∥∥es(LH+δRγ) − esLH

∥∥∥
⋄
≤ sδ∥Rγ∥⋄ (D45)

≤ 2sδSγ ≤ 2tδSγ . (D46)
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4. Optimal rates and exact Poissonized qDRIFT

The weights γℓ are physical channel strengths. Fix the total available displaced-channel strength

Γ :=

L∑

ℓ=1

γℓ, (D47)

and define

λ :=
L∑

ℓ=1

|hℓ|. (D48)

Terms with hℓ = 0 are omitted. The optimal rate allocation is

γ⋆ℓ = Γ
|hℓ|
λ
. (D49)

Lemma 5 (Optimal channel allocation). Among all γℓ > 0 satisfying
∑

ℓ γℓ = Γ, the quantity

Sγ =

L∑

ℓ=1

h2ℓ
γℓ

(D50)

is minimized by eq. (D49). The minimum is

Sγ⋆ =
λ2

Γ
. (D51)

Proof. By Cauchy–Schwarz,

λ2 =

(
∑

ℓ

|hℓ|
)2

(D52)

=

(
∑

ℓ

√
γℓ

|hℓ|√
γℓ

)2

(D53)

≤
(
∑

ℓ

γℓ

)(
∑

ℓ

h2ℓ
γℓ

)
= ΓSγ . (D54)

Thus Sγ ≥ λ2/Γ. Equality holds exactly when γℓ ∝ |hℓ|, giving eq. (D49).

At the optimal allocation the correspondence with qDRIFT becomes exact at the semigroup level. Let

sℓ := sgn(hℓ), x :=
δλ

Γ
, θ := arctanx. (D55)

Then

F
(+)
ℓ,δ =

√
γ⋆ℓ (I − ixsℓPℓ) =

√
rℓ,δ Uℓ,δ, (D56)

where

rℓ,δ = γ⋆ℓ (1 + x2), Uℓ,δ = e−iθsℓPℓ . (D57)

The total jump rate is

Λδ :=
∑

ℓ

rℓ,δ = Γ(1 + x2). (D58)

Conditioned on a jump, the label distribution is

pℓ =
rℓ,δ
Λδ

=
|hℓ|
λ
. (D59)

Thus the bath samples the same Pauli labels as qDRIFT.
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Theorem 4 (Exact autonomous qDRIFT semigroup). With the optimal allocation γ⋆ℓ , the rescaled dissipative gen-
erator has the exact mixed-unitary form

1

δ
L(+)
δ,γ⋆ =

Λδ

δ

L∑

ℓ=1

pℓ

(
Uℓ,δ(·)U†

ℓ,δ − id
)
, (D60)

where

pℓ =
|hℓ|
λ
, Uℓ,δ = e−iθsℓPℓ , θ = arctan

(
δλ

Γ

)
. (D61)

Equivalently,

1

δ
L(+)
δ,γ⋆ = LH +

δλ

Γ

L∑

ℓ=1

|hℓ|ZPℓ
. (D62)

Thus the displaced-channel dephasing is exactly the Poissonized qDRIFT diffusion term.

Proof. Since

F
(+)
ℓ,δ =

√
rℓ,δ Uℓ,δ, (D63)

we have

D
F

(+)
ℓ,δ

[ρ] = rℓ,δ

(
Uℓ,δρU

†
ℓ,δ − ρ

)
. (D64)

Summing over ℓ, dividing by δ, and using rℓ,δ/Λδ = pℓ proves eq. (D60).
It remains to verify eq. (D62). For a Hermitian involution P ,

e−iθP ρeiθP − ρ = −i sin θ cos θ[P, ρ] + sin2 θ(PρP − ρ). (D65)

Applying this with P = sℓPℓ, and using

sin θ cos θ =
x

1 + x2
, sin2 θ =

x2

1 + x2
, (D66)

gives

Λδ

δ

∑

ℓ

pℓ

(
Uℓ,δ(·)U†

ℓ,δ − id
)
= −iΛδ

δ

x

1 + x2

∑

ℓ

pℓsℓ[Pℓ, ·] (D67)

+
Λδ

δ

x2

1 + x2

∑

ℓ

pℓZPℓ
. (D68)

Because

Λδ = Γ(1 + x2), x =
δλ

Γ
, pℓsℓ =

hℓ
λ
, (D69)

the first term is

−i
∑

ℓ

hℓ[Pℓ, ·] = LH . (D70)

The second term is

Γ(1 + x2)

δ

x2

1 + x2

∑

ℓ

pℓZPℓ
=
δλ2

Γ

∑

ℓ

pℓZPℓ
=
δλ

Γ

∑

ℓ

|hℓ|ZPℓ
. (D71)

This proves the claim.
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The usual qDRIFT step angle is λt/N , where N is the number of random Pauli rotations. In the Poissonized
process above, if N = ENT , then

λt

N
= sin θ cos θ. (D72)

For small δ, sin θ cos θ = θ+O(θ3), so the kick angle itself agrees with the qDRIFT angle to leading order. The exact
matching is at the generator level, through the coefficient sin θ cos θ.

Corollary 1 (Autonomous qDRIFT scaling). Choose the optimal rates γ⋆ℓ . Then

e(s/δ)L
(+)

δ,γ⋆

simulates esLH uniformly for 0 ≤ s ≤ t with error at most ϵ whenever

0 < δ ≤ ϵΓ

2tλ2
. (D73)

Equivalently, the required dissipative time is

T =
t

δ
= O

(
t2λ2

Γϵ

)
. (D74)

If δ saturates eq. (D73), then the expected number of jumps up to final time T is

ENT = ΛδT =
2t2λ2

ϵ
+
ϵ

2
. (D75)

Proof. By eq. (D62),

1

δ
L(+)
δ,γ⋆ = LH +

δλ

Γ

∑

ℓ

|hℓ|ZPℓ
. (D76)

The diffusion term has diamond norm at most

δλ

Γ

∑

ℓ

|hℓ|∥ZPℓ
∥⋄ ≤ 2δλ2

Γ
. (D77)

Duhamel’s identity therefore gives error at most 2tδλ2/Γ, proving eq. (D73) and eq. (D74).
For the expected number of jumps, use

Λδ = Γ(1 + x2), x =
δλ

Γ
. (D78)

Thus

ENT = Λδ
t

δ
=

Γt

δ
+
δλ2t

Γ
. (D79)

Substituting

δ =
ϵΓ

2tλ2
(D80)

gives

ENT =
2t2λ2

ϵ
+
ϵ

2
. (D81)

In essence, we see that the bath realizes an autonomous, Poissonized qDRIFT channel: the jump label distribution
is exactly |hℓ|/λ, the kick angle is term-independent, and the expected number of kicks has the standard O(t2λ2/ϵ)
scaling.
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Appendix E: Dissipative FLO for observable estimation

The construction of Hamiltonian dynamics from dissipation also gives a post-processed simulation primitive in the
spirit of qFLO [33]. The key point is that, after rescaling time, the artificial dissipative error is a controlled step-size
error. By varying this step size and extrapolating expectation values to the zero-step-size limit, one can improve the
dependence on the target precision for observable estimation even exponentially.

We first describe the clean linear-flow setting. Let

Φs(t) := e(t/s)LD,s = et(LH+sR), 0 < s < s0, (E1)

where

LH(ρ) = −i[H, ρ], (E2)

and R is a bounded Lindbladian. For the single-jump construction Fs = I − isH, one has

R = DH , DH [ρ] = HρH − 1

2
{H2, ρ}. (E3)

For a decomposition H =
∑

ℓHℓ with jumps Fℓ,s = I − isHℓ, one has

R =
∑

ℓ

DHℓ
. (E4)

Thus the parameter s plays the role of an inverse depth or step size: smaller s gives a more accurate physical dissipative
channel, but requires a longer dissipative evolution time t/s.

Let O be an observable and define

fO(s, t; ρ) := Tr[OΦs(t)(ρ)] . (E5)

The ideal Hamiltonian value is

fO(0, t; ρ) = Tr
[
O etLH (ρ)

]
. (E6)

Since Φs(t) = et(LH+sR) is analytic in s, we may expand

fO(s, t; ρ) = fO(0, t; ρ) +
∑

r≥1

ar(t, ρ, O)sr. (E7)

A Richardson extrapolator cancels the first several powers of s.
We use the same well-conditioned choice of Richardson nodes as in well-conditioned multiproduct formulas and

qFLO. For an integer m ≥ 2, set

Rm :=

√
8m

π
, x

(2m)
j := sin2

(
π(2j − 1)

8m

)
, yj :=




Rm√
x
(2m)
j




2

, (E8)

for j = 1, . . . ,m. Given a largest step size sm, define

sj := sm
ym
yj
, j = 1, . . . ,m. (E9)

The Richardson weights are

bj :=
∏

ℓ ̸=j

1

1− yℓ/yj
. (E10)

They satisfy

m∑

j=1

bj = 1,
m∑

j=1

bjs
r
j = 0, r = 1, . . . ,m− 1. (E11)
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Moreover, this choice is well-conditioned:

∥b∥1 :=

m∑

j=1

|bj | = O(logm), max
j

yj
ym

= O(m2). (E12)

Define the m-point dissipative-FLO estimator

f̂m(sm, t; ρ,O) :=
m∑

j=1

bjfO(sj , t; ρ). (E13)

We then have:

Theorem 5 (qFLO-style dissipative extrapolation). Let Φs(t) = et(LH+sR), and define B := ∥R∥⋄. Suppose ∥O∥∞ ≤
1. Then the Richardson estimator in eq. (E13) satisfies

∣∣∣f̂m(sm, t; ρ,O)− Tr
[
O etLH (ρ)

]∣∣∣ ≤ 2∥b∥1
(
e tB sm
m

)m

(E14)

whenever tBsm ≤ m/2. Consequently, choosing

1

sm
= Θ

(
tB

m

(∥b∥1
ϵ

)1/m
)

(E15)

gives intrinsic extrapolation error at most ϵ. With the well-conditioned nodes above, the maximum inverse step size is

Nmax := max
j

1

sj
= O

(
tB m

(
logm

ϵ

)1/m
)
. (E16)

Taking m = Θ(log(1/ϵ)) yields

Nmax = O(tB log(1/ϵ)) , (E17)

and hence the largest dissipative evolution time among the extrapolation runs is

Tmax := max
j

t

sj
= O

(
t2B log(1/ϵ)

)
. (E18)

Proof. By iterating Duhamel’s identity, for s ≥ 0 we have

et(LH+sR) = etLH +

m−1∑

r=1

sr
∫

0≤ur≤···≤u1≤t

e(t−u1)LHRe(u1−u2)LH · · ·ReurLH du1 · · · dur + Em(s, t), (E19)

where the remainder satisfies

∥Em(s, t)∥⋄ ≤
∞∑

r=m

(tBs)r

r!
. (E20)

Here we used that all semigroups in the integrand are completely positive and trace preserving and hence have diamond
norm at most one.
Taking expectation values against O gives a power series in s. The conditions

∑
j bjs

r
j = 0 for r = 1, . . . ,m − 1

cancel the first m− 1 terms. Therefore

∣∣∣f̂m(sm, t; ρ,O)− fO(0, t; ρ)
∣∣∣ ≤

m∑

j=1

|bj |∥O∥∞∥Em(sj , t)∥⋄ (E21)

≤ ∥b∥1
∞∑

r=m

(tBsm)r

r!
, (E22)
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because sj ≤ sm. If tBsm ≤ m/2, then

∞∑

r=m

(tBsm)r

r!
≤ 2

(tBsm)m

m!
≤ 2

(
e tB sm
m

)m

, (E23)

where the last inequality uses m! ≥ (m/e)m. This proves eq. (E14). Solving the right-hand side for sm gives eq. (E15).
Finally,

Nmax = max
j

1

sj
=

1

sm
max

j

yj
ym

= O

(
m2 1

sm

)
. (E24)

Using ∥b∥1 = O(logm) gives eq. (E16). Taking m = Θ(log(1/ϵ)) gives (logm/ϵ)1/m = O(1), and hence eq. (E17) and
eq. (E18).

Several comments are important. First, f̂m is a classical post-processed estimator, not the expectation value of a
physical CPTP channel: some Richardson weights are negative. Thus theorem 5 does not contradict the physical
lower bound in theorem 2. The lower bound concerns a genuine dissipative channel approximating the Hamiltonian
channel in diamond norm, whereas theorem 5 concerns observable estimation via a signed combination of data from
several physical dissipative experiments.
Second, the estimator is robust to measurement error. Suppose each value fO(sj , t; ρ) is estimated up to additive

error ϵdata. Then the induced error in f̂m is at most

∥b∥1ϵdata. (E25)

Thus it suffices to estimate each data point to precision

ϵdata = O

(
ϵ

∥b∥1

)
. (E26)

Since ∥b∥1 = O(logm) = O(log log(1/ϵ)) for m = Θ(log(1/ϵ)), the shot overhead remains essentially the usual
observable-estimation overhead. For bounded observables, Hoeffding’s inequality gives

Nshots = Õ(1/ϵ2) (E27)

shots per extrapolation point.
For the single-jump construction, B = ∥DH∥⋄ ≤ 2∥H∥2∞. Therefore, dissipative FLO estimates observables with

intrinsic bias ϵ using largest dissipative evolution time

Tmax = O
(
t2∥H∥2∞ log(1/ϵ)

)
, (E28)

rather than the physical-channel scaling

O
(
t2∥H∥2∞/ϵ

)
. (E29)

For the autonomous qDRIFT construction of App. D, one has

Rγ =
∑

ℓ

h2ℓ
γℓ

ZPℓ
, ∥Rγ∥⋄ ≤ 2Sγ , Sγ =

∑

ℓ

h2ℓ
γℓ
. (E30)

With the optimal rate allocation

γ⋆ℓ = Γ
|hℓ|
λ
, λ =

∑

ℓ

|hℓ|, (E31)

we have

Sγ⋆ =
λ2

Γ
. (E32)

Hence the dissipative-FLO version of autonomous qDRIFT has largest dissipative time

Tmax = O

(
t2λ2

Γ
log(1/ϵ)

)
, (E33)
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and the corresponding expected number of Poisson kicks scales as

ENmax = O
(
t2λ2 log(1/ϵ)

)
, (E34)

up to constants and logarithmic factors from the conditioning of the Richardson estimator. This is the direct dissipative
analogue of the qFLO improvement from qDRIFT’s 1/ϵ depth dependence to logarithmic dependence in 1/ϵ, for
observable estimation rather than state preparation.


