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S1 Linear stability analysis (LSA)

The main goal of LSA is to describe the onset (or suppression) of instability in a two-phase displacement in a
porous medium. In this technique modal analysis is applied around the linearized governing equations of the �ow,
to determine the growth rate of small perturbations as a function of their wavenumber. The result is called the
dispersion relation, and it can be used to determine the stability of the system.

The �rst step is to de�ne the base-state solution, which is usually a steady-state solution of the unperturbed
displacement. Then, the governing equations are linearized for small variations around the base-state solution to
obtain the linearized perturbed equations. The modal analysis is then performed by decomposing the dependent
variables into a base-state and small wavelike perturbations�that can grow or decay�and, after substituting
these into the linearized equations, we arrive at the eigenvalue problem in terms of the disturbances.

In this section, we describe the main equations of the LSA for the incompressible, two-phase immiscible
displacement in a homogeneous porous medium, as developed by Riaz and Tchelepi [1]. We consider only the case
of horizontal �ow (i.e. no gravity e�ects). The governing equations are well known and given by:

ϕ
∂Sα

∂t
+∇ · uα = 0, (1)

uα = −k
krα
µα

∇Pα, (2)

∇ · (uw + uo) = 0, (3)

Pc = Po − Pw, (4)

where uα is the Darcy velocity of phase α(= w, o), ϕ is the porosity, k is the absolute permeability, krα is the
relative permeability of phase α, µα is the viscosity of phase α, Pα is the pressure of phase α, and Pc is the
capillary pressure.

The equations can be nondimensionalized by the following transformations:

x∗ =
x

L
, u∗ =

u

U
, t∗ =

U

ϕL
t,

λ∗
α =krα, P ∗

α =
k

UµαL
Pα, P ∗

c =
k

UµwL
Pc,

(5)

where U is the injection speci�c discharge (or Darcy velocity).
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Equations 1�4 can be rewritten as:

∂Sα

∂t∗
+∇∗ · u∗

α = 0, (6)

u∗
α = λ∗

α∇∗P
∗
α, (7)

∇∗ · (u∗
w + u∗

o) = 0, (8)

P ∗
c = MP ∗

o − P ∗
w, (9)

where M = µo/µw is the viscosity ratio and ∇∗ = ∂/∂x∗
i .

For convenience, we omit the asterisks from here on, with the understanding that all variables are now
dimensionless.

The one-dimensional, unperturbed reference state (i.e. the base state), around which the �ow equations are
linearized, is derived from the moving frame formulation of the Buckley-Leverett equation, given by:

∂Sw

∂t
+

(
dFw

dSw
− Vs

)
∂Sw

∂ξ
+

∂

∂ξ

(
λwλo

λt

dPc

dSw

∂Sw

∂ξ

)
= 0, (10)

where λt = Mλw +λo is the total mobility, ξ = x−Vst is the moving frame coordinate that moves with the shock
front velocity Vs = dFw/dSw(Sws), Sws being the shock saturation, and Fw is the fractional �ow function of the
water phase,

Fw =
Mλw

λt
=

Mkrw
Mkrw + kro

. (11)

The base-state solution is the steady-state solution of Equation 10, given by:

Dc
dSw

dξ
= Vs(Sw − Sw0) + Fw(Sw0)− Fw(Sw), (12)

where Sw0 is the initial water saturation and Dc is the dispersion coe�cient given by:

Dc =
λwλo

λt

dPc

dSw
. (13)

The base-state pressure is given by:

λo
dPo

dSw
= Vs (Sw − Sw0) + Fw(Sw0)− 1. (14)

The perturbed equations in terms of the water saturation and oil pressure are:

∂Sw

∂t
− Vs

∂Sw

∂ξ
+∇ · (λo∇Po) = 0, (15)

∇ · (λt∇Po − λwP
′
c∇Sw) = 0. (16)

To proceed with the LSA, we decompose the perturbed variables Sw and Po into a base state and a small
wavelike perturbation as follows:

Sw(ξ, y, t) = S̄(ξ) + ŝ(ξ) cos(2πνy)eσt, (17)

Po(ξ, y, t) = P̄ (ξ) + p̂(ξ) cos(2πνy)eσt, (18)

where S̄ and P̄ are the solutions of the base-state Equations 12 and 14, respectively, ν is the wavenumber of the
perturbation, and σ is its growth rate. We assume the disturbances decay at in�nity, i.e. ŝ, p̂ → 0 for ξ → ±∞.

Substituting Equations 17 and 18 into Equations 15 and 16 and linearizing the �ow functions (i.e. λα and Pc)
around S̄, we arrive, after considerable algebra, at the eigenvalue problem:[

A B
C D − σ

]{
p̂
ŝ

}
= 0, (19)
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where A, B, C, and D are linear operators of the type L = L2
d2

dξ2 + L1
d
dξ + L0. The coe�cients A0, A1, . . . are

given by:
A2 = λt,

A1 = λ′
t

dS̄

dξ
,

A0 = − 4π2ν2λt,

B2 = − λwP
′
c,

B1 = λ′
t

dP̄

dξ
− 2 (λ′

wP
′
c + λwP

′′
c )

dS̄

dξ
,

B0 = λ′
t

d2P̄

dξ2
+ λ′′

t

dS̄

dξ

dP̄

dξ
− (λ′′

wP
′
c + 2λ′

wP
′′
c + λwP

′′′
c )

(
dS̄

dξ

)2

− (λ′
wP

′
c + λwP

′′
c )

d2S̄

dξ2
+ 4π2ν2λwP

′
c,

C2 = − λo,

C1 = − λ′
o

dS̄

dξ
,

C0 = 4π2ν2λo,

D2 = 0,

D1 = vs − λ′
o

dP̄

dξ
,

D0 = − λ′′
o

dS̄

dξ

dP̄

dξ
− λ′

o

d2P̄

dξ2

(20)

We can solve the system in Equation 19 by discretizing the linear operators using a �nite di�erence:[
A B
C D − σI

]{
p̂
ŝ

}
= 0, (21)

where A, B, C, and D are square matrices of size N×N , with N being the number of grid points in the ξ direction,
and p̂ and ŝ are column vectors of size N with the discrete solution of p̂ and ŝ. Assuming that A is invertible, we
can solve for p̂ to obtain:

p̂ = −A−1Bŝ. (22)

Substituting Equation 22 into the second row of Equation 21 we arrive at the standard eigenvalue problem:

M ŝ = σŝ, M = D − CA−1B. (23)

The dispersion relation is given by the largest positive eigenvalue σ of M for every possible value for wavenumber
ν, and for the unbounded domain, that is any real value. For the case where �ow is bounded laterally by two
impermeable walls at y = ±Ly/2, the no-�ux boundary conditions must be satis�ed, which translates to:

∂Sw

∂y

∣∣∣∣
y=±

Ly

2

=
∂Po

∂y

∣∣∣∣
y=±

Ly

2

= 0. (24)

Satisfying the no-�ux boundary conditions limits the possible values for ν to:

ν =
n

Ly
, n = 1, 2, 3, . . . . (25)

For numerical simulations of �ngers seeded by wavelike perturbations, the perturbation wavenumbers must be
restricted to those given by Equation 25 so that the simulation conditions match those of the LSA.
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S2 Growth rate and �nger size calculation

To calculate the growth rate of the �ngers, we turn to the vorticity �eld, ω=∇×ut, which for the two-dimensional
homogeneous case (no gravity) can be written as:

ω =
1

λt

dλt

dSw
∇Sw × ut = − dλt

dSw
∇Sw ×∇Po. (26)

Substituting the perturbed variables Sw and Po (Equations 17 and 18) into Equation 26 and linearizing the
�ow functions around the base state, we can write the vorticity �eld as:

ω = 2πν
dλt

dSw

(
dS̄

dξ
p̂− dP̄

dξ
ŝ

)
sin(2πνy)eσtẑ = ω̂(ξ, y)eσtẑ, (27)

where ẑ is the unit vector in the z direction normal to the plane of �ow. We can see that the vorticity �eld has
the same growth rate as the �ngers at the onset of the instability.

With the norm of the vorticity �eld de�ned as [2]:

∥ω∥(t) =

∫ Ly

2

−
Ly

2

∫ ∞

−∞

(
ω̂(ξ, y)eσt

)2
dξdy


1
2

= eσt∥ω̂(ξ, y)∥, (28)

the growth rate of the �ngers can then be calculated by:

σ =
d

dt
ln∥ω∥, (29)

Although our simulations are formulated in the �xed frame (x, y) rather than the moving frame (ξ, y), ω̂ is
nonzero only in the vicinity of the shock front�where the eigenfunctions p̂ and ŝ are nonzero�so ∥ω∥ can be
computed as:

∥ω∥ =

√√√√Nx∑
i=1

Ny∑
j=1

ωz(xi, yj , t)
2, (30)

where wz is the z-component of the vorticity �eld given by Equation 26, and the growth rate of the perturbations
can be computed as:

σ ≈ 1

∆t
ln

(
∥ω∥(t)

∥ω∥(t−∆t)

)
, (31)

As shown by Riaz and Tchelepi [3], the dominant mode (or wavenumber), ν̂, of the �ngers can be estimated by:

ν̂ =

∫ ν

c
νE(ν, t)dν∫ ν

c
E(ν, t)dν

(32)

where E(ν, t) is the energy spectrum of the disturbed �ow, calculated via the Fourier transform of the longitudinally
averaged vorticity �eld given by:

E(ν, t) =

∫ Ly

2

−
Ly

2

(∫ Lx

0

ωz(x, y, t)dx

)
e−i2πνydy

2

(33)

Another useful variable for tracking the evolution of the �ngers is the �nger size1, which we de�ne as the
distance between the front of the �ngers and the front of the unperturbed case (i.e., the solution to the one-
dimensional, Buckley-Leverett equation), as shown in Figure 1.

1An obvious way to calculate the growth rate of the �ngers is to simply apply Equation 31 to �nger size, instead of the vorticity norm. In
practice, though, at the early stages, �nger size evolution is not an accurate measure, even for very �ne grids, because the �ngers are still very
small. So using the vorticity norm is preferred.
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Fig. 1 Saturation maps for the (unperturbed) one-dimensional case and the case with wavelike perturbations (ν = 0.4 cm−1). The
blue lines indicate the front most position of the displacements. The distance between the two fronts, at any given instant, gives the
�nger size.

S3 Nonlinear evolution of immiscible �ngers

In this section, we analyse the nonlinear evolution of immiscible �ngers generated by wavelike perturbations
in a homogeneous porous medium. The model has dimensions Lx = 30 cm and Ly = 10 cm, with cell dimen-
sions of lx = ly = 0.02 cm. For the �ve rows of cells nearest the inlet (at x = 0), the saturation is set to
Sw=Swf−0.005 cos(2πνy), where Swf is the water saturation at the shock front and ν is the wavenumber of the
perturbation (ν = n/Ly, n = 1, 2, . . .). For the remaining cells, the initial saturation is set to Sw = Swr (the
residual water saturation). The RP and capillary pressure functions used in this simulation are RP1 and Pc1,
respectively.

Figure 2a compares the growth rate of the �ngers in the numerical simulations with the growth rate given by the
LSA The dashed line plots the dispersion relation given by the LSA, and the dotted line is the dispersion relation
when we account for the extra dissipative e�ects of numerical dispersion on the base-state solution (Equation 12),
which is done by adding a numerical di�usion term to the dispersive coe�cient Dc (Equation 13) to obtain:

Dnum
c = Dc +Dnum =

λwλo

λt

dPc

dSw
− 1

2

dFw

dSw

(
∆x+

dFw

dSw
∆t

)
, (34)

where ∆x is the cell size and ∆t is the maximum time step used in the numerical simulations (in non-dimensional
units). Equation 34 assumes the backward di�erence, implicit in time scheme [4].

We see that the corrected dispersion relation23 (dotted line) matches the early-time (t∗ = 0.085) results of
the numerical simulations. As the simulation progresses, nonlinear e�ects become more important and the growth
rate of the �ngers decreases, eventually reaching zero�i.e., the �ngers reach a steady state.

Figure 2b shows how the �ngers grow in length over time for each initial wavenumber. At the onset, when
the perturbations are small and their growth rates can be well described by the LSA, the size of the �ngers is
proportional to the growth rate of the initial perturbation. As the simulation progresses, nonlinear e�ects become
more important and the �ngers generated from smaller wavenumbers (i.e., larger wavelengths) keep growing, while
those generated from larger wavenumbers stagnate at sizes inversely proportional to their wavenumbers.

This is consistent with the weakly nonlinear analysis by Chikhliwala and Yortsos [5], which found that pertur-
bations near the critical wavenumber (νcut, from linear stability) are supercritical, stabilizing to an equilibrium
amplitude (proportional to the mobility ratio at the displacement front). In our simulations, we �nd that this
supercritical stability is not only true in the vicinity of νcut, but, possibly, for all wavenumbers. Later in this
section, we discuss �nger stagnation in more detail.

In Figure 2, we see that the growth rates and �nger size curves display erratic behaviour for the low and high
wavenumbers cases. This is driven by �nger splitting, in the case of low wavenumbers, and by �nger merging in the
case of high wavenumbers. To better visualize these e�ects, as well the behaviour of the intermediate wavenumbers,
we show, in Figure 3, the vorticity maps for the cases with ν=0.1, 0.3, 0.6 and 1.2 cm−1, at di�erent times during
the simulation.

2Note that only the base-state solution is corrected, while the coe�cients of the linear operators in the eigenvalue problem (Equation 20)
remain unchanged.

3Although we do not show it here, we observe that the impact of numerical dispersion diminishes in the non-linear regime, and so its impact
on �nger evolution is less signi�cant.
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Fig. 2 Growth rate and size of the �ngers at di�erent times, for di�erent wavenumbers, for the homogeneous model. The time for
breakthrough (tbt) is 1770 min and corresponds to 0.156 PVI.

If we compare the �ngers of the ν=0.3 cm−1 and ν=0.6 cm−1 cases, we see that the thicker �ngers (ν=0.3 cm−1),
which initially grow slower than those from ν=0.6 cm−1, maintain their growth and eventually become larger than
those from ν=0.6 cm−1, which stagnate in size after t∗=0.3.

For the case with ν=1.2 cm−1, the �ngers stagnate at much smaller values than those seen in the case with
ν=0.6 cm−1. That means the accumulation of numerical errors during the simulation is enough to distort the
displacement front, causing some �ngers to grow larger than their neighbours (t∗=0.4), which leads to shielding
e�ects, where the larger �ngers impede the growth of their smaller neighbours. As the simulation progresses,
the smaller �ngers eventually merge into the larger ones. This behaviour is consistent with the �ndings of Riaz
and Tchelepi [3] and can be seen in Figure 4, which tracks the evolution of the dominant modes (ν̂) for cases
with di�erent initial perturbations. We see that for the ν=1.2 cm−1 case, the dominant mode suddenly decreases
at around t∗=0.4, indicating the merging of the �ngers. The same is seen for the ν=0.9 cm−1 case, at around
t∗=0.8. As can be seen in Figures 2 and 4, this collapse in ν̂ does not happen for cases with initial perturbations
with ν ≤ 0.8 cm−1, because the �ngers generated from these perturbations are large enough to be una�ected by
numerical errors (at least before breakthrough time).

The case with ν=0.1 cm−1, which should display only one �nger in the simulation, displays, instead, six
�ngers�which corresponds to the fastest growing wavenumber at the onset of instability, ν=0.6 cm−1. This is a
clear example of tip splitting where small numerical errors seed new �ngers that grow faster than the original
one, and explains the erratic behaviour of the growth rate for low wavenumbers in Figure 2a. Because the �ngers
generated are not of equal size, the larger ones eventually �shield� the smaller ones, which leads to a decrease in
the dominant wavenumber of the �ngers as the simulation progresses. This can be observed in Figure 4, where we
see that the calculated ν̂ of the ν=0.1 cm−1 case starts to decline after it reaches a maximum of ν̂ ≈ 0.6 cm−1, at
around t∗=0.5.

In Figure 5, we plot the maximum size of the �ngers (before numerical instability provokes merging) as a
function of the initial wavenumber, and we can see a power-law relation between the maximum size and the
wavenumber (with an exponent of approximately 2.5), showing that the thicker (low wavenumber) �ngers can
grow substantially larger than the thinner (large wavenumber) ones. That �ngers growth ceases in the nonlinear
regime agrees with the weakly nonlinear analysis in Chikhliwala and Yortsos [5]. Although their analysis was
limited to wavenumbers near the cut-o� wavenumber, they �nd that perturbations with an unstable wavenumber
eventually reach an equilibrium amplitude (Aeq) in the nonlinear regime, even if the initial perturbation amplitude
was larger than Aeq. Our simulations show that this seems to be true for all unstable wavenumbers (though our
grid dimensions limit the minimum wavenumbers we can check). The physical mechanism that arrests growth is
relatively straightforward. As is known from LSA, transverse di�usion scales with the square of the wavenumber,
which is what eventually leads to a cut-o� wavenumber (νcut) that does not destabilize the displacement. Although
at the onset of the instability, such di�usive �ow is not enough to arrest �nger growth for cases where ν < νcut,
as the �ngers elongate (keeping their width) and the displacement front deforms, the total area (or perimeter) of
the front increases, increasing the total transverse di�usive �ow, at some point stabilizing the �ngers. Although
the fact that our power-law �t gives an exponent of 2.5, not 2, suggests some other nonlinear/geometrical e�ects
are in play.
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(a) ν=0.1 cm−1 (b) ν=0.3 cm−1

(c) ν=0.6 cm−1 (d) ν=1.2 cm−1

Fig. 3 Vorticity maps for the cases with ν=0.1, 0.3, 0.6 and 1.2 cm−1, at di�erent times during the simulation.

The arrest of �nger growth in the nonlinear regime is conditional on the �ngers maintaining their uniformity
during the simulation, although the fact that transverse di�usion (the main stabilizing mechanism) is increased
by the elongation of the �ngers is not limited to the uniform �ngers' scenario. In fact, as can be seen in [3],
when �ngers are randomly seeded, the longer �ngers not only suppress the growth of their smaller neighbours by
shielding e�ects, but also grow in thickness as they grow in length, eventually absorbing the smaller �ngers. In
summary, the widening of the �ngers (causing merging) is linked with their ability to grow longer.

Another interesting observation about the calculated ν̂ for the ν=0.3, 0.6 and 0.9 cm−1 cases (Figure 4), is
the gradual increase in ν̂, with an eventual stabilization at a new, higher value than the original perturbation
wavenumber. This is because, as the �ngers grow, their shapes start to deviate from the original cosine shape.
This increases the value for ν̂ calculated from Equation 32, even if the number of �ngers remain unchanged.

We exemplify this in Figure 6, which shows, for the case with ν=0.3 cm−1, at t∗ = 0.1 and t∗ = 0.51: the
saturation distribution; the isoline Sw=0.18 (midway between Sw0 = 0.13 and Sws = 0.24) that de�nes the pro�le
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Fig. 4 Evolution of the dominant wavenumber of the �ngers over time. Each curve is shown up to the corresponding breakthrough
time.
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Fig. 5 Maximum �nger size as a function of initial wavenumber. Simulation results and the �tted power-law relation.

of the �ngers/displacement front; the Fast Fourier Transform (FFT) of the isoline; and the curvature κ, given by:

κ =
d2x

dy2
1(

1 + (dx/dy)
2
)3/2 . (35)

We see that as the �ngers grow, the pro�le of the �ngers (the isoline) deviates from a cosine-type curve,
which leads to higher modes appearing in the Fourier transform of this pro�le, increasing the average value of the
dominant mode, and accounts for the observed behaviour in Figure 4. The �ngers also become �sharper� as they
grow longer (but retain their width), which is re�ected in the increasing curvature. The tips of the �ngers become
more rounded as they grow, which can be seen more clearly in Figure 7, where we plot the normalized dimensions
and curvature (not normalized) of one �nger of the ν=0.4 cm−1 case, for three di�erent times.

To understand the impact of a curvature at the front, we change to a coordinate system that follows the curved
front of the �ngers,

r(s, η, t) = rf (s, t) + ηn̂(s, t), (36)

where rf (s, t) is the position of an isoline Sw=Swf at the displacement front, s is the curvilinear coordinate along
the isoline, n̂(s, t) is the unit vector normal (pointing outwards) to the isoline at s, and η is the signed normal
distance. The Frenet-Serret relations gives us:

dt̂

ds
= −κn̂,

dn̂

ds
= κt̂, (37)
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Fig. 6 Saturation, �nger pro�le and curvature for the ν=0.4 cm−1 case, at two di�erent times during the simulation. For each time,
the top graph shows the Sw maps and an isoline at Sw=0.18 (shown in blue). The second (from the top) graph compares the isoline
shape with the cosine function. The third graphs compare the FFT of the isoline and cosine function. And the last graph shows the
positive values of the curvature along the isoline.
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Fig. 7 Normalized dimensions and curvature of one �nger of the ν=0.4 cm−1 case, for three di�erent times during the simulation.
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where t̂(s, t)=drf/ds is the unit vector tangent to the isoline, κ=κ(s, t) is the curvature of the isoline. Assuming
that the transition zone at the front is small compared to the radius of curvature, i.e. η/R = ηκ ≪ 1, and that
∂sSw and ∂ssSw are small near η=0, we can write the di�usive term in the advection-di�usion equation as:

∇ · (Dc∇Sw) ≈
∂

∂η

(
Dc

∂Sw

∂η

)
+ κDc

∂Sw

∂η
, (38)

where Dc is the dispersive coe�cient given by Equation 13.
The κDc∂(Sw/∂η) of the above equation gives us the impact of the curvature. Given that Dc < 0, at the tip

of the �ngers, where κ > 0, this term acts as a convective term on the opposite direction of �ow. Conversely, at
the region between the �ngers, where κ < 0, the curvature adds a convective term in the same direction of �ow.
In both cases, the curvature has a stabilizing e�ect. This helps explain why the tip of the �ngers become more
rounded as they grow, as seen in Figure 6. As can be seen by the comparison between the isoline and the cosine
function curvatures (bottom-right graph), the curvature at the tip of the cosine function is much greater than at
the tip of the isoline. This peak of curvature at the tip would mean a concentrated stabilizing �ow at the tip,
eventually �rounding� the shape of the �ngers.

Interestingly, Figure 8 shows that though the dimensions of the stagnated �ngers di�er considerably for the
cases with ν=0.4, 0.6 and 0.8 cm−1, their curvatures at their tips are similar, which suggests a local balance is
reached at the tips of the �ngers, and that this balance is independent, or weakly dependent, of the wavelength
(or �nger thickness). Further support for this hypothesis of local balance comes from analysing the curvature
of �ngers seeded from random perturbations, shown in Figure 9. We can observe that, though the �ngers keep
growing and merging, the maximum curvature values at the tip remain relatively constant after some time, and
very similar to the maximum curvature values observed for the wavelike perturbations.
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Fig. 8 Finger pro�le and curvature for the cases with ν=0.4, 0.6 and 0.8 cm−1, after �nger growth has ceased.
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Fig. 9 Saturation, �nger pro�le and curvature for the case with random perturbations at the inlet. For each time, the top graph
shows the Sw maps and an isoline at Sw=0.18 (shown in blue). The second (from the top) graph compares the isoline shape with the
cosine function. And the last graph shows the curvature along the isoline.
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