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I. KEKULE RECONSTRUCTION
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To describe intervalley-hybridized states in real space, we consider a v/3 x /3 reconstruction of the honeycomb unit cell
to form a Kekule lattice. In reciprocal space, this reconstruction maps both the K and K’ valleys in the original Brillouin
zone to I in the folded Brillouin zone. In this setting, momentum-preserving intervalley perturbations (which would necessar-
ily be momentum-non-preserving in the honeycomb lattice) can mix the overlapping states from different valleys and generate
intervalley-mixed Bloch wavefunctions. As such, this Kekule reconstruction is a natural and elegant approach to describe inter-

valley coupling at domain walls.
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A. Monolayer Toy Models

1. Valley-Orbital Basis States and Their Symmetry Representations

Figure S1. Phase winding of valley basis states. w = exp(2mi/3).

It is instructive to use simplified single-layer models to define the notion of intervalley interaction. We begin with the tight-
binding model of graphene with two sublattices per unit cell. In the usual convention, basis states are written as

Dalk)) = <= 37 ™ 04(r)

) ‘ (S1)
(k) = —= > e T [4p(r)),
VN

where r = n1a; + noay, where a; = a(1,0), as = a(—1/2,v/3/2), and a3 = a(—1/2, —/3/2) are primitive lattice vectors,
a = 2.46 A is the lattice constant, n; and ny are integers, and §,, = a/+/3(0,1) is the basis vector. |¢.4(r)) is an orbital
located at r while |¢(r)) is an orbital located at r + d,.. Exactly at the valleys K = 47/3a(1,0) and K’ = —47/3a(1,0) the
wavefunctions take the following form

1 i
[0 (K)) = ﬁ 3 M) | (nya) + ngay))
ni,n2

e (K')) Z e~

nl n2

(82)

(n1a; + noag)),

where ¢ = {A, B} labels sublattice. The phases at K in Eq. (S2) are zero if mod(2n; — ng,3) = 0 and are +27/3 if
mod(2ny — ng,3) = 1. The phases at K’ are complex conjugates of those at K. Around a hexagon, the phases on the
A (B) sublattice wind clockwise (counterclockwise) in the K valley. For the K’ valley, the phases on the A (B) sublattice
wind counterclockwise (clockwise), as shown in Fig. In the space of these valley-orbital basis states, the Hamiltonian oH
(to be added to the pristine Hamiltonian 7:[0) can be constructed from valley Pauli matrices 7 and orbital Pauli matrices o,
giving 16 possible terms to the Hamiltonian (including the trivial 7p ® o term): oH = Z £0 0H; ;7 @ 0. Even though the
original Hamiltonian of graphene has Cs symmetry, we allow this to be broken by additional hoppmg terms (since thombohedral
multilayers do not have this symmetry to begin with). Instead, we study C'3 rotation symmetry around various high-symmetry

centers. To start, we examine C'3(Q) symmetry, which is a threefold rotation about a hexagon center. In the valley-orbital basis,
with ordering (KA KB K'A K'B), the C3(0) operator takes the form

w 0 0 0

. 2mi 0w 00

C'3(0) = exp (37’3 ® 03> =10 0 o ol (S3)
0 0 0 w



where w = exp(2mi/3) [1]. Applying this operator on all possible combinations of 7; ® o, we find

C’g(O)TT()@O'OCA’g(O):To@Uo, Cg(O)TTo(g)Ugég(O):To@Ug, ég(o)Jle ®016A'3(O):T1®O'1,
és(O)TT1®02C'3(O)=T1®02, CA':a*(O)TTz<§§>U1CA'3(O)=7'2®<71, CA':s(O)TD(290’2@3(0):T2®027
éS(O)TTB ® UOOS(O) =73 & 0y, C’3(O)TT3 ® 0303(0) =73 ® 03,

. . 1 3 A - V3 1
Cg(O)TTQ ®O’103(O) = —57'0 X o1 — 77’3 & o2, C3(O)TT3 ®0’203(O) = +7T0 X o1 — 57’3 X o9,
S4
o X 7 o 7 X (s4)
Cg(O) T0 ®0’203(O) = 757'0 X o2 + 7’1’3 X o1, 03(0) T3 ®O’103(O) = *77'0 X 09 — 57’3 X o1,
: : | V3 : A /3 |
Cs(O)Tﬁ ® 0oC3(0) = —57'1 ® o9 — 77'2 ® o3, C’s(O)TTz ® 03C3(0) = +77’1 ®op — 57'2 & 03,
. . 1 V3 . . V3 1
Cg(O)TTl 4 0303(()) = —57'1 ® o3 — 77’2 ® 09, Cg(O)TTQ 9 0003(0) = +7T1 X o3 — 57’2 X og.

It might be possible to form invariant linear combinations of matrices that are rotated into each other in the above equation.
However, it turns out that they are all trivial combinations. For example, consider this

A A 1 3 3 1
CVP)(O)]L [CLTO ®O’1 +b’7’3 ®02] 03(0) =a (TO ®O’1 — g’fg ®02> +b <+\2[7'0 ®O’1 — <T3 ®02>

2 2
(85)
_ a n V3b 2 01 + 3a b 2
= ) B T0 o1 D) 2 T3 9.
This leads to the following conditions on the complex numbers a (not the lattice constant) and b
b b
a:—g—l—ﬁ and b:—@—f, (S6)
2 2 2 2

which only has the trivial solution (a, b) = (0, 0). Therefore, the only nontrivial C3(0)-invariant terms to the Hamiltonian are

Intravalley: o3, 73,73 ® 03, (S7)
Intervalley: 71 ® 01,71 @ 02,72 ® 01, T2 ® 02.

We note that all the intravalley terms are known to have simple real-space representations: o3 is a Semenoff mass, 73 is a valley
Zeeman interaction (this is, actually, the term that we need to achieve a chiral phase by shifting the energy of the K valley
relative to the K’ valley), and 73 ® o3 is the Haldane mass. It is also interesting to note that there are no intervalley terms that are
diagonal in sublattice and also preserve C5(0) symmetry, i.e., we do not have C3(QO)-respecting 71 and 7. We can also classify
the operators according to spinless time-reversal 7 symmetry (by assuming spin polarization, we are always breaking physical,
spinful time-reversal symmetry), which is represented by

%:Tllc, (SS)

where /C is the complex conjugation operator. Spinless time-reversal symmetry is important because in order to have a nonzero
Hall conductivity, this symmetry needs to be broken in addition to spinful time-reversal symmetry. The classification result is
shown in Table

We now repeat the above analysis for a three-fold rotation about a carbon site. If we choose the rotation center to be an A-site,
denoted C3(A), the symmetry operator in this case is

1000
A 0wO O
CS(A): 001 0 (S9)
000 w
If we instead choose a B-site, denoted C3(V ), the symmetry operator is
wh 000
2 0 100 ~A -
G =10 0w ol =MCs(t)IL, (S10)
0 001



C3(0) T even 7T odd
Intravalley 03 73,73 & 03
Intervalley T1Q®01, T2 01 T1 Q 02, T2 Q 02

C3(n) T even T odd
Intravalley 03 73,73 & 03
Intervalley |71 ® (00 + 03), 72 ® (00 + 03) none

C3(V) T even T odd
Intravalley o3 73,73 & 03
Intervalley |71 ® (00 — 03), 72 ® (00 — 03) none

Table SI. Symmetry classification of operators in valley-orbital space. 7 is spinless time-reversal symmetry. C5(0), C3(A), and C3(V)
are threefold rotation symmetries about a hexagon center, an A site, and a B site, respectively.

where Mx = 71 ® 01. The action of these operators on the Pauli matrices is

Cg(A)TTO X G‘oég(A) =719 &® Oy, ég(A)TTg X 0’0@3(&) = T3 & 0y,
C3(8)T10 @ 03C3(8) = 1o @03, C3(8)'713® 03C3(8) = 13 @ 03,

« 1 3 N 3 1
C3(A) 1y @ 01C3(n) = —57 ® o1 — %7'3 ® o2, C3(8)'m3®02C5(0) = +§7'0 ® o1 — 57 ® o9,

. 1 3 A A 3 1
Cg(A)TTo ®0’203(A) = —57'0 & o9 + ng ® o1, Cg(A)TT:g ® 0’103(A) = —gTo & o9 — 57’3 R o1,

R 1 3 A 3 1
Og(A)TTl ® ang(A) = 757.1 ® o1 + gTQ X o1, Cg(A)TTQ & ang(A) = *£T1 o1 — 57’2 X o1,

2
R A 1 3 A A 3 1
C5(0) ' @ 02C5(2) :*571®02+§72®02, C3(8) e ® 02C3(8) = *§ﬁ®02*§72®02, (511

A A 1 3 3 3
C3(0)'m @ 0oCs(n) = ik ® oo + ik ® o3 — %7'2 ® oo + %Tz ® 03,

A 3 1 3 3
C3(A)Tm @ 03Cs(n) = (@00t m®os+ %7‘2 ®op — %7‘2 ® 03,

. A 3 3 1 3
Cg(A)TTQ ® ooCs(A) = %Tl ®op — %7'1 ® o3+ 17‘2 & og + 17’2 ® o3,

A 3 3 3 1
C3(8)'m @ 03C5(0) = —%7'1 ® oo + %7'1 ®o3+ Q00+ T2 @03
By computing possible linear combinations of operators that are rotated into each other to search for invariant combinations, we
find the following

Intravalley: 73,03, T3 ® 03, (S12)
Intervalley: 7 @ 09 + 71 ® 03, T2 @ 0 + T2 @ 03.

In contrast to C3(Q)-invariant couplings, we do not have 71 ® o1, 71 ® 03, T2 ® 01, and T3 ® o9 in the present case, Instead,
T1 ® (09 + 03) and 75 ® (0g + o3) are invariant under C3(A) symmetry but not under Cs(0) symmetry. We note that (o¢ +

03)/2 = (1) 8 is the projector to the A sublattice; so 71 ® (0¢ + 03) and 72 ® (0 + o3) are realizations of 7 and 7 if we

consider only one sublattice, i.e. by considering a triangular lattice instead of a honeycomb lattice. To obtain the invariant terms
under C'3(V), we simply apply the mirror operator M,, to the C's(A)-invariant terms to find

Intravalley: 73,03, T3 ® 03, (S13)
Intervalley: 1 ® 09 — 71 ® 03,72 ® 09 — T2 @ 03.

00
01/

It is worth emphasizing that in the preceding analysis, we have only classified symmetry-allowed terms that are finite at exactly
the K and K’ points; there may be momentum-dependent terms that respect the symmetries enumerated above but which vanish

In this case, we find 71 and 72 projected to the B sublattice, as represented by the projector (o9 — 03)/2 =



as momentum approaches the zone corners. These momentum-dependent terms are not captured in our present analysis. Since
we are interested in strong intervalley coupling that yields intervalley-mixed states, we suspect that the dominant terms are the
ones which remain finite exactly at K and K’, hence our choice to neglect momentum-dependent terms. That said, the other
terms might be important as well, but we postpone their analysis to future works.

2. Kekule Basis States and C3(0) Symmetry-Allowed Intervalley Terms

Figure S2. v/3 x v/3 reconstructed unit cell. (a) Real-space lattice with each unit cell, enclosed by dashed hexagons, consisting of six atoms.
(b) Brillouin zone (solid hexagon) has been dilated by a factor of 1/3 compared to the original Brillouin zone (dashed hexagon).

Now that we have the complete classification of all symmetry-allowed terms, let us find explicit real-space representations for
each of them. To do this, we implement an enlargement of the unit cell to include six orbitals as shown in Fig.[S2|a). The lattice
vectors for the enlarged unit cells are a; = v/3a (0,1) and @y = V3a (f\/?; /2,—1/ 2). The lattice constant is now v/3a. The
corresponding reciprocal lattice vectors are by = 4w /3a (—1/2,1/3/2) and by = 47 /3a (—1,0) . We notice that K, = —7b,
implying that both Dirac cones are zone-folded back to the T point in the new Brillouin zone, as advertised. Since both valleys
are folded to the same point, we do not need to consider the valleys separately, which, of course, is the rationale for considering
this augmented basis in the first place. In the augmented basis, (A1 By As By Aj B3), the unperturbed Hamiltonian is just

0 eik~51 0 eik~l§2 0 eik'ég
e—ik~51 0 e—ik~52 0 e—’ik'63 0
~ O 6ik~62 O elkég 0 eik-dl
Ho(k) =to | —ikss o —ikds ( e-ik& o |
O eik'(Sg 0 eik<51 O eik-52

(S14)
67ik'63 0 efik~61 O efik'(SQ 0

where 8; = (0,1)a/V/3, 82 = (—V/3/2,—1/2)a/V/3, and 85 = (v/3/2,—1/2)a/+/3 are the nearest-neighbor vectors. In this
representation, the valley states are represented by (referring to Figs. [ST|and [S2|for visual aid)

1 0 1 0
0 1 0 1
1| w 1| o R 1o
[ha(K)) = Aol Y6 (K)) = 7 | wt [pa(K')) = Aol e (K')) = 7| @ (S15)
wf 0 w 0
0 w 0 wf

We have verified explicitly that 7—2(0) |15 (K)) = 0, demonstrating the valley states are indeed mapped to . Now, anticipating



the C'3(0)-symmetric intervalley terms are all intersublattice, we write the perturbation Hamiltonian as

0 fi 0 fo 0 f3
A0 fi0 f5 0
0 fl 0 fo 0 fr

6, 00 (k = 0) = , S16
1@, ( ) A0 f 0 g 0 (S16)
0 /1 0 10 fy
oo g0
where f; are complex numbers. In this basis, C3(Q) symmetry is represented by
001000
000100
A 000010
GO =1000001 (S17)
100000
010000
Invariance under C3(Q) symmetry requires the following
a=fi=fs=1lo, b=fo=fl=fr, ad c=fi=[=fl (S18)
So perturbation Hamiltonian now simplifies significantly to
0a 0bO0c
at 0 ¢ 0 b0
- 0 c0a 0
67—“"&,@0‘7(1{*0)* bT 0 a’[ 0 CT 0 (519)
0b 0 cO0oa
ct0bh0at o
Projecting this into the basis defined by Eq. (ST3)), we find that the Hamiltonian takes the form
0 0 0 a+wb+wic
A o 0 0 al + wbt + wict 0
Hrigo,(k=0) = 0 a+ whb+we 0 0 (520)
at + wibh 4+ wet 0 0 0

Now, by choosing appropriate complex numbers a, b, ¢, we can realize any of the symmetry-allowed terms. If we define a =
a, +ta;, b = b, +ib;, and ¢ = ¢, + ic;, we can write the Hamiltonian generically as

V3e, —/3b,
2

’ bi |«
5Hn®crj(k:0) = |:ar_ = :| T®o1+ [2—&-62—%] T1 Q02 +

V3b; — /3¢

T2®01+ 2

T2®O’2.

(S21)
Notice that the 7 -even terms are associated with real hoppings while the 7-odd terms are associated with imaginary hoppings,
as we would expect. Using this, we have the following special cases where each term in Eq. (S21)) is isolated:

mM®®oy:b=c=0,a=a,,
TT®oy:b=c=0,a=a,,
To®0o1:a; =b; =¢; =0,2a, = b+ ¢, b # cp,
To® 09 : ap = b, = ¢, = 0,2a; = b; + ¢;,b; # ¢;.

(S22)

Terms involving 71 ® o1 and 71 ® o2 consist of modulation of the bonds around the hexagon of a single unit cell, as shown in
Fig.[S3|b). For example, we can have alternating double and single bonds around the hexagon similar to the resonance bonding
structures of benzene. On the other hand, terms involving 75 ® o1 and 75 ® o2 consist of modulation of both intracell and intercell
bonds, as shown in Fig.[S3[c). In particular, for any triad of nearest-neighbor bonds, one must be the average of the other two.



Figure S3. Real-space representation of C'5(0) symmetric intervalley scattering on a honeycomb lattice. (a) Directed hoppings are in-
dicated by arrows, with notation specified in Eq. (SI8). (b) Example of a tight-binding model that realizes the 71 ® o1 interaction. Intracell
bonds show benzene-like bond-strength modulation. (c) Example of a tight-binding model that realizes the 72 ® ¢ interaction, which involves
modulation of both intracell and intercell bonds.

For illustration, let us consider one concrete example with the following Hamiltonian

0 (to + t1)e™ % 0 toetko2 0 toekds
(to + t1)e—ik~51 0 toe_ik"s? 0 toe_ik'53 0
~ B 0 toeik~52 0 (tO + tl)eik~53 0 toeikﬁl
H(k) - toe—ik'52 O (tO + tl)e—ik~53 0 toe—ik~51 0 . (523)
Q toezk~63 O toeik-(sl 0 ‘ (tO + tl)ezk-ﬁg
toe_lk'ég’ 0 toe_zk'(sl 0 (to + t1)6_lk'62 0

The eigenstates of this Hamiltonian at k = O are

Ey = -3ty —ty, )= (-1 1 -1 1 -1 1)/V6,
Ey = —t4, o) = (1 =1 0 0 —1 1) /V4,
Joi— W)= (1 -1 =1 1 0 0)/V4,
Ey =+, [a)= (-1 =1 0 0 1 1)/V4,
E5 = +t, lYs) = (=1 =1 1 1 0 0)/V4,
Eg = 43t + 11, ey =(111111)/V6.

|11) and |ig) are high-energy states that we shall neglect when only states near the Dirac cones matter to the physics (i.e. the
entirety of this work). States near 2 = 0 are doubly-degenerate and are hybridized from the valley-polarized states. Actually,
this statement requires further inspection because it is possible that even though these states have no appearance of valley
polarization, perhaps there are linear combinations of them which are valley-polarized. To prove that this is not the case and that
these degenerate states are indeed intervalley-hybridized (i.e. not valley-polarized) states, we calculate the valley character of
the linear combination [1)) = a[1h2) + Be™” [1h3) , where a > 0, 8 > 0,99 (a® + 2 = 1) are real numbers to be extremized for
maximal valley polarization:

2 _ 1+ afcost <

[ + (@105 (K))* = [(@la ) + |(les )] LS (S24)

The maximal value of cosine is cos? = 1. For these values of 1, the numerator is 1 + a/1 — a2, which is maximal for
a = B = 1/+/2. The overlaps with valley states are therefore bounded by 3/4, showing that these states are indeed intervalley-
coherent states.



3. C3(n) Symmetry-Allowed Intervalley Terms

In this section, we write down all the symmetry-allowed terms consistent with C5(A) symmetry acting on the A sublattice
only. The most general such Hamiltonian is

f1 0 a, + iCLi 0 br + Zbz 0

0 0 0 0 0 0

. a, —ia; 0 0 ¢ +ic; O
5HT71®(0’0+0'3)(k = 0) = 0 0 j(-)2 0 0 0 B (525)

br — ibi 0 Cpr — iCi 0 f3 0

0 0 0 0 0 0

where the diagonal elements are required to be real by Hermiticity while the off-diagonal elements can be complex in general.
In the Kekule basis, the symmetry operator for C5(A) is

100000

000001

~ 001000
“a)=1o10000 (526)

000010

000100
We notice this operator matrix contains an invariant submatrix (a 3 x 3 identity submatrix). Therefore, it immediately follows
that C3(28)16H 1, 0(00+05) (k = 0)C5(2) = 01,9 (0o+04)(k = 0). Projecting this Hamiltonian to the valley-orbital basis, we

find

N 1
6Hn®(ao+a’3)(k20): 7(fl+f2+f3_ar_br )TO+ (2f1 f2_f3_2ar_2br+4cr)7-1
(S27)

(fs — fo+2a, —2b.) 2 + (—ai+bi_ci)73:| ® [0 + 03] .

1
4\f 23
The diagonal elements (f1, fo, f3) can originate from on-site potentials or from next-nearest intra-sublattice hoppings. This
means that we can obtain intervalley interaction even from purely local charge modulation on the reconstructed Kekule lattice.
For example, by setting fi = a = b = ¢ = 0, we have

0t r,(c0+os) (k = 0) = E (f2+ f3) 70 — % (fa+ fa) T + (fs — f2) TQ} ® |00 + 03] (S28)

4\f
On the other hand, with nearest-neighbor intra-sublattice hoppings, we can have a 75 coupling from the imaginary parts of a, b, c.
While 71, 75 describe intervalley scattering, 73 describes valley imbalance. This means that simultaneously varying the real and
imaginary parts of a, b, c, we can model both intervalley hybridization and valley polarization in the same model. For example,
by setting f1 = fo = f3 = 0, we have

N 1
Hri (o) (k = 0) =¢ [(=ar = br = ) 7o + (2 — ap = ) 71+ VB (ar = b) 72+ V3 (=ai + by — ) 73| @ [0 + 73],
(S829)
We set a,, = —b, — ¢ to eliminate the 7y term and also assume a; = b; = 0 since we only need ¢; to control the 75 term. By
identifying ¢ = t9e'¥ and b, = t1, we have
N 2t1 + ty cos to sin oo + 0
s, (00400 (K = 0) = |2 cos pry — 2209 2P | o 20T 98 (S30)

Vi 0 v T
By tuning t1, to, and ¢, we can go from 7; to 75 to 73. The first two terms are even under 7 symmetry while the final term is
odd under 7 symmetry. For ¢ = 0, 7, we recover 7 symmetry, which is sensible because these are the limits where all of the
hoppings are real.

We end this section by mentioning that while terms involving 7, and 75 necessarily require at least a v/3 x /3 reconstruction to
coherently mix the valleys, terms involving 73 are intravalley and do not require such a reconstruction, even though the example
above does involve a Kekule lattice. A famous example is the Haldane model. In the hexagonal Brillouin zone, it is given by

6H,, (k) = f Zsm k-a;] 03 — 0H.,(k=0) = —m.73 ® 03. (S31)

We can modify this Hamiltonian to have the desired sublattice structure by replacing o3 with the appropriate ¢ matrices. We will
use the Haldane model to simulate valley imbalance since it is simpler.



4. General Transformation Between Valley-Orbital Basis and Kekule Basis

Here, we provide a prescription to transform between the two basis sets by classifying every possible perturbation without
any symmetry constraint in the valley-orbital basis. We start with a few examples. Let us write down tight-binding Hamiltonians
that realize 7 ® 0¢, 71 ® 03, T2 ® 0¢, and 7o ® o3 and show explicitly that they break C5(0O) symmetry, consistent with our
preceding analysis. Both of these terms must hop only within the A or B sublattice of the original unit cell (not the Kekule unit
cell). The following Hamiltonian realizes the 7y ® 0o and 7y ® o3 interactions

0 0 ¢t 0 t1 0

0 0 0 to 0 to

~ ty O 0 0 =2t 0
M. (k=0) = 5 ty 0 0 0 ! ot =—(t1 +t2)T1 ® 09 — (t1 — t2)T1 ® 03. (S32)

t1 0 =2t O 0 0
0t 0 =2t O 0

On the other hand, the following Hamiltonian realizes the 72 ® 0 and 7o ® o3 interactions

0 0 ¢t1 0 —t1 O
0 0 0ty 0 —to
o w000 0 of 1 1
H.,(k=0) = 0 t 00 0 0|~ %(h —t2)72®00+%(t1 +to)Te ® o3. (833)
—t; 0 0 0 O 0
0 —t2 0 0 O 0

We have checked explicitly that these two Hamiltonians do not preserve Cs3(0) symmetry by confirming that

C’g(O)T(S?:lTi C’g(O) # (57-271.. However, these can be made to respect C'3(A) symmetry by setting to = 0. Finally, we consider the
most general perturbation of the form

8 3
Hk=0)=> >t @0, (S34)
pn=0r=0

where )\, are the Gell-Mann matrices that form the basis for the Lie algebra of SU(3) and t,,,, are 36 real parameters the describe
both hoppings and on-site energies. The nine Gell-Mann matrices are

5 /100 010 0 —i 0 10 0 001
=1/ lo1o] x=[100] x=[i 00| xs=[0-10] x=[000
3001 000 00 0 00 0 100
(S35)
00 —i 000 00 0 L (100
=loo 0] x=[o01] xm=[00=i] rx=—=[01 0
i 00 010 04 0 V3100 -2

Like the Pauli matrices, these Gell-Mann matrices satisfy Tr{\,\, } = 26,,,,. The previous examples can be written in terms of
these Gell-Mann matrices, using the notation in Egs. (ST9), (S32), and (S33),

. 3 3
(57‘[7—1.@%. (k = 0) = \/gar)\o X o1 — \/;ai/\o & o2

1 1
+ i(br +e ) MM+ A) Qo1+ (b —c) (mAa + X5 — A7) ® 02

2
1 1
5 —ci) (FAe+ A5 = A7) @ o1+ (b + ) (AL = Aa = Ag) @ 02, (836)
1 1
0H- (k=0) = 5@1 +t2) (A1 + A —2X) @ op + §(t1 —t2) (M + A1 —2)X6) ® 03,
N 1 1
5’}‘[72(1{ = 0) = i(tl +t2) ()\1 — )\4) ® g + §(t1 — tg) ()\1 — )\4) ® g3.
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Figure S4. Band structures for the model defined in Eq. (S38). The band structures on the top (bottom) panel are traced along the ks (ky)
direction. We notice that Bloch states are much more strongly mixed in valley character along the &, direction compared to the k, direction.

In general, we can project any 6 x 6 Hamiltonian in the Kekule basis into the space of the valley-orbital states to obtain
Hk=0)= Z?:o Z?:o Hi;7; ® o, where the coefficients are given by

Hoo =
Hor =
Hoz =

= (V6too — t10 — tao — te0)/3,
(—2t11 + 3t31 — 2ta1 + 461 + \[tsl)/
(=2t12 + 3tg — 2tan + Atgo + V3ts2) /6,
= (V6tos — t1s — taz — te3)/3,
= (—2t10 + 3t30 — 2ta0 + 4teo + V3ts0) /6,
= (V6tor — t11 — ta1 — te1)/3,
= (V6toz — t1o — taz — te2)/3,
= (—2t13 + 3tz — 2ta3 + 4tg3 + V/3tg3) /6,
= (2v/3t13 + V/3t33 — 2V/3tas — 3ts3) /6,
= (ta2 — tso + t72) /V/3,
= (—ta1 +ts1 — tr1)/V/3,
= (2V/3t10 + V3t30 — 2V/3ta0 — 3ts0) /6,
= (ta3 — ts3 + tr3)/V/3,
= (=2t12 — tg + 2ts2 + V/3ts2) /2V/3,
= (2t11 +t31 — 2ty — \[t81)/2\/§7
= (t20 — ts0 + t70)/ V3.

(S37)

Eq. (S37) allows us to write the Hamiltonian in the valley-orbital basis for any given Hamiltonian in the Kekule real-space basis

of the form in Eq. (S34). This transformation is completely generic and generally does not respect any symmetry.
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5. Band Structures for Example Models

In this section, we study the band structures of various example models in the vicinity of T of the Kekule Brillouin zone. Let
us first study the example in Eq. (ST9) with a = t;e*?*and b = —c = t9¢?%2 //3. With this minor relabeling, we have

. o I t0ei®2 k.5
0 tleupl ezk 51 0 tae ezk [ 0 _t2 etk03
3 3
t efigolefikvﬁl 0 _t2e_i“”2 efik-th v 0 tae 1¥2 efikvég fo
1 ‘ V3 NG )
_ toe'¥2 1k 02 P ik-83 toe'¥2 ik-81
Hrigo, (k) = Ho(k)+| , ’ Vi e 0 here o vE
Ti®0; tge\[“"2 e—ik~62 0 tle—icpl e—ik-ég 0 _ tze\[“"2 e—ik~51 0
3 3
ipy o1 ivs . ) o
0 t2\€/§ elk 53 0 _ t2\€/§ elk 51 0 tlezgal ezk 52
_ tQC\;;” e—ik‘&g 0 tge\;;m e—ik'51 0 tle—itpl e—ik~52 0
(S38)

The energies at k = 0 for the four low-energy states are given by

E =%/ + 13 + 201ty sin (o1 — ). (S39)

When (p1 —2) mod 7 = 0, the spectrum is degenerate with two states at E = ++/t3 + t2 and two states at E = —/t3 + t3.
When (¢1 — ¢2) mod m = 7/2, we generically have four non-degenerate states with £ = +|t; & ¢o| unless t; = 0 or t5 = 0,
in which case, we have two upper degenerate states and low lower degenerate states. If instead, ¢t} = =+t2, then we have two
degenerate states at £ = 0. Band structures for some representative values are shown in Fig. There, each state |¢) is labeled
by its valley polarization v/, defined as

v(¥) = [(Wpa(K))* + [ K)* — [(@lea )] — [@lesK). (S40)

This value ranges in [—1, 1], with —1 indicating polarization in the K’ valley and +1 indicating polarization in the K valley.
As shown in Fig. all the states are intervalley-hybridized states as diagnosed by || < 1. The bands are highly anisotropic
along the two perpendicular directions shown. It is immediately apparent from Fig. [S4|that Bloch states along the k,, direction
are much more strongly mixed in valley character, i.e. v ~ 0, than states along the k, direction. This is sensible because the k,,
direction runs along the armchair direction while the k, direction is parallel to the zigzag direction.

Next, we examine the example in Eq. @]), which, when the momentum dependence is restored, takes the following form

0 0 tighk) 0 t1g(k) 0
0 0 0 tag(k) 0 tag' (k)
. o 11 tig(k) 0 0 0 —2t147 (k) 0
HTl (k) =Ho (k) + 0 thJr (k) 0 0 0 721529(1{) ’ (541)
tigf(k) 0  —2t;g(k) 0 0 0

where g(k) = e'ka1 4 gikaz 4 o—ik-(a1+a2) This model corresponds to 71 ® 0 and 71 ® 3. In the corresponding effective
Hamiltonian in the valley-orbital basis, the energies are given by

E = 42t 4+2t,. (S42)

When [t1| = |to|, there are near-degenerate states (actually, in the Kekule basis, some of these degeneracies are broken), as
shown in Fig.[S5{a). For 72 ® 0 and 75 ® o3, we study the following Hamiltonian

0 0  tigi(k) 0 —tigk) 0
0 0 0 tg(k) 0 —tag'(k)
S t1g(k) 0 0 0 0 0
Hn(k)=Hol)+ 31 70 ta) 0 0 0 0 (543)
—tigf(k) 0 0 0 0 0
0 —tagk) 0 0 0 0

The band structures are shown in Fig. [S5]b).
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Figure S5. Band structures for the models defined in Eqgs. (S4T)) and (S43). (a) 71 model and (b) 72 model.

Finally, we consider two models that respect C'5(A). The first model is simply a charge modulation on the A sublattice around
the Kekule unit cell:

HTi@(UoJrUs)(k) = Ho(k) + (544)

w

OO OO OO
SO OO OO
SO O OO
OO OO OO
O OO OO
OO OO OO

In this model, €4, + €4, is proportional to 71 ® (0¢ + 03) while €4, — €4, is proportional to 72 ® (0g + 03). Some band
structures are shown in Fig. [S€[a). The second model requires modulation of bonds between atoms of the A sublattice

0 0 (—t1 —tacosp)gi(k) 0 tig(k) O

0 0 0 0 0 0

: s Lt tacose) g(i) 0 0 0 tae"g(k) 0
H7i®(00+03)(k) - Ho(k) + g 0 0 O 0 0 0 (845)

t19f (k) 0 toe ¥?g(k) 0 0 0

0 0 0 0 0 0

This model allows us to tune continuously from 71 ® (¢ + 03) to 72 ® (0 + 03) to T3 ® (0o + 03) by varying the three available
parameters. 71 ® (0o + 03) is isolated when ¢ = 0 and 2t +t2 = 0, 72 ® (00 + 03) is isolated when t2 = 0, and 75 ® (0 + 03)
is isolated when ¢ = /2 and t; = 0. All three cases are shown in Fig.b).

B. Multilayer Models

1. General Symmetry Considerations

To generalize our results in Sec.[[A]to N-layer rhombohedral graphene, we first rewrite the tight-binding Hamiltonian in the
reconstructed Kekule zone. We use the same lattice structure for layer 1 as shown in Fig. [S2|a). Layer 2 has exactly the same
lattice structure as layer 1 but shifted by (O7 a/ \/5) laterally in the y-direction. In a similar way, every layer ¢ is shifted by
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Figure S6. Band structures for the models defined in Eqs. (S44) and (S43). (a) On-site model defined in Eq. (S44). (b) Hopping model
defined in Eq. (§49).

N =2

Honeycomb Triangular Honeycomb

Figure S7. Sublattice structure for rhombohedral multilayer stacks. For N even, the structures are honeycomb, while for N odd, the
structures are triangular.

(0, a/ \/§) relative to layer £ — 1, as shown in Fig. The valley states for layer ¢ are

1 0 1 0
0 1 0 1
1 1 1 i 1
[Yaw (K)) = —g® (6} ;g (K)) = 7% ® £T [ ae (K)) = 7%@’ 06 , B (X)) = \/—%® g ;
wt 0 w 0
0 w 0 wf
(S46)

where 1, is a vector of size IV x 1 with one on row £ and zero elsewhere. The valley states on each layer are identical to each

other because a shift in the y direction does not acquire any additional phase since it is orthogonal to the valley vectors K. In

the Kekule basis, the only uneclipsed sites are Agl), Agl), A§1)7 BgN), BéN)7 and BéN). Threefold rotation centered on Agl) (or
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equivalently, on Agl) or on Aél)) affects different layers in disparate fashions because of the relative shifts of rotation centers.
On layer 1, it is implemented by the same lateral operator C3(A) as in the monolayer case. On layer 2, the rotation center is
located at a hexagon center; consequently, this rotation on layer 2 is implemented by C'3(0Q). On layer 3, the rotation center is

on the B sublattice; therefore, the action of rotation on this layer is C}(V) On layers 4 and beyond, the rotation centers cycle
through the same ordered sequence as described for layers 1-3. In total, the rotation operator for an /N-layer stack about an axis

going through Agl) is

(S47)

As is well known, the low-energy physics is dominated by states localized primarily on A(") and B(Y) . Projecting to just this sub-
space, we obtain the following representations for C3(A y) in the valley-orbital-layer basis { K A1), K BV) K" A K'B(N)1,

, if mod (N,3) =1,

o = OO
O OO

&£,

. if  mod (N,3) =2, (S48)

if mod (N,3)=0.

&

—

>

&

~—

Il
cCooHoOOoOoO R OOoOR
COrRrS ool oot O

o~ OO

~N— & oo O

o= OO
— O O O

For N = 4,7,10, ..., the projected representation of C3(A ) looks exactly like C5(A) in the monolayer case. Inspecting the
N = 4 case in Fig.|S7] we find that the effective degrees of freedom, shown by solid circles, populate the vertices of a honeycomb
lattice in the exact same orientation as in the monolayer configuration. Therefore, it must be the case that the two representations
of C5(Ay) agree. For N = 2,5, 8, ..., the projected representation of C3(A y) looks exactly like C3(V) in the monolayer case
(if the two sublattices were switched). Again, referring to N = 2 in Fig. we see that the effective degrees of freedom are
located at the vertices of a honeycomb lattice but rotated by 180° relative to the monolayer lattice of Sec.[[A] For N = 3,6,9, ...,
C’g(A ~ ) is the identity because the effective lattice is triangular, not honeycomb, as shown for N = 3 in Fig.

Spinless time-reversal symmetry is a completely local operation. So, it does not couple to the sublattice or layer degrees
of freedom; it simply takes every state at K to the corresponding state at K. Therefore, its representation in the multilayer
generalization remains the same as before

T =mnkK. (S49)

With these considerations, we can classify all possible perturbations at the reconstructed I' point of rhombohedral N-layer
graphene that are invariant under C3(A ) and 7, as listed in Table E For mod (N,3) = 1 or 2, the allowed terms are the
same as those found before in the monolayer case. Interestingly, for mod (N, 3) = 0, all 15 nontrivial coupling terms 7; ® o;
are possible because of the trivial action of C5(A ) on this projected basis, i.e. it is the identity. In particular, in this setting, it is
possible to have T -breaking terms that mix valleys: 71 ® o5 and 72 ® 0. These terms must necessarily have sublattice coherence,
which might be difficult to achieve because the top and bottom layers can be far apart. We postpone the consideration of these
terms to later analysis. In this section, we focus on the layer-projected 71 ® (09 + 03), 72 ® (09 + 03), and 73 ® (0¢ + 03) ,
which are consistent with C3(A ) symmetry regardless of the number of layers.
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mod (N,3) =0 T even T odd
Intravalley 03,01,T3 ® 02 02,73,73 ® 03,73 Q 01
Intervalley T1,7T2,T1 Q01,71 ® 03,72 Q01,72 Q 03 71 ® 02,72 @ 02
mod (N,3) =1or2 T even T odd
Intravalley o3 73,73 & 03
Intervalley 71 ® (00 + 03), 72 ® (00 + 03) none

Table SII. Symmetry classification of operators in valley-orbital space for rhombohedral N-layer graphene at the I point in the recon-
structed Kekule lattice. 7 is spinless time-reversal symmetry.

The full Hamiltonian is built from sub-Hamiltonians in the following way

2

2. Full N-Layer Models in the Kekule Basis

Kk) th(k) U 0 0 Nelogooo0000 0
Ul (k) K(k) ti(k) U 0 0 X3 0 0 0
. Uy Uik Kk) k) N A 0
=1 o w0 KK o | T2 0 o 0 X o |- G0
: : : : E : : : : 1\1771
0 0 0 0 K(k) o 0 0 0 T
where l@(k) is the in-plane kinetic energy, which is identical to Ho given in Eq. (ST4) and repeated here for convenience,
0 eik'(;l 0 eik'tSQ 0 eik~¢§3
efik-tsl 0 efik-ég 0 efik-ég 0
. 0 eik~52 0 eik'53 0 eik-tsl
K(k) = =70 efik-Sg 0 efik-(;g 0 efik-él 0 ) (SSI)
0 eik~53 0 eik~51 0 eik~52
efik-ﬁg 0 efik-(;l 0 e*ik-ég 0
Uy is the interlayer hopping matrix between adjacent layers,
—yeiked _,y3€iik-61 —ygeiies _73€iik-53 —ygeiked _,y3eiik-52
" _,y4€zk-61 0 _,y4ezk-62 0 _,y4ezk-53
k-8, —ik-83 k-8, —ik-8; ik-83 —ik-8;
y _ | T4 —3e —7ac —73e —7ac —3e
ul (k) - 0 7’)/4621('63 0 7’}/4621('61 " 7")/46“('62 ) (SSZ)
Cge8s ik Sy oikedy o emikedt Ly eiked o o—ikeds
0 7'}/461'1(‘62 ,_Yl 7')/46“(‘63 O 7’)/46“{.61
and Uy is the interlayer hopping matrix between layers that are separated by another in the middle,
07%/20 0 0 O
0 0 0 0 0 O
~ 10 0 0 0 0 /2
=10 0 0 0 0 0 (553)
0 0 0%/20 0
0 0 0 0 0 O

Here, A is the field-induced layer potential energy and ~y; are the hopping parameters. We ignore various on-site energies due
to dimerization since they do not qualitatively matter when the displacement field is reasonably large. To demonstrate that this
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Yo Y1 72 Y3 Y4
3100 380 —15 —290 —141

Table SIII. Tight-binding parameters. All values are quoted in meV.

Hamiltonian respects C3(A ), we have verified the following identity

Cy(a)t 0 0 0 ...\ (KK Uk U 0 5(a) 0 0 0
0 G5 0 0 | Uik K k) Uy 0 Cs0) 0 0
0 0 Gyt 0 uj  ul(k) Kk) thk) . 0 0 Cyv) 0
0 0 0 Cs(a)t ... 0l ulx) KK 0 0 0 Csa)
Cs(8)TK(k)Cs(a) AA3(A)TLA{( )C3(0)  C3(a)ithCs(v) 0
C3(0)1U] (k) Cs(a) Cs(0)'K(k )Cs(0) cg<cn*c{<k>A3(v> C3(0)1thCy(a)
_| G(MUCs(a)  Ca(v)TUf(k)C5(0) Cs(V )IK(K)C3(v)  C3(v)1th (k)C3(A)
0 Co(B) U C(0)  Cu(a) U] (1)Ca(9) Ca(a)K(k)Ca(a)
K(Rsk) Ui(Rsk) Uy 0
L?j(ng) K(Rsk) Uy(Rsk) U ...
—| ® Uik K(Rsk) th(Rsk) |
0 Ul Ul (Rsk) K(Rsk) ...
(S54)
which simplifies to confirming the following equalities:
03( )TK( )é3(A):I€<R3k)7 ég(O)Tlé(k)ég(O):lé(ng), ég(V)T’%(k)ég(V):K(ng),
C3(8)1Uh (k)C3(0) = Us(Rsk),  C5(0) 1t (k)C3(V) = th(Rsk), Cs3(v)ith(k)C3(a) = Uh (Rsk), (S55)

Cg(A)TZ/[Qég(V) = LA{Q, ég(O)TZ/?Qég(A) = Z/A{Q, ég(V)ngég(O) = Z/A{Q,

where Rj rotates wavevectors k by 27 /3 : R3(ky, k) = (—ks +v/3ky, —V/3k, — k,) /2. In the Kekule basis, the three different
symmetry operators are given elsewhere already but are repeated here for convenience:

001000 100000 000010
000100 000001 010000

&©@=000001| B®=lo10000| @=lo00100 (859
100000 000010 001000
010000 000100 000001

Since the displacement field matrix acts uniformly and locally on each layer, it must commute with the C5(Ay) symmetry
operator. We have therefore checked that the full Hamiltonian is invariant under C'3 rotation about A(ll).

3. Band Structures for Realistic Systems

In this section, we study the band structures of realistic models of N-layer rhombohedral graphene. We first examine the
single-valley Fermi topology without any perturbation. We use the parameters listed in Table for all of our simulations.
Using the non-interacting band structures using Eq. (S30), we compute the density of states (DOS) as a function of electron
density in a single valley-spin flavor (because we are ultimately interested only in the quarter metal phase) and displacement
field using the formula

1 n
DOS(EF) = — > T (B B (S57)
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min max
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Figure S8. Density-of-states maps as a function of electron density (in a single valley-spin) and displacement field. High-intensity bright
regions correspond to Lifshitz transitions where Fermi surface topologies change. Representative Fermi surfaces are shown for N = 4 and
N =9, with the other layer numbers displaying similar trends.

where 7 = 0.1 meV is a numerical broadening factor, EF'r is the Fermi energy determined by the charge density, and F,, are
the energy eigenvalues. The results for N = 4,5,6,7,8,9 are shown in Fig. The DOS maps contain a few prominent peaks
associated with diverging DOS due to Lifshitz transitions for all values of NV shown. At small values of A, the Fermi surface is
primarily that of a simply-connected trigonally-warped geometry for the values of electron density shown across the different
numbers of layers. As the displacement field increases, that simply-connected geometry evolves into one of two distinct Fermi
surface topologies: a three-pocket structure at small densities or an annular surface at larger densities. The critical fields where
these Liftshitz transitions occur are inversely related to increasing layer number. In between these Lifshitz transitions, there
are many more topologically distinct Fermi surface topologies, such as a four-pocket structure, but they require fine-tuning
parameters that we do not consider further. For our purpose, we will only consider the three Fermi surface topologies mentioned,
although the primary focus is on the simply-connected topology.

Next, we add intervalley imbalance and hybridization. We implement intervalley imbalance on the A(*) sublattice to which
we assume most of the charge density has been driven by the interlayer displacement field. For intervalley imbalance, we use a
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Figure S9. Band structures for N = 4 with intervalley imbalance. (a,b) Band structures along k, and k, for m, = 10 meV and
A = 30 meV. (c) we zoom in on the bottoms of the conduction bands using black horizontal lines to show the chemical potentials at
n=0.1,0.2,...,0.8,0.9,1.0 x 10'? cm™2. (d) Band structure of an armchair nanoribbon with width W = 368 A. (a-d) The top panel shows
band structures at A = 30 meV, while (e-h) the bottom panel shows band structures at A = 45 meV.

version of the Haldane model, which in the Kekule basis, takes the following form on layer 1:

0 0 —g'(k) 0 g(k) 0

0O 0 0 0 0 0

n - omz | gk) 0O 0 0 —gf(k) O
0ty (k) = 35 o 0 o o o ol (S58)

—g9'k) 0 gk) 0O 0 O

O 0 0 0 0 0

where g(k) = Z;‘.S:l k3 a5 defined before. At the T point, this Hamiltonian generates an intervalley imbalance with magnitude
—m.73 ® (09 — o3) /2. In the valley-sublattice basis, the Hamiltonian takes the following minimal form

ANZL —m, 0 0 0
0 —AN=L 0 0
Hry(0) = 0 0" ANl 0 (859)
2 z
0 0 0 —ANAL

To a first approximation, the valence bands are not affected by this perturbation, while the conduction bands are valley-split by
an energy amount of 2m,, at k = 0. The situation away from I is much more complicated because the two valleys experience
different effective mass terms, which as we have shown earlier, can deform the bands in various different ways to give distinct
Fermi surface topologies. To ensure that we are always in the quarter metal phase, m_. needs to be large enough so that the
chemical potential lies entirely in a single valley. Using Fig.[S8]as a guide, we now inspect some specific combinations of A and
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Figure S10. Band structures for N = 5 — 8 with intervalley imbalance. For each N, we show the band structure along k. and k,,. The black
horizontal lines indicate the chemical potentials at n = 5 x 10*! cm™2. In all cases, m, = 10 meV. Here, there is no intervalley interaction.

m to ensure that within the range of density of interest, the Fermi surface lies entirely in a single valley. In Fig.[S9] we show the
band structures for N = 4 using m, = 10 meV showing that this is enough to keep both valleys separated in the range density
n € [0,1.0] x 102 cm~2. In Fig. we generalize this to N = 5 — 8, showing that m, = 10 meV is enough to keep the
conduction electrons in only one valley for n = 5 x 101* cm~2.

Finally, we implement 7 and 7o with the following

0 0 —39'(k) 0 —59(k) 0
O 0 0 0 0 0
. _1 t
_ 59(k) 0 0 0 ¢g'(k) 0
57‘[7’1(k> mcos 6 0 0 0 0 0 I E
~39f) 0 gk) 0 0 0
o 0 0 0 0 0
(S60)
0 0 Lgik) 0 —Lg(k) 0
0 00 0 0 0
. V3
o Yigk) 0 0 0 0 0
0Hr, (k) =msind 0 0 0 0 0 ol
~Bgik) 0 0 0 0 0
0 0 0 0 0 0

where m is the magnitude of the perturbation and 6 rotates the 7 matrices.

II. TRANSPORT ALONG AND ACROSS DOMAIN WALLS
A. Reflections at an Armchair Termination
1. Continuum Description

We consider the continuum description of an armchair termination for monolayer graphene where the bulk extends to the
negative x direction. This calculation will naturally extend to the domain-wall scenario that we will show later. In the bulk, the
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continuum Hamiltonian is

. EK h’Uo (km — ’Lk‘y) 0 0
> Hi (k) 0 hvg (kg + iky) —€K 0 0
ofi(k) = - = Y ) . S61
Hen(k) ( 0 H(k) 0 0 ek o (—ky — iky) (S61)
0 0 hvg (—kw + Zk‘y) —EK
In real space, we implement the replacement k; = —i9;. We place the armchair edge at r = (0, y) and impose the boundary

condition ¢k (0,y) = ¥k (0, y). By mapping k, — —k, in the K’ sector, we can map the two-valley wavefunction in the half-
plane to a one-valley wavefunction in the entire plane where the boundary condition connecting the two valleys in the former
representation is converted to a continuity requirement of the one-valley wavefunction at the origin in the latter representation.
Because of translational symmetry along the y direction, k, remains a good quantum number. For concreteness, let us assume
0 < ex < ek-. This non-essential assumption follows from the more general assumption that the large displacement-field-
induced gap is topologically trivial. We use it here only so that we do not have to look for topological edge states. With these
simplifications, eigenvalue problem in real space becomes a pair of coupled differential equations

(o 50 iy ™ T2 ™) () =2 (i) 50

where (2 < 0) = e and e(x > 0) = ex. We have converted the problem of an armchair boundary into a scattering problem
where an incoming wave from valley K is either reflected or transmitted. Reflection in the recast problem corresponds to valley-
preserving reflection (a K state is reflected to a K state) in the original formalism while transmission in the recast problem
corresponds to valley-exchanging reflection (a K state is reflected to a K’ state) in the original formalism.

To begin, let us consider the familiar problem where ¢ x = e = . We take the following ansatz for the wavefunction

qu(m S 0) _ itk_x w; d)A(x > 0) _ ikyx QZJX
(e s) e (U2) ma (Dafz ) = e (1) (563)
where k4 are real assuming that £ > <. The boundary condition is satisfied if
w;) _ <w£> 4

Substituting this ansatz into the differential equations, we obtain

(e = E) by + Two (k- 7fky)
hog (k- +iky) Y, + (—e — E) ¢

(e = BE) ¢4 + hvo (ks — lk‘y) =0,
hvo (ks + ihy) 5+ (=2 — B) s =

(S65)

We notice that the first two equations are identical to the last two equations; therefore, solutions to the first two are also solutions
to the second two. If either the A or the B sublattice wavefunction vanishes, then £/ = &< and k1 = k, = 0, e.g. states at the
band extrema. For E # 0, the following conditions must be true:

_%a hvg (k— —ik,)  —e—FE and _wA hvo (ky —ik,) — —e—E
QZ}B E*E hl}o(k +Zl€) ’L/}B E*E hvo(k++ll€)

(S66)

Rearranging, we recover the familiar energy dispersion E? = €% + (hvok,)? + (huoks)?. The constraint from the boundary
condition is k. = k_. This shows that an incoming K wave is completely scattered into a reflected K’ wave and vice versa. In
other words, when e = e, scattering at an armchair edge completely exchanges the valley flavor.

The preceding analysis seems to pose a contradiction when € < eg. In the energy window ex < E < ek, there are
no propagating states in the K’ valley into which to an incoming K wave can scatter. So to where does an incoming K wave
scatter? Of course, an incoming K wave can only scatter into an outgoing, reflected /i wave since these are the only propagating
states available in the bulk. In this energy window, there are no propagating K’ states but there are evanescent K’ states which
act as scattering centers to reflect the incoming K waves into outgoing K waves. For higher energies E > i+ > €k, there are
both K and K’ waves into which an incoming K wave can scatter; and in general, this reflection process depolarizes the valley
character of the outgoing wave. Only in the special case where ¢ = €k~ is the reflected wave also valley polarized (but in the
opposite valley compared to the incoming wave). We now validate these claims with scattering calculations, which are similar
in spirit to the calculation done in Ref. [2].
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Figure S11. Transmittance and reflectance as a function of energy, as defined in Eq. (S72). Here, ex = 1 sets the energy scale. Solid
(dashed) lines show the reflectance (transmittance). For energies below € i, we have unity reflectance. For large energies, we have near unity
transmittance. For energies below ¢ i, neither transmittance nor reflectance is defined since inside the bulk gap, there are propagating states.

For \/e2 + (huoky,)? < E < y/e%, + (huok,)?, assuming positive E throughout, the bulk states are given by

Ya(z <0)\ _ ikye ek +F 4 temikat ek + B
’QbB(al‘ S O) Fwo (k’w + Zk'y) h’l)() (—k‘m + Zky) ’ (S67)
ZZ)A(:L‘ > 0) _ et ex' +F
Yp(z > 0) ihvg (ke +ky) )’
where E = \/ €% + IPvgk2 + h2ugk2 = \/ €% — h?vgk2 + h2vik2. Matching the boundary condition, we find
t——1+ 2(5[{/ +E)kw
B E(ifig + ka) + ex (ko — iky) + ick (ke + ky)’ S68)
f— _ 2Z(€K+E)k‘z

E(rig — ikg) — e (ika + ky) + ex(Fia + k)

We have verified that |t| = 1, demonstrating that the entire incoming wave is reflected to the same valley. It is worth pointing out
that the evanescent wave carries current in the direction parallel to the armchair edge. The current operator along the y-direction

is Jy, = —ewvgoy. Even for k, = 0, this current is nonzero:

(J,) o« —evotit(ex: + E) # 0. (S69)

Now, for E > \/e2, + (hwok,)” > /% + (huok,)”, we study first the scattering of an incoming K wave

bale <O)\ _ ikye ek +E 4 emikat ek + B
’(/JB(.’E < 0) hug (kz + Zky) hvg (—kw + Zky) ’ (570)
1,[),4((11 > O) _ feipww ex' + F
Yplr > 0) o (ps + i) )
where E = | /% + h2vik2 + h2vgk2 = \/ % + h?v3p? + h2vik2. Matching the boundary condition, we find
t= 1+ 2(€K’+E)kz
B EKPx +pr+EK/kx+Eka: +Z(5K _SK’)I{:y7 (571)
ex + Bk,

t= .
EK Dz + Epa: + EK'k;E + Eka: + Z(éK - gK')k;y
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As a check of consistency, if e = €xv, then k, = p,, vt = 0, and t = 1, showing once again that the entire incoming wave is
reflected to the opposite valley. In general, the reflectance and transmittance are given by

B2 — eers — (ooky)? — \/ B2 — €% — (hwok,)\/ B2 — <%, — (hwgk,)?
B? — eerr — (ooky)? + /B2 — €% — (hwok,)\/ B2 — <%, — (hwgk,)?
2/ % — &% — (hwok,)* /2 — &%, — (hwgk,)®
E? — eers — (ooky)? + /B2 — €% — (hwok,)\/ B2 — <%, — (hwgk,)?

R(E, ky) =

b

(S72)

(E, ky) =

Again, these formulas are valid when E? — (hvoky)2 > g2, > £2., where we clearly have R(E, k,) + T(E, k,) = 1. From
these formulas, it is clear that if E2 — (Avo ky)2 = 6%(/, we have perfect reflection to the same valley. Furthermore, we have

Ezf(hui%)zﬁoo(z( ) and EL(hviﬁ)Mmm( ky) =0 (873)

In other words, when E? — (hwvgk,)? is much larger than both £ and -, we revert back to the situation where an incoming
K wave is completely scattered into an outgoing K’ wave. A plot of R and ¥ for general energies is shown in Fig. All of
the limits noted above can be observed in this plot as well. For completeness, we now consider the situation where the incoming
wave comes from the K’ valley. In this case, we

Yalr <0)\ _ te—ikee ek + F

VB (l‘ < 0) o hvg (—]fl + ’Lk‘y) ’ (S74)
<¢A($ > 0)) — o iPaT ( exr +E ) + reiPa® ( ex + E )

Yp(z > 0) hwo (—pa + iky) hwo (pz + iky) )’

where, again, F = \/ ek + h2vgk2 + h2vghk2 = \/ €% + h2vip2 + h*vgk2. Eq. (S74) is formally equivalent to Eq. (S70) with
ex < €x and k, < —p,. Therefore, all of the preceding analysis applies; in particular, the transmittance and reflectance
functions remain the same.

The above results are easily generalized to a slightly different situation where the sublattice gap is only rigidly shifted, instead
of being modulated, depending on valleys. In this case, the Hamiltonian takes the following form

. € hwo (kg — iky) 0 0
> o HK(k) 0 o hvo (k’w + Zky) —& 0 0
Hott (k) = ( 0 ﬁK,(k)) = 0 0 et+de hwo(—he—iky) | O
0 0 fwo (ks + tky) —e +de

where we assume 0 < Je < e. When /&2 + (Avgky)? < E < de + /€2 + (hvok,)?, we must have perfect reflection to the
same valley. When E > e + /2 + (hwok,)?, the scattering states with an incoming K wave are

wA(x S 0) _ eikwm e+ E + te—ikxm €+ E
’(/JB(Z‘ < O) - hvo (k?w + Zk‘y) h’UO (—k‘gg + Z]{)U) ’ (S76)
Yalx >0) _ iven e+ E —de
’Q/JB(w > 0) hvg (pz + Zky) ’
where E = /2 4 h2vugk2 4 h2vgk2 = 0 + /€2 + h2vip2 + h?v3k2. Matching boundary condition, we obtain
) (B~ 66)E — €2 — (hwok,)? — /(B - 66)? — €2 — (hwok,)*\/ E? — 2 — (hwok,)?
y Ry ) = 3
(E — 6e)E — €2 — (hwgk,)” + \/(E —0e)2 — g2 — (hvoky)Q\/EQ — &2 — (hwgky)” s
2\/(E — 6e)2 — €2 — (lwoky)* /) B2 — €2 — (hvok,)”
T V(B = 622 — &2 — (twok,)*y/ (huok,) |

(E — 6e)E — €2 — (Twgk,)” + \/(E —0e)2 — g2 — (hvoky)Q\/EQ — &2 — (hwgky,)”

which is nearly identical to the previous result. Therefore, the general conclusions regarding wave transmission and reflection in
the presence of a valley imbalance are robust. In particular, without valley imbalance, an incoming K wave is reflected perfectly
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into an outgoing K’ wave. In the presence of a valley imbalance, say where there are propagating K states but only localized K’
states, then an incoming K wave is reflected entirely into an outgoing K wave, as it must. For higher energies, where there are
both propagating K and K states but at different wavevectors due to valley imbalance, then an incoming K wave is generically
reflected into both an outing K and K’ wave.

We end this section by considering the N-layer generalization with Hamiltonian given by

ek (ko — iky)™ 0 0
. Hrk) 0 ) (ko +iky)N  —ek 0 0
He (k) = . = v S78
it () ( 0 Hx (k) 0 0 ek (—ka — iky)~ (578)
0 0 (—ky + iky)Y —exr

Here, we work in units where k¥ has the same dimension as energy. It is instructive to look at the particular case N = 2 first. In

this case, the (positive) energies are given by £ = 5%’ x T+ (k% + k§)2 Solving for k,, we obtain

kg j:\/j:,/EQE%K, — k2. (S79)
If | /6% K T+ k; < E, we have two real roots and two purely imaginary roots (only one of which is normalizable). If & <

er K < 4 /5%(710 + k:;, we have four complex roots (only two of which are normalizable). If ex v+ < E < ,/E%{’K, + k:;‘;,

we have four purely imaginary roots (only two of which are normalizable). The presence of many additional evanescent modes
contrasts the higher-order theory with the linear-momentum theory previously considered. The number of additional modes is
proportional to NV since these complex wavevectors originate from taking the N'*" roots of the energy dispersion. In general, we
write the wavevectors

2min

i [1 — sign(E? — €% /)
2N + N

kin =% ||E? — % o |V/N exp — k2. (S80)

For complex roots, we only keep the ones with negative (positive) imaginary part for states on the left (right) side of the boundary
that extends to negative (positive) x direction to enforce normalizability. For real roots, we keep both the positive and negative

solutions. If | /e% ., + k2N < E, which we always assume for the left side, then we have two real roots and N — 1 admissible

complex roots. If £ < 1/6%(7 T ng , then there are N complex roots. The boundary condition is derived by enforcing

vanishing current at the boundary (1| Jy |tb) = 0. One such choice is obtained by requiring the wavefunction and all of its
derivatives up to the (N — 1)'" one to be continuous at the interface. The most general scattering wavefunction with an incoming
K wave in this case where there are no propagating states on the right side can be written as

wA(x S 0) _ ikyox ex + E —ikyox €Kk + E zn nT €K + E
(wg(x<0) —° (ks + k)N ) T € (=kyo +iky)™ Z tn¢ b +iky)N )

wA P4nT ek + B
(a2 = Do ()

where _,, are complex numbers with negative imaginary parts (so that the exponents contain e/™%-»1% which decay as z —
—o00) while p,, are complex numbers with positive imaginary parts (so that the exponents contain e ~™f+»% which decay as
x — +00). Matching boundary condition, we find

(S81)

N-1 N-1
+t(—ik+0)m + Z an, (’L.K'/fn)m [EK + E] - Z bn (Zp+n)m] [EK/ + E] = — (Zk+0)m [EK + E] 3
n=1 n=0
N—-1 N-1
v (—ikyo)™ (—kio + iky)N + Ay (i65-5)" (Ko + Z.ky)N - Z br (ip10)™ (pn + iky)N = — (ik+0)" (kto + iky)N )
n=1 n=0

(S82)
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form = 0,..., N — 1. We note that there are 2N unknowns and 2N equations. Therefore, this system of equations is solvable.
The reflectance is |t|?, which we have checked numerically is always unity. Now, moving onto the case where are propagating
modes on both sides of the boundary, the most general scattering wavefunction with an incoming K wave is modified slightly to

N—1
I/JA($<0)) ik+0x( ex + F ) ik T( ek + F ) in T( ek + F )
= . +t +o . + an, " . ,
(wB(:c <0)) = ° (ko +ik,)~ ) 7€ (—kso +ik,)™ ; c (K + iky)~

N-1
wA(-T>0)) i Jt( sK/+E ) i LK( EK/+E )
== t P+o . + bn Pen - °
<¢B (z>0) ‘ (p+o + Zky)N ; ‘ (p4n + Zky)N

Matching the boundary condition is done exactly as before by demanding continuity of the wavefunction and its derivatives at
x = 0. The transmittance and reflectance are defined in the usual way

(S83)

(exr + E) (p2o + k2)V

(ex + E) (K2 + k2)V "

P+o

R(E, k) = [¢(E, k,)]> and T = [t(E,k,)|? (S84)

k1o

We have checked numerically that R(E, k) + T(FE, k,) = 1 in the appropriate range of energy and parallel momentum. All of
the qualitative conclusions for the monolayer model apply to the N-layer models without modification. Namely:

1. For /&2 + k:zN <E< /%, + kZQIN , we have total intravalley reflection: an incoming K wave is reflected entirely into
an outgoing K wave.

2. The evanescent modes can carry current in the direction parallel to the armchair edge even for k,, = 0.

3. For \/ e2 + ng < \/ e2, + k%N < E, we have partial intravalley reflection and partial intervalley reflection: an incom-

ing K wave is reflected into both an outgoing K wave and an outgoing K’ wave.

4. For E — oo, we have total intervalley reflection: an incoming K wave is reflected entirely into an outgoing K’ wave.

2. Semi-Infinite Plane

We employ the standard iterative Green’s function method to calculate the surface Green’s function [3| 4]]. We partition the
Hamiltonian in “layers” (this is not the same as the number of layers in a rhombohedral stack) that are coupled to each other in
the following way

Hoo Vo 0 0
Vi Hiao Vo0 .

H = 0 i Hoo V.| (S85)
0 0 V' Hzs ...

Ho,o is the surface Hamiltonian. For a bulk homogeneous system, H;.0,;20 = Hi,1, which we now assume. The Green’s

function is defined as the resolvent of the Hamiltonian Q (w) = (w — 7—2) - . Internal indices, including parallel momentum, are
left implicit. Using the identity (w — ?;l) G(w) = 1, we obtain the following
> (Wi — Misa) Gaj(w) = i j. (S86)
a
Because the Hamiltonian is tridiagonal, this equation simplifies significantly
(w —Ho,0) Goo(w) =1 +VoG10(w),

(Ww—=H11)G1o(w) = Vggo,o(w) + VG 0(w)
(S87)

(w—H11)Giolw) = VTgi—l,O(w) + VG, 110(w).
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We solve for Gy o(w) iteratively as follows. In the first step, we substitute in Gy o(w) from the second equation into the first
equation to obtain

(w —Hoo — Vo lw— Hia] ™" vg) Goo(w) =1+ Vo [w—Hia] "  VGao(w). (S88)

Because we need G o(w) to solve for Gy o(w) now, we use the following equation to relate Green’s functions that differ by two
(inner) layers

(w —Hi =V w—H] V= Vw—Hi] v*) Goo(w) =V [w—Hia] " ViGoo(w) + Vw—Hia] ' VGio(w),

(w — 7‘[1’1 - VT [w — H1,1]71 V-V [w — 7‘[1,1]71 VT) g4,0(w) = VT [w — 7'[1’1]71 VTQZ()(W) + % [w — H1,1]71 VQG,O(w),

(S89)
To simplify, we define (the superscripts denote iteration step)
gél) = 7‘[070 + Vo [w — 7‘[1,1]_1 VOT,
EW —H  +V w—H1 ] V+V [w—Hia] VI,
O[él) = VO [UJ — H171]71 V, (590)
B =V w —Hia] 7V,
oV =Vw—Hi1"' Y,
ﬂ(l) — Pt [w— Hl,l]_l VT,
to obtain
(w - 551)) Goo(w) =1+ af!Gao(w),
(W - 5(1)> Ga0(w) = él)go,o(w) +aMgyo(w),
(S91)
(w — 5(1)> Gapo(w) = ﬂ(l)QQ,O(W) + aWMGg o(w),
In the second iteration, we obtain
-1 -1
(w - 5(()1) — a(()l) [w — 8(1)} Bé1)> Goolw) =1+ a(()l) [w — 8(1)} a(l)g4,0(w),
-1 ~1
(w —e® — g0 [~ 0] o) — a® [u— 0] 5(1)) Gao(w)
-1 —1
= M {w _ g(l)} B G 0(w) + a® [w _ g(l)} aMGg o(w), 59

(w _ g _ g [W _ 5(1)} -t a® _ oM [W _ g(l)} - 5<1>> Gs.o(w)

-1 -1
=M [w - 5(1)} BYG, o(w) + o [w - 5(1)} aMGys0(w),
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from which it is evident that we can define the iterative procedure at the n*® step as
-1
e = €5V + ol [w— g V] Y,

£ — gn=1) 4 gln-1) {w _ 5<n71>} T | D) [w _ g(nfl)} g,

- 1—1

a(()n) _ a(()n—l) w— =1 a1,
- T (S93)

6(5”) _ B(n—l) W — g(n—l) (()nfl),

o™ = =1 [y — gn=1] " G-,

g = g1 [y _ g-n] 7! g1,

At this step, the Green’s function satisfies

(= &) Goo(w) = 1+ af Gan o (w): (S94)

We terminate the iterative loop at some critical n* when Ha(()n ) H < tol, where tol is some small convergence parameter. At this

critical step, the surface Green’s function is appropriately given by
(n)) 7!
Goow) = (w—&") . (395)
The spectral weight at energy w is computed using this approximated surface Green’s function by

A(w) = — lim —ImTrgo olw=E+1in). (S96)

n—0t+

B. Transmission and Reflection at an Armchair Domain Wall
1. Continuum Description of a Step-Function Domain Wall

Here, we extend the results of Sec. to study transmission and reflection due to an abrupt domain wall that switches the
sense of valley polarization. A similar, but different, analysis for bilayer graphene is undertaken by Ref. [5]. The domain wall is
located at x = 0 and runs along the armchair direction. To model this system, we first consider the Hamiltonian of a monolayer
graphene sheet with a valley-dependent mass gap that varies along the z-direction

ex(x) hwo (ks — iky) 0 0
> - hvo (kw + ’Lk‘y) —E€K (33) 0 0
Herr (k) = 0 0 exi(@)  hwo (—kg —iky) (S97)
0 0 hwo (ks + iky) —ekr(x)
We take the gap function to be
- <0 _Jeqr <0
{ ey x> 0 and EK/(I‘) = { e x>0" (598)

where we assume that 0 < e_ < €. That is, for < 0, the gap at K is smaller than the gap at K’ and the opposite is true for
x> 0. Now, let us consider the case where /2 + (hvoky)? < E < /€% + (hwok,)? where the wavefunction can be written
as

Ya,r(x<0) e_+F e +E 0
Yk (x<0) | _ ke | Pvo(ks + ik, ) Zikgaz | Pvo( k + iky) oo 0
wA,K’(xSO) =e€ +tge + e €++E )
(<0 thvo (ke + K
¢B7K( ) 0( y) (899)
Ya,x(z >0) 5++E
Y r(x>0)| _ .o |ihvo(ke +Eky) Fikex 0
1/)A7K/($>O) _tKe 0 +tK/6 8_+E
VB, (x> 0) 0 hvo(—ky + iky)
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The energy dispersion is given by F = \/ e2 + (hvoky)? + (hvoky)? = \/ €3 — (hwokz)? + (hwoky)?. We enforce the bound-
ary condition by demanding continuity of the current along the x-direction. This can be achieved by making the wavefunction
continuous at z = 0. Matching the boundary condition yields tx = tx = 0 and

2(€+ + E)k)x
tg=—1+4 - - - s
E(iky + k) + ey (kg — iky) +ie_ (kg + ky) (5100)
(o 2i(e_ + E)k,
K T B(ky — iky) — e4 (iky + ky) + e— (i + ky)
We find |[tx| = 1. This demonstrates perfect reflection. An incoming K wave is reflected completely into an outgoing K

wave. There is no transmission to the other side. The calculation here bears resemblance to the calculation done for the armchair
boundary above. However, it is important to note that the evanescent state here resides in the K valley in contrast to the evanescent
wave that resides in the K valley for the armchair boundary. Similar to before, the evanescent mode, even for k, = 0, carries
current in the direction parallel to the domain wall.

We now generalize the above result to the N-layer situation. Again, this is very similar to the armchair calculation, but we
need to keep all four degrees of freedom on both sides of the boundary. The Hamiltonian is

ex(@) (kg —iky)™ 0 0
. | k4 iky)Y —eg(2) 0 0
Hesr (k) = 0 0 exi(x) (=g —iky)Y (510D)
0 0 (—ky +iky)N  —exo(x)

The valley-dependent mass gap is taken to be of the same form as in Eq. (S98)). For a fixed &k, and E, we have 2N complex
wavevectors for each valley and each side of the domain wall given by

s [1 — sign (E2 — 51#)] . Irin
2N N

kin =%+ ||E? =2 [N exp — k2, (S102)

where n € {0,1,..., N — 1}. We always work in the energy regime where there are two real wavevectors on the left in the
K valley, E > /e + IcgN . Of the 2(IN — 1) complex roots remaining, we only take half of them which are normalizable.
On the left-hand side, we only take complex roots which have negative imaginary parts, while on the right-hand side, we only
take complex roots which have positive imaginary parts. If £ < /e + k2N then there are only complex roots, and again,

we choose only half of them which are normalizable. It is worth pointing out that there are evanescent modes on both sides of
the domain wall for the N-layer situation, which contrasts with the monolayer case where the evanescent modes reside on the
opposite sides to the propagating modes. The wavefunction can be written as

Yax(r <0) e_+FE . e +F N
Y <0) | _ ikiow | (ko +iky) —ikyor | (=Fkyo +iky)
¢A,K/($ <0 |~ et 0 + tge 0
Yp,r(x <0) 0 0
N -+ E 0
. B 0
+ Z apei-n? (K- —Hk Z bef—n" ey +E )
0 (—pon + iky )N
S103
Yak(r>0\ et B 0 (5103)
wB,K(CU > O) - ipina (p_,_n —‘r ’ij iR 0
ba g (x> 0) _Z_%c”e i —|—Zbe ' e +E
1/}37](/ (I > 0) n= O (—K)Jrn + Zky)N
0
; 0
+ikiox
+ tgrem o f 1 E

(—kto+ iky)N

Here, we use a slightly different notation for the wavevectors to emphasize their signs and dependence on the energies. & is used
for purely real values while x1 and p. are used to indicate complex values with & imaginary parts. x4 uses €_ in its calculation
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while p1 uses e in its calculation. Now, enforcing continuity at the domain wall, we obtain

N— N-1
tr(—ikio)™ Z (ik_p)™| [e= + E] — Z Cn(ipyn)™ [e4 + E] = —(ikyo)™ [e— + E],
n=1 n=0
N-1 N-1
. m . N . m . N . m . N . m . N
ti(—ikyo)™ [—kyo +iky]” + an(ik—pn)™ [kepn + iky]" — n(1p4n) ™ [pn +iky]” = —(ikyo)™ [kqo + iky] ™,
n=1 n=0
N-1 N-1
S bulipa)™ [es + Bl = | 3 0nlitn)™ + tuc (iks0)™ | [ + E] = 0,
n=0 n=1
N-1 N-1
. m ., 1N . m . 1N . m . 1N
Z b (ip—n)™ [—p—n + iky]" — 05 (1hgn)™ [—Rgn +iky]" — tir (thgo)™ [—kyo + iky]" = 0.
n=0 n=1

(S104)

From here, we note that the a,, and ¢,, coefficients are completely decoupled from the b,, and ?,, coefficients. In particular, the
b,, and ?,, coefficients and tx- can always be set to zero and still satisfy the domain-wall continuity condition. We have checked
numerically that |tx| = 1 for any number of layer as long as the chemical potential lies in the quarter metal phase. This shows
that for any number of layers, an abrupt valley domain wall is opaque. Electron waves coming in from one valley must reflect
entirely back to that same valley. There can be no transmission!

2. Green’s Function Calculation of a Finite-Width Domain Wall

To calculate transmission through a domain connected to semi-infinite right and left leads, we use the equilibrium Green’s
function method [6} [7]. The domain Hamiltonian is written as H p, while the left and right leads have block form, Hr, and Hr
connected by Vy, and Vg. The hoppings from the leads to the domain are denoted Vi p and Vpgr. The Hamiltonian has the
following form

. Hr V. O 0 0 0 0
VL H v 0 0 0 0
0 VI Hp Vip 0 0 0
H = 0 0 Vi, Hp Vpr 0 0 (S105)
0 0 0 Vip Hr Vi 0 ...
0 0 0 0 V, Hg Vg
0 0 0 0 0 Vi Hg..
This Hamiltonian can be partitioned as follows
R HL Vip 0
H=|Vi, Hp Vpr |,
0 Vi Hr
: 'H]{z Ve 0 ... (S106)
_ 0y - : - _ Vr Hr Vr
Hr = e M Ve 0 , Vip= 0 , Vor=Vpr 00 ...), Hr= T
W . ( ) 0 Vi Hp ...
0 Vi Hp VLD
Writing the full Green’s function as
wjrqu ~Vip 0 % Grp(w) * 100
Vi, w—MHp —Vpr * Gpw) *|=(010], (S107)
0  —Vip w—Hr) \* Gprw) * 001
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we find the following
(W - 7:1L) Grp(w) = VipGp(w),
(w—Hp)Gp(w) =1+ V] ,Grp(W) + VprGpR(W), (S108)
(w — 7:[3) QDR(LU) = f}LRgD(w).

Solving for Gp, we find

. -1 . oq-1 -1
Gp(w) = [w ~Hp—Vip|w—He| Vio-Vor |w—Hal V,BR] . (S109)
_ -1 _ 91
[w —-H L} and |w—Hp are the full Green’s functions of the left and right leads without any effect from the domain wall

respectively. However, since the coupling matrices are everywhere zero except at the domain wall, we can replace these with
surface Green’s functions computed using the iterative method outlined in Sec. Therefore, we obtain

-1
Gp(w) = [W ~Hp — YV} pGo,r(w)VLp — VDRQO,R(w)V,TDR] : (S110)
To simplify, we define the lead self energies

Sp(w) =VipGorw)Vip and Sg(w) = VipGor(w)Vap. (S111)

We also define the level-width functions
@) =i (D) - hw)) and Trw) =i (Sr) - Th) (S112)
Using these various functions, the transmission from left to right is given by the Caroli-Fisher-Lee formula [8} 9]
T(E) = tr [FL(E)QD(E)FR(E)QIB(E)} : (S113)

where w = E + 407 is used to define the delayed Green’s functions.

III. MODELS OF SUPERCONDUCTIVITY
A. Monolayer Toy Model

Because superconductivity emerges only in the large displacement field limit, it is likely that the superconducting pair function
is highly layer polarized. Therefore, let us begin with a one-orbital monolayer model written in a momentum basis centered at
K and not at I in the primitive triangular Brillouin zone (not yet in the Kekule Brillouin zone). We have

; 1 ex(k) —p  Ak(k) CK 1k
Hpac = - (éT Ex ( ; ° . (S114)
BT 2,; koo ) Af(k)  —efe(—k) +p) \efe
We write the superconducting gap centered at the zone corner as
A=k Ar(K)ek =D ek Asc [sin(k-ay) + wsin(k - a) +w' sin(k - a3)] ¢y (S115)
Kk Kk

Here, w = ¢?™/3 and a; = (a,0),ay = (—a/2,v/3a/2), a3 = (—a/2, —/3a/2). This gap function is manifestly antisym-
metric under k — —k and has a unity phase winding, which can be seen from expanding around k = 0 : sin(k-a;) +
wsin(k - a2) + w'sin(k - a3) ~ 3a(k, + ik, ). We rewrite this function in real space

1 Asc

Aot
N 2¢

E E eiK-(I‘+I‘,)eik~(l‘7T,)éI (eik-al _ e*ik-al + weik~ag _ we*ik-aQ + w"’eik~ag _ w'l'efik-ag) 61/

k rrx/

Asc N\ 2K ot ot ot At At ot ot ot At ot At
— o Ze iK-r [WT (c};cHa1 + wcf.cHa2 + chichraS) —w (c:‘.cr%l1 + wcicriaz 4 WTCICF%)} 7

(S116)
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Figure S12. Real-space representation of k.. + ¢k, superconducting pair function with center-of-mass momentum 2K. Capitalized labels
indicate electron sites, while lower-case labels indicate hole sites. All amplitudes should be multiplied by Agc/2i. To switch the chirality of
the pairing function, the hopping amplitudes are reflected across the x-axis. To switch the center-of-mass momentum, the hopping amplitudes
are complex-conjugated and reflected across the z-axis.

where r is a lattice translation vector. Because K is not a reciprocal lattice vector in the triangular Brillouin zone, the overall
phase e?T is not periodic in r. This is a signature of finite-momentum pairing: there must be a modulation of the pairing
wavefunction on a scale incommensurate with the lattice structure. Now, to make the phase e?*T periodic, we can enlarge the
unit cell to a v/3 x /3 Kekule lattice where the sublattices are located at 74, = (0,0), T4, = —a3, and T4, = a; and the
new primitive translation vectors are a; = (O, \/ga) .3 = V3a (f\/§/2, 71/2) ,and a3 = V3a (+\/§/2, 71/2) . In this
reconstructed lattice, K is indeed a reciprocal lattice vector. The pairing function now takes the form

A _ Ds o ot IO o ot 4 ot o ot o ot
A= 5 Z {w’r (cAl’rcA&r +wey, Oy rimtm T chAl’rcA&H%) —w (CAMCAQJr+§2 Fwéy Ch, e, T chAl,rCAg,r):|

r
Asc
P (st ot St ot P N 2 O faf
Ty D@l |wf (Eh, el erm vy + 90, 2, rym, 008, ) =0 (E, 0l erm g, w0l e T 0T,
r
Asc
st ot A ot fat ot BN o ot faf At
21 w [w CA3,rCAy r+a, +wcA3,rCA2,r tw CA3,rCAy r—a; W CasrCayr +wcA3,I‘CA1,l‘+53 +w CAspCa rva+as ) |
r

(S117)

T

r+To
we can write the pairing function with center-of-mass momentum at I". In momentum space, the Hamiltonian now takes the form

Here, the notation is that éfm =c and the r vectors are the translation vectors of the Kekule lattice. In this expanded basis,

) 0 —wf(=k) wif(k)\ [,
A= (ehw A dha) | wf) 0 SR |, = d AL mdd ., S8
k *wa(*k) f( ) 0 623)71( k,o,0’

where f(k) = (Asc/2i) [exp(ik - a1) + wexp(ik - az) + w' exp(ik - a3)] . As a check of consistency, we note that antisym-
metry is satisfied explicitly because A, ,(k) = —A, »(—k) and that the projection to the K valley holds

, 0 —wf(-k) wif\ (1
3 (1 wt w) wf(k) 0 —f(=k) wh | = Agc [sin(k -ay) +wsin(k - ag) + w' sin(k - ag)} . (S119)
—wif(-k)  f(k) 0 w

To switch the chirality of the pairing function, we replace w inside the f(k) functions with w'. To switch the center-of-mass
momentum, we replace w outside the f(k) functions with w'. Therefore, if we want to describe a k, — ik, pairing function
at K', we simply complex conjugate all factors of w in A, ./ (k). However, prior theoretical studies have suggested that the
chirality of superconductivity is locked to the valley polarization.

The foregoing preliminary considerations allow us to construct a tight-binding model where the electron and hole sectors

are independently represented by fermionic operators, cfgyk = él _x- The gap function is represented in real space as hoppings
between the electron and hole sectors, as shown in Fig.[ST2]
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Figure S13. BdG band structure of an SNS Josephson junction as a function of the pairing phase ¢. In this calculation, the domain wall
has no intervalley hybridization. Here, N = 4, m. = 30 meV, n = 5 x 10" cm™2, w = 2 nm, A = 30 meV, and Agc = 10 meV.
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Figure S14. BdG band structure of an SNS Josephson junction as a function of the pairing phase ¢. In this calculation, the domain wall
has an intervalley interaction 7 with magnitude m = 1 meV. Here, N = 4, m., = 30 meV,n = 5 x 10" em™2, w = 2 nm, A = 30 meV,
and Asc = 10 meV.
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Figure S15. BdG band structure of an SNS Josephson junction as a function of the pairing phase ¢. In this calculation, the domain wall
has an intervalley interaction 7; with magnitude m = 2 meV. Here, N = 4, m, = 30 meV,n = 5 x 10" cm™2, w = 2 nm, A = 30 meV,
and Agc = 10 meV.
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Figure S16. BAG band structure of an SNS Josephson junction as a function of the pairing phase ¢. In this calculation, the domain wall
has an intervalley interaction 7 with magnitude m = 3 meV. Here, N = 4, m. = 30 meV,n = 5 x 10" em™2, w = 2 nm, A = 30 meV,
and Asc = 10 meV.
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k, k, k, ky ky ky

Figure S17. BdG band structure of an SNS Josephson junction as a function of the pairing phase ¢. In this calculation, the domain wall
has an intervalley interaction 7; with magnitude m = 4 meV. Here, N = 4, m, = 30 meV,n = 5 x 10" cm™2, w = 2 nm, A = 30 meV,
and Agc = 10 meV.
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Figure S18. BAG band structure of an SNS Josephson junction as a function of the pairing phase ¢. In this calculation, the domain wall
has an intervalley interaction 7 with magnitude m = 5 meV. Here, N = 4, m. = 30 meV,n = 5 x 10" em™2, w = 2 nm, A = 30 meV,
and Asc = 10 meV.
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B. Supercurrent calculation

The supercurrent is defined as the phase derivative of the free energy F(¢)

2 O
I(¢) = —gea—g (S120)

The free energy at finite temperature for a single spin species (due to polarization) is given by

F(¢) = kBT > Indet [-G (iwn)] + .. (S121)

n—=—oo

where G (iw,,) = (iw, — Hpag) ! is the BAG Green’s function and w,, = (2n + 1)7kpT. The factor of 1/2 is there to avoid
double counting the fermion degrees of freedom in the BAG basis [10]. Using the rule J4 In det[—g_l} = trGoyG!, the
supercurrent is given by

= that 3 T [t S0 ] = f s o) 26 ). s122)

n=—oo

where f(z) is the fermion occupation function and C is a contour that encloses the poles of f(z). For now, we leave the sum
over momentum implicit for brevity. Now, assuming that G(w + i) is analytic in the upper half plane and G(w — in) is analytic
in the lower half plane and both decay as |z| — oo, the contour integral can be turned into an integral along the real line

I(¢) :—%/oo d—wznp(w)Tr [g(w—i-m) (w—i—in)—g(w—in);gbg_l(w—in)} . (S123)

99
Now, noting that G(w + 1) = G (w — i), we can simplify the integrand

* dw

I(¢) = —np( )Im Tr {g(w +z77)

h w4+ in)} . (S124)

6¢

To simplify, we assume that only the self-energy on the right domain contains the phase ¢,

I(¢) = %/_OO d?wnp(w)lmTr {Q(w—&—in) 0 ER(w—ﬁ-m)} (5125)

o¢

Using the identity 0,X g = i[v,, X r]/2, where v, is a Pauli matrix that acts on Nambu space, we find

1(6) = Re [ [ h ;L‘;nF(w) Tr (G(w + in) s, Sr(w + m)])} . (S126)

At zero temperature, the integral only goes up to w = 0. In this case, we use a change of variables to map the interval (—oo, 0) to
the interval (—1, 1) and then use contour integration to evaluate the integral numerically. We apply the adaptive Gauss-Kronrod
quadrature for fast convergence. The error on the supercurrent calculated at each k,, is approximately 107> nA.
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