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S1 Supplementary Results

Table S1 summarises the seven case studies reported across the main text and this Supplementary
Information. Each case stresses a different aspect of the minimal conditioning principle and is imple-
mented with a different backbone pair; the recovered d* matches the number of physically independent
governing factors in every case.

Table S1: Seven NODnet case studies. Section, observation structure, governing factors, recovered
latent dimension d*, and the encoder/decoder backbones. Distinct backbones used across the seven
cases: CNN, U-CNN, DenseNet, DeepONet, Point Transformer, recurrent (LSTM/GRU), Fourier
Neural Operator, Neural ODE.

Case Section Domain Factors d* Encoder Decoder

Bistable oscillator S1.1 2-DoF ODE (k1,k3) 2  DenseNet DenseNet

Wall-bouncing ball S1.2 2D billiard (W,H) 2  DenseNet DenseNet

Mass-spring chain S1.3 10-DoF ODE (¢, k) 2 DenseNet Neural ODE

KPP reaction-diffusion S1.4 1D PDE (r,D) 2 FNO + LSTM FNO

Burgers’ equation Main / S2.1 1D PDE v 1 CNN DeepONet (PE trunk)
Cylinder-flow wake Main / S2.2 2D N-S, mesh v 1 Point Transformer Point Transformer (AdaLN)
FitzHugh-Nagumo RD Main / S2.3 2D PDE (k,B8) 2 Recurrent (LSTM/GRU) Hierarchical U-CNN

The four subsections below complement the main text by stressing aspects of the design that the
Burgers’, FN-RD, and cylinder-wake cases do not: low-dimensional ODE families (bistable oscillator),
geometric variation (wall-bouncing system), boundary-condition generalization (mass-spring chain),
and resolution-agnostic discovery (KPP). In every case, the same design, namely a compact encoder
producing a latent at the gauged minimum dimension and a decoder conditioned on it, is used; only
the backbone architectures change to match the observation structure.

S1.1 Bistable system: dimension gauging on a low-dimensional ODE family

This case establishes the elbow signal and the emergent diffeomorphism on the simplest setting: a
two-parameter family with no spatial structure. We consider a bistable oscillator with two stable
equilibrium states (Fig. S1(a)), whose simplest form is characterized by a cubic polynomial stiffness
featuring a negative linear coefficient and a positive cubic coefficient.
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Bistable systems exhibit excitation-dependent nonlinear behaviors: small excitations result in intra-
well oscillations, where the system oscillates around one equilibrium state, while large excitations
trigger inter-well oscillations characterized by transitions between the two stable states. In this exam-
ple, we demonstrate that NODnet is able to learn the shared dynamics of the system family without
knowing the actual factors.

The training dataset contains 112 system instances, each taking a factor combination between
ki = [-1.0 : =0.1 : —0.4] N/m and k3 = [2.0 : 0.2 : 5.0) N/m3. For each system instance 10
trajectories, with initial positions ¢ = [0.1 : 0.1 : 1.0] m, initial velocities ©p = 0 m/s, and time
marching stepsize At = 0.1 s are generated. We randomly sample trajectories of length 500 within
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Figure S1: (a) An illustrative bistable system. Two potential wells typically exist in the potential
function of a bistable system, marking two stable states. The system thus exhibits local intra-well and
global inter-well motion patterns; (b) Sample training and test loss histories for the bistable system.

the long 1000-step trajectories to mimic random initial conditions for conditioning sequences. Sample
train and test results are shown in Fig. S1(b). The test trajectories are generated in the same way as
the training sequences but of a different set of factors. After training, the physically meaningful latent
space is formed.

We sweep the dimension of the latent ¢ and track the converged training loss. The loss curve forms
an “elbow” shape as the latent dimension increases; the “elbow” point marks the optimal dimension
for c, equal to the true number of independent factors of the system.

The c-space is empirically diffeomorphic to the true factor space. We validate this by training a
neural ODE [1] that transports the learnt c to the true factor ¢ [2], i.e., finding weights © of a neural
network v such that

dz(t)
a Vel
z(0) =c;, z(1) =¢;, i=1,...,N; (52)

The learnt NODE realises a continuous and differentiable transformation from the c¢ space into
the true factor space, instantiating the diffeomorphism. The latent space is physically meaningful and
fully interpretable, with each point indexing a system instance and enabling one-shot generalization
to unseen system instances for response prediction.

S1.2 Wall-bouncing system: geometry as the governing factor

This case tests whether the minimal conditioning principle extends to a governing factor that is geo-
metric rather than a coefficient in an equation. A ball bounces elastically inside a rectangular region
whose width and height vary across system instances (Fig. S2(a)); the two factors control the domain
boundary rather than a differential term, and the encoder sees only trajectories, not the domain di-
mensions. The NODnet architecture is shown in Fig. S2(b): the encoder receives trajectories, and
the decoder receives the concatenation of an initial condition and the latent produced by the encoder,
trained against trajectory targets.

We utilize a dataset comprising 25 system instances. FEach instance corresponds to a specific
combination of factors width = [2.1,2.3,2.5,2.7,2.9] m and height = [2.1,2.3,2.5,2.7,2.9] m. For each
system instance, 25 trajectories are generated with different initial velocities. Trajectory time sampling
stepsize At = 0.1 s. We divide the dataset into a training set (13 system instances) and a test set (12
system instances), separated by odd/even numbering (Fig. S2(c)).

We employ DenseNet[3] architecture for both encoder and decoder (see Fig. S2(b)). The learnt
latent space for training and testing are shown in Figs. S2(d) and (e). After constructing a diffeomor-
phism between the latent space and true geometric factor space, the transported latents are shown in
Figs. S2(f) and (g), with true (width, height) pairs indicated by black dots. Figure S2(h) illustrates
the learned diffeomorphism mapping from the latents to the true geometric factors.
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Figure S2: (a) An illustrative wall bouncing system; (b) The adopted NODnet architecture in the wall
bouncing system case; (¢) The distribution of system instances with respect to geometric factors; (d)
The learnt latent space for training; (e) The learnt latent space for testing; (f) The diffeomorphism
result for training; (g) The diffeomorphism result for testing; (h) Illustration of the diffeomorphism

procedure from latent space to true geometric factor space for test dataset.
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S1.3 Mass-spring chain: boundary-condition generalization via a differen-
tial decoder

This case tests whether the minimal conditioning principle, together with a decoder built on a differ-
ential operator, supports generalization across unseen boundary conditions at test time. The system
is a 10-DoF mass-spring chain (Fig. S3(a)). The decoder is a neural ordinary differential equation
(NODE, Fig. S3(b)), which exposes the boundary through its state rather than through its param-
eters. Because the latent produced by the encoder carries only the governing factors (damping and
stiffness), and not the boundary specification, changing the boundary at test time leaves the learned
operator family intact.

The training dataset contains 16 system instances, each taking a factor combination between ¢ =
[0.1,0.3,0.5,0.7] N - s/m and k = [2.0,3.0,4.0,5.0] N/m. For each system instance 11 trajectories with
random initializations and time marching stepsize At = 0.1 s are generated.

First we train and test on the same boundary conditions. We train with trajectories of 20 time
steps; after training, we generate trajectories of 50 time steps. The results are shown in Fig. S3(d).
NODnet performs accurate extrapolation outside of the training time span. This proves that NODnet
with NODE as decoder is able to perform accurate long-term rollouts.

The learnt latent space (training denoted as circles, testing as asterisks) is shown in Fig. S3(c).
Two principal directions exist in the latent space, respectively corresponding to damping and stiffness
increases of the system family.

Then we train with the right boundary fized and test with the right boundary free. Test is performed
on system instances excluded in the training dataset. When trajectories with the fized boundary
condition are available for the test system instances, we simply pass these trajectories through encoder
to generate the latents. These variables together with the NODE are directly applied to the free
boundary condition for test-time prediction. The results are shown in Fig. S4(a).

When only trajectories with the free boundary condition are available for the test system instances,
the decoder can be used as a encoder, similar to the approach in [4].

¢ = argmin || X — NODE(xg, ¢)||2 (S3)

where X is a trajectory of the test system instance with free boundary condition. After solving
Eq. (S3), the NODE parameterized by its solution c is capable of trajectory prediction given new
initial conditions. The results are shown in Fig. S4(b).

S1.4 Kolmogorov-Petrovsky-Piskunov (KPP) equation: resolution-agnostic
discovery with FNO backbones

This case tests whether the minimal conditioning principle holds when the encoder and decoder are
both Fourier Neural Operators (FNOs), and whether the resulting operator family transfers across
grid resolutions without retraining. Two questions follow. First, does the encoder, built on FNO
layers, still discover the correct latent dimension on a resolution-agnostic representation? Second, does
a latent inferred on a low-resolution trajectory parametrize the decoder correctly when the decoder is
evaluated on a high-resolution grid? A positive answer to both would mean the principle is compatible
with resolution generalization that label-conditioned methods cannot deliver without re-training.
The system governing equation is

2
Ou D@ +ru

=D+ ru(l—w) (s4)

In this case, the training dataset contains 20 system instances, each taking a factor combination
between r = [0.01,0.02,0.03,0.04,0.05] and D = [0.005,0.010,0.015,0.020, 0.025].

The NODnet architecture and overall pipeline are shown in Figs. S5(a) and (b). A time sequence
of the solution field {u§ ER*N} (j =1,2,...,N) is passed through a modified FNO paralleled by the
spatial coordinates, where we keep the Fast Fourier Transform but discard the Inverse Fast Fourier
Transform. The resulting vectors are passed through an LSTM to process the temporal evolution,
outputting the latent vector ¢ € R2, which acts as the system indicator. The decoder is also an FNO.
Its input is a matrix formed by four vectors in R*~: the spatial coordinate vector x, the solution field
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Figure S3: (a) An illustrative 10-DoF mass-spring chain system. We train with fixed boundary condi-
tion, test with free boundary condition on the right; (b) The NODnet architecture for the mass-spring-
chain case. NODE is adopted as the decoder; (c¢) The learnt latent space. Clearly 2 principal directions
exist corresponding to damping and stiffness increases of the physical system family; (d) Train and
extrapolation results. With NODE as decoder, NODnet is able to perform accurate long-time rollouts
outside of the training time span.
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Figure S4: (a) Boundary condition generalization when conditioning data is of the same boundary
condition as the training data. In this scenario, the encoder can be used to generate the latent c; (b)
Boundary condition generalization when conditioning data is of a different boundary condition from
the training data. In this scenario, the encoder cannot be used. c has to be generated via solving an
optimization problem (Eq. (S3)).



vector u; at time ¢, and two copies of the latent vector ¢ broadcast across the spatial grid. The output
of decoder is the solution field at the next time step.

As shown in Fig. S5, we train NODnet on low-resolution grid and directly test on high-resolution
grid. The 0-shot high-resolution prediction results are illustrated in Fig. S5(c), with small errors
existing near the boundaries. The learnt latent space is shown in Fig. S5(d). Two principal directions

exist corresponding to reaction and diffusion coefficients increases.
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Figure S5: (a) The NODnet architecture for the KPP system case; (b) NODnet is trained on low-
resolution grid and directly tested on high-resolution grid; (c) Zero-shot high-resolution test result;

(d) The learnt latent space. Two principal directions exist corresponding to reaction and diffusion
coefficients increases.

S2 Extended Results

This section reports detailed numerical results, ablations, and case-specific design rationale for the
three main-text cases. Each subsection collects the simulation setup, decoder choice, latent-dimension



sweep, and split-by-split tables that the main text references but does not display in full.

S2.1 Details of Burgers’ equation

Simulation details The dataset is generated by solving the one-dimensional viscous Burgers’ equa-
tion Opu+udzu = V0, on a periodic domain 2 = [—1, 1] with a spatial resolution of 4001 grid points.
For the viscous cases (v > 0), an IMEX scheme is employed, with explicit central-difference advection
with implicit spectral diffusion under adaptive CFL-constrained timestepping. For the inviscid case
(v = 0), a Godunov scheme with MUSCL reconstruction (minmod limiter) and TVD Runge-Kutta
2nd-order time integration is used. The solution is integrated up to ¢t = 5 s and sampled every 50
steps, yielding 101 temporal snapshots. The spatial output is downsampled to 401 points. The viscos-
ity coefficient v takes 16 values: v = 0 and v € 1,2,3,4,5 x 10~*~372, giving 16 distinct simulation
instances per initial condition.

Choice of decoder Two requirements shape the decoder choice. First, the decoder must supervise
the encoder with signals from across the entire (z,t) field, not from the immediate next step: under
shock dynamics the field is smooth almost everywhere and the shock front (where v actually appears)
occupies a small fraction of the domain, so one-step supervision is dominated by smooth-region MSE
that varies little with v and leaves the encoder no v-dependent gradient. We therefore use a single-shot
full-field decoder, namely DeepONet (branch-and-trunk MLP), shared between NODnet and PNO.
Second, within the DeepONet the trunk must express the shock fronts at arbitrary continuous (z,t);
coordinate-input MLPs smooth them out under their low-frequency spectral bias [5, 6], so we equip
the trunk with sinusoidal positional encoding (PE).

Given the initial frame uy and the latent ¢, the branch produces a latent vector b(ug,c) € R512;
the trunk takes the PE-encoded coordinates y(z,t) € R*® and produces a basis 7(y(z,t)) € R
the prediction is @(t,2) = uo(x) + Ores (b, T) + bout, With ayes a learnable residual scale and boyt
a learnable bias. Both branch and trunk are four-layer Softplus MLPs (hidden 800 / 1100 respec-
tively). The PE follows the standard NeRF form [6]: each coordinate ¢ € {x,t} is mapped to
v(e) = [e,sin(2Fmc), cos(2Fme)| ke, with L,=8 matched to the spatial Nyquist of the 401-grid and
L;=4 matched to the temporal smoothness of Burgers’ dynamics. Training uses u-MSE on 8192
randomly sampled (¢, ) queries per case. ANO is a separate architecture (1D U-Net autoregressive
stepper with a four-frame past-state window) used as the LB and is described in Methods of the main
text.

Both requirements leave direct empirical signatures (Table S2, Fig. S6). Removing PE preserves
the supervision geometry but breaks the representational class: the trunk MLP smooths shocks, short-
horizon prediction error grows by 4-5x, and the encoder’s latent distribution collapses with all nine
trained v mapping to the same scalar within training noise. NODnet-AR (main text) preserves the
representational class but breaks the supervision geometry: the same encoder and latent, but a U-Net
autoregressive stepper supervises only one step at a time, where smooth-region MSE dominates the
loss, and the latent again collapses (Fig. 2(d) of the main text). Both routes leave the encoder with-
out a v-dependent gradient. Encoder identifiability therefore requires both, and the DeepONet+PE
combination provides both.

NODnet-AR architectural details NODnet-AR (reported alongside NODnet in Table 1 of the
main text) shares NODnet’s CNN encoder and uses an alternative decoder: a 1D U-Net autoregressive
stepper conditioned via FiLM injection of the latent at each resolution level, ;11 = us + go(uy, ¢),
rolled out step-by-step at inference. The U-Net has 5 resolution levels with base-channels 44, matching
the parameter count of the DeepONet decoder used by NODnet/PNO. PE does not apply to this
decoder: the AR stepper operates on the discrete spatial grid rather than continuous coordinates.
Training is u-MSE on adjacent (ug, uzy1) pairs with rollout depth 4. Both NODnet and NODnet-
AR receive identical conditioning information through the same encoder; the comparison isolates the
decoder architectural choice. The autoregressive choice is the source of the encoder collapse seen
in main-text Fig. 2d: one-step AR supervision restricts the loss to local increments dominated by
smooth-region MSE, eliminating the v-dependent gradient the encoder needs to separate viscosities
(mechanism detailed under Choice of decoder above).



Table S2: Removing-PE ablation on NODnet and PNO for Burgers’ (Ls relative error x1072 at 1-
, 5-, and 50-step horizons). Same encoder, same loss, same training schedule; the only change is
whether the trunk’s (x,t) input is PE-encoded. All four rows are single-seed (seed=1234) since this
is a focused mechanism ablation; the with-PE row is therefore the seed=1234 reference of Table 1’s
NODnet-DeepONet, the row whose multi-seed mean shifts modestly to 17.62/17.71/20.34 at H=50
(Table S3). The seed-pass does not change the qualitative gap to the no-PE row (~ 3x at H=50) or
the encoder-collapse signature in Fig. S6.

Model Subset 1-step 5-step 50-step
NODnet (with PE) ID 4.26+1.74  6.444+2.93  12.80+6.33
010)D) 4.37+£1.67  6.244+2.67  12.42+6.48
OOD-inviscid ~ 4.59+1.34 8.3043.68 16.90+5.24
NODnet (no PE, raw (z,t) trunk) ID 20.36£5.89 27.86+8.54 43.11+26.34
00D 20.42+5.97  27.77+8.41  44.93+25.80
OOD-inviscid ~ 20.2745.60 29.484+7.24 41.52+15.28
PNO' (with PE) ID 3.89+1.74  6.04%£2.58  13.43+6.39
00D 4.03+1.76  5.7942.43  12.85+6.20
OOD-inviscid  4.1941.19 7.68+3.12 16.90+5.70
PNOT (no PE) 1D 14.694+4.61 21.9448.01 30.91+14.09
OO0D 14.634+4.75 21.6448.18 30.59+14.06

OOD-inviscid  15.55+£4.46  24.26+£7.61 35.01£12.42

0.3301
2-
0 0.3281
dop iR o8 b yfe o
-2 0.326 ; ° : : ° ; . g °
» ' L--i-dj—_-i__i-l-ht-—i-—: |
o T T
_6-
_g| 0.3221
1074 1073 1072 104 1073 1072

Figure S6: NODnet encoder latent distribution by viscosity, with and without PE on the DeepONet
trunk (same CNN encoder, same u-only MSE, same training schedule on both panels). Left: with PE,
the encoder learns a clean monotonic v — ¢ curve (within-v std small, inter-» spread large), and the
inviscid limit ¥=0 extends the curve smoothly upward. Right: without PE, the same encoder collapses
to a constant latent regardless of v (the entire y-axis range is ~ 1073, comparable to within-v noise).
Removing PE thus disables both the decoder’s shock representation and, via gradient feedback, the
encoder’s v discrimination.



PNO calibration: /v versus logrz The PNOT replaces the learned latent with an analytic trans-
form ¢ = a/v + 8 of the true viscosity, with (a, ) calibrated so that the nine trained viscosities
map to [—2,42] and the inviscid case v=0 maps to 5 &~ —2.19, a finite latent just below the smallest
trained latent and inside the smooth extension of the calibrated interval. The /v form is chosen over
the more common log v: log sends v=0 to —oo and forces an arbitrary e-clamp that lands the inviscid
latent far outside calibration, whereas /v remains finite at the singular limit by construction. Inviscid
prediction under either NODnet or 4/v-PNO is therefore reached by continuation along the calibrated
latent curve, in contrast to the textbook log 4+¢ encoding which sends »=0 to a latent value never seen
during training.

Latent-dimension sweep (supports Fig. 2(a)) The minimal-conditioning principle predicts that
the latent dimension d should saturate at the number of independent governing factors, so d*=1 for
Burgers’ since viscosity is the only governing factor. To probe both sides of the elbow, we train
NODnet at d € {0,1,2,3,4} over three independent seeds {1234,5678,9012} under identical training
settings (same CNN encoder for d>1, same DeepONet+PE decoder, same u-only MSE, 200 epochs
each); the d=0 run drops the encoder entirely and conditions the decoder only on the initial state,
recovering the naive single-system neural-operator baseline that ignores per-instance variation. The
expected pattern is two-sided: at d<d* the decoder receives no factor information and falls back to
family-averaged dynamics; at d>d* test MSE surges because spare dimensions absorb initial-condition-
specific structure that does not generalise, the structural-slack mechanism described in the Discussion
of the main text. Numerical values are in Table S3. The two-stage rule from the main-text Methods
is applied as follows. Stage 1. Seed-mean Train MSE values 2.25,1.01,1.42,1.38,1.02 (x1073) for
d=0,...,4 give step-wise relative changes —55%, +41%, —3%, —26%. The d=1—d=2 change of +0.41
is comparable to the d=2 across-seed envelope (o5 = 0.74), so the candidate set is {1,2}. Stage 2. The
trained d=2 encoder’s per-instance latent means populate a spurious second axis (PCA variance ratios
with PC2 carrying within-instance shock-front noise rather than v, mirroring the CFW d=2 pattern
in Fig. S8), while d=1 produces a clean monotonic v-curve (main-text Fig. 2d). Stage 2 therefore
picks d*=1. The non-monotonicity of long-horizon error past d* (d=3 marginally below d=1 on H=50
within +1o,, Table S3) is consistent with structural slack scattering across multiple axes at d>2; the
latent space verification rules out using long-horizon argmin as the selection criterion.

S2.2 Details of flow past a cylinder

Simulation details The dataset is a simulation on an irregular mesh on a 2D domain © = [—9, 21] x
[—6,6] and boundary of the cylinder on a circle with radius 0.5 center at origin, with 159,720 points

in total. The time span is 1.2 s, and integration timestep is 0.00001 s. Data is downsampled every 1000
steps, forming 120 steps. v species a system, which takes the value of [0.005, 0.008,0.011,0.014, 0.017, 0.020].
For each v, six uy, are simulated, which are [15, 16,17, 18,19, 20]. The dataset consists of 36 trajectories

in total. There are 16 trajectories in the training dataset, which are [V, too]train = [0.005,0.008,0.014, 0.02] x
[15,17,19,20]; so the training data is limited. The first test set consists of 8 trajectories [V, Uoo|test,1 =
[0.005,0.008,0.014,0.02] x [16,18]. It tests the model capability to generate correct m and correct
prediction on unseen velocities for trained v. The second test set consists of another 12 trajectories

[V, UooJtest,2 = [0.011,0.017] x [15,16,17,18,19,20]. It tests the model to generalize to unseen systems
with different v from the training set, given arbitrary velocities.

Formulation of SupCL

1 exp (sirn(zi7 Zp)/T)
b= ——— lo , S5
1P(2)| pez,,%i) © E%ﬁ% exp (sim(z;, 24)/7) .

where sim(z;,z;) is a similarity function. We employ Lo distance as the similarity metric, a choice
motivated by the simplicity of our one-dimensional latent space. In this formulation, 7 denotes the
temperature parameter and N represents the total number of samples within the batch. To gradually
shift the optimization focus, we anneal the temperature over time, reducing the model’s reliance
on the supervised contrastive loss (SupCL) and transitioning toward the standard training objective.
Additionally, we inject a small amount of random noise into the generated ¢ to mitigate mode collapse.
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Table S3: Latent-dimension sweep on NODnet for Burgers’ (Lo relative error x1072 at H=1,5, 50;
last-50-epoch train MSE x1073). Cells are reported as pu + 0y+0. ., where o, is within-eval std on
the test cases (single-seed) and o, is across-seed std over {1234,5678,9012}. Identical training to
the main-text NODnet row except for the latent dimension d; the d=0 row drops the encoder and
conditions the decoder only on the initial state. Bold marks the lowest seed-mean in each column; the
two-stage rule (Sec. S2.1 paragraph above) selects d*=1 as the smallest plateau dimension passing the

latent space verification.

d Params Subset 1-step 5-step 50-step Train MSE

0 5.03M 1D 5.1442.49 +0.21, 12.7849.15 +o0.16, 27.62425.78 +0.99 2.25 +o0.014
00D 5.3842.47 +o0.16, 14.0549.04 +o0.0s. 30.35425.83 +o.87, —
OOD-inviscid ~ 5.2941.46 +o.29, 12.9044.83 +0.42, 24.98+9.35 +o.76, —

1 10.08M ID 4.46+1.84 1031, 7.56+£3.14 +1.76, 17.6249.90 +s.52, 1.01 +o.03,
(01010 4.594+1.82 +0.32, 7.52+3.02 +2.05, 17.71£10.54 +9.36, —
OOD—inViSCid 4.74+1.39 40.274 9.17+3.83 +1.444 2034i699 +5.744 —

2 10.08M 1D 4.8242.10 +o.3s, 9.5845.23 +2.85, 21.67415.56 +6.47, 1.42 +o0.74,
00D 4.9942.09 +o.42, 9.9745.10 +s.64 22.56+15.75 +7.07, —
OOD-inviscid  5.0441.46 +o0.33, 10.67+4.31 +2.05, 22.69+8.40 +5.754 —

3 10.08M ID 4.6942.01 +o0.24, 8.2944.07 +1.54, 17.184+10.84 +5.20, 1.38 +o0.63,
OOD 4.884+2.00 +o0.32, 8.531+4.04 +1.01, 17.39+11.38 1354, —
OOD-inviscid ~ 4.92+1.41 +o.0s, 9.55+4.03 +o.03, 19.55+6.65 +2.00, —

4 10.08M ID 4.8941.97 +0.22, 9.15£3.81 +1.04, 22.464+13.77 +2.404 1.02 +0.02,
00D 5.0141.97 +o0.23, 9.1543.70 +o.00, 22.88414.36 +2.16, —

OOD-inviscid

5.114+1.51 +o0.1s,

10.4744.26 +o.01,

23.60£9.25 +2.17,

Rollout augmentation We train on 2 step rollout result (1 step prediction with 1 step rollout
X142 = £ (x4,7m)) to increase the training stability.

Drag force computation

o= —pl+pu(Vu+Vu'),

FD:/ on-é,,ds,
o0,

- / pnds + u/ [(Vu+ Vu')n]_ds.
o9, o9,

In our dataset, velocity predictions are available on scattered spatial points. To compute surface forces
consistently across ground truth, NODnet, and Baseline, the scattered velocity field is interpolated onto
a narrow band of points surrounding the cylinder surface to approximate velocity gradients and surface
normals; since pressure is not directly predicted, we recover it by solving the pressure Poisson equation
derived from incompressible Navier—Stokes with Neumann boundary condition on the cylinder surface
consistent with the normal momentum balance. This ensures that the reconstructed pressure field
yields physically consistent surface traction. This procedure ensures that drag evaluation is consistent
with the governing equations and avoids biases arising from missing pressure information.

Strouhal number computation The Strouhal number St = fD/us (with f the vortex shedding
frequency, D the cylinder diameter, u, the inlet velocity) is the dimensionless analogue of the shedding
frequency in the laminar wake. We extract f from the lift coefficient time series C,(¢) via FFT and take
the peak frequency in the band consistent with vortex shedding (~ 0.2 uo, /D at the Reynolds numbers
considered here). Cp is computed from the same surface integral as Cp but along the transverse
direction &,. Together, Cp and St characterize the two canonical features of the laminar wake: the
time-averaged momentum transfer and the periodic vortex emission. A predictor that recovers both is
reproducing the dynamics; a predictor that drifts in either is failing in a physically interpretable way.
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Architectural inductive bias We adopt the same autoregressive encoder and decoder setting as
the FN-RD system. Our parametric studies (4-step rollout averaged Lo prediction error, Table S4)
indicate that a “Heavy-Encode” architecture, in which the encoder f; has significantly higher capacity
than the decoder gy, yields superior training stability and generalization. This is consistent with the
minimal conditioning principle: identifying which system one is observing is the more demanding
task, while evolving the state, once the governing factors are compactly available, is relatively simpler.
We additionally use a multi-step rollout augmentation strategy, training on two-step rollout outputs
(Xtpo = géz) (x¢,¢), ¥ = (Xt+1, Xt+2)), to enforce temporal stability and mitigate numerical drift during
long-horizon inference.

Table S4: Architecture parametric experiments for the cylinder flow wake case. 4-step rollout averaged
L prediction error across train and test sets.

Mode Parameter Train Unseen uo, Unseen v Performance
Balanced 23M 0.023 0.084 0.042 Overfit
Heavy Encode 15M 0.027 0.030 0.028 Generalize

Heavy Decode 42M 0.025 0.089 0.052 Overfit

Latent-dimension sweep The cylinder wake is parameterized by viscosity v and inlet velocity uqe,
but at the Reynolds numbers considered here (uo, € [15,20], v € [0.005,0.020]) the wake dynamics
are governed effectively by the single dimensionless group Re = uooD/v. The minimal-conditioning
principle therefore predicts d*=1. To probe both sides of the elbow, we evaluate the heavy-encode
model with d € {0,1,2,3,4} on the same Train / Unseen-us, / Unseen-v splits used in Table S4, at
horizons H € {1, 5,50}, with three independent training seeds {1234,5678,9012} at every d. The d=0
run drops the encoder (3.46M params) and conditions the decoder only on the initial state, recovering
the naive single-system neural-operator baseline. For d > 1 we use the same encoder/decoder shape and
~15M parameter budget; only latent dimension d differs (contributing ~1k parameters per increment).
The training schedule uses a warmup-cosine latent-noise schedule (constant 5x10~2 for the first 200
epochs, then cosine decay to 0 over the remaining 800 epochs; 1x10~! peak for d=3 to overcome
an encoder-collapse failure mode at the lower noise level), and at d=1 the supervised-contrastive
weight is downweighted to 0.3 xrep_force because the full-strength contrastive loss is geometrically over-
constrained on a 1-D latent (36 system labels cannot be maximally separated on a line). Numerical
values are in Table S5 (the same sweep is visualised in main-text Fig. 3a).

Why CFW needs a long-horizon (or OOD) gauge. Unlike Burgers’ and FN-RD, the 1-step Train
LoRE for CFW does not elbow at the predicted d*=1: seed-mean values 1.47,1.69,2.49,1.91,2.07
(x1072) ford = 0, ..., 4 give step-wise relative changes +15%, +47%, —23%, +8%, with d=0 the lowest.
This is the encoder-free overfit signature: at d=0 the decoder receives a 19 M-parameter budget free
of any latent-conditioning bottleneck and absorbs all family variability into per-step memorisation
of the training distribution, beating d=1 on the very horizon at which the bottleneck has the least
room to pay off. The cost of that flexibility surfaces as soon as the model has to roll out (errors
compound system-agnostically) or generalise (no latent to interpolate over): on Train H=50 the seed-
means are 36.09,29.89,39.40, 38.42,31.52 (step-wise —17%, +32%, —2%, —18%), and on OOD H=5
they are 6.11,4.38,11.30,9.17,7.88 (step-wise —28%, +158%, —19%, —14%). Both long-horizon gauges
minimise at d=1.

Applying the two-stage rule. Stage 1. On the Train H=50 gauge, d=1 is the minimum and
d=1—d=2 jumps by +32% (~ 9.5 x 05, well outside seed envelope), so the candidate set is {1,2}.
Stage 2. The trained d=2 encoder populates a clear second axis (PCA variance ratios (0.74,0.26),
Fig. S8), absorbing within-system / IC-window variability rather than carrying a second governing
factor; the d=1 encoder produces a clean monotonic v-curve with signal-to-noise ~ 36 (Fig. S7).
Stage 2 selects d*=1.

Three patterns are consistent with the principle. (i) d=0 wins short-horizon ID (H=1,5) and
OOD-H=1 through encoder-free overfit, but d=1 wins all four long-horizon and OOD-H =5 cells: the
encoder bottleneck pays off precisely at the rollout horizons where slack matters. (ii) d=0 at H=50
on OOD (34.5%) sits below the entire d>1 curve and within the seed envelope of d=1 (31.0%): the
structural-slack mechanism in compact form. d=0 has no pathway for IC-specific noise to enter the
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latent and drift the rollout, whereas d>1 provides exactly such a pathway through its spare dimensions,
so at long horizons “no encoder” beats “encoder with slack”. (iii) The d>1 curve is non-monotonic
but strictly above d=1 on Train H=>50, with d=2 the worst (OOD-H=5 rises by a factor of ~ 2.6 over
d=1, the “surge past sufficient capacity” signature seen in Burgers’), while d=3, 4 partially recover at
long horizons by spreading the spare dimensions into a near-degenerate submanifold but never beat
d=1 on the long-horizon Train metric.

Table S5: Latent-dimension sweep on the heavy-encode CFW model (Lo relative error x1072, at
H=1,5,50). Cells reported as u £ 0y+os.s; 0y is within-eval std on the test cases (single-seed) and
o is across-seed std over {1234,5678,9012}. ID = Train split; OOD = Unseen-us, and Unseen-v
pooled. Bold marks the lowest seed-mean in each column: d=0 wins short-horizon ID through
encoder-free overfit; d=1 wins long-horizon and OOD-H =5 — the elbow that motivates d*=1.

d Params Subset H=1 H=5 H=50
0 3.46M 1D 1.47+0.59 +0.20. 3.46+£1.76 +o0.51, 36.09+14.17 +5.43,
(HO encoder) OOD 1.63+0.75 4+0.394 611i376 40.184 3453i1343 +3.014
1 15.24M 1D 1.6940.79 +o0.31, 4.0042.60 +1.23, 29.89+16.61 +6.11,
OOD 1.7240.86 +o0.36, 4.3842.34 1045, 31.04+£15.11 1451,
2 15.24M 1D 2.49+0.97 +o0.47, 8.75+5.47 +a.77, 39.40+£17.01 +7.35,
OOD 2.84+1.06 +o.604 11.3046.13 +5.41, 38.33+13.42 1636,
3 15.24M 1D 1.9140.74 +0.43, 5.54+2.94 +1.86, 38.42+15.40 +6.17,
OOD 2.78+1.37 +o.01, 9.17+5.64 +2.08, 34.54+13.67 +4.36,
4 15.24M 1D 2.07£0.87 +o.364 4.674+2.24 +1.44, 31.52+14.61 +6.03,
OOD 2.58+1.25 +o.72, 7.884+4.97 +2.11, 33.03+£14.36 +3.30,

Why does d>1 regress? Latent-space inspection Figures S7, S8, and S9 render the trained
d=1, d=2, and d=3 encoders evaluated on all 36 cylinder-wake systems (16 train + 8 unseen-u
+ 12 unseen-v, with 16 conditioning-window draws per system). The right panels colour each per-
system mean by v. The d=1 encoder lays out the 36 systems as six tight clusters with one cluster per
viscosity, monotonically ordered along the latent axis from low to high v (inter-system range 2.10 vs.
mean within-system std 0.06, signal-to-noise ratio ~36); the six u., within each v collapse to a single
point up to noise, confirming that the encoder has discovered a single governing dimension dominated
by v in this Re regime. PCA on the 36 system means then yields:

e d=2: variance ratios (0.739,0.261). PC2 retains over a quarter of the total variance — nowhere
near the empty-axis degeneracy seen in FN-RD’s d=3 run (variance ratios (0.80,0.20,0.00),
Sec. S2.3). Both available dimensions are actively populated.

e d=3: variance ratios (0.685,0.231,0.083). Even the third PC carries an 8% share, so all three
dimensions remain populated; the encoder does not spontaneously collapse onto a 1-D subman-
ifold.

This is the empirical signature of the structural-slack mechanism. The CFW case is parameterized by
a single dominant dimensionless group (Re = 4., D/v, hence d*=1), but neither the SupCL contrastive
force nor the rollout-MSE objective penalizes the extra latent axes for being non-empty. Unlike FN-RD,
CFW lacks a strong O(2) augmentation that would multiply each system into many equivalent draws
and pull degenerate axes to zero during training; the only within-system variability the encoder sees
is the conditioning-window subsampling. Consequently, when given two or three latent dimensions,
the encoder is free to spread within-system noise and IC-window fluctuations into the slack axes,
producing the populated PC2/PC3 we observe. At inference time the decoder must integrate this extra
non-governing structure across the 50-step rollout, which is exactly the OOD-degradation pattern in
Table S5: the more slack the encoder is given to fill, the further the trajectory drifts from the true-Re
flow. The non-monotonicity (d=2 being worst, d=3, 4 partially recovering) is also consistent with this
picture: at d=3,4 the slack is divided across multiple axes so that no single axis carries the full burden
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of IC absorption (PC3 contribution 0.083, PC2 contribution drops from 0.261 at d=2 to 0.231 at d=3),
reducing the per-axis impact on rollout but not eliminating it.

d=1 | inter-system range=2.10, within-sys std=0.06, SNR=36

d=1 latent, all 36 systems Means colored by v
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Figure S7: d=1 latent representation of all 36 CFW systems (the original heavy-encode checkpoint
reported in the main text). Left: v vs. ¢; scatter coloured by split (blue: 16 train, red: 8 unseen-ue,
orange: 12 unseen-v); faint dots are 16 conditioning-window draws per system, solid dots are per-
system means. The us, axis is shown as a small horizontal jitter inside each v column. Right: the
same per-system means, coloured by v, on a viridis colourbar. The encoder produces a clean monotonic
v — ¢; map with ~36x inter-system / within-system separation, and the six u, values within each
v collapse to one point — the discovered 1-D latent aligns with v in this Re regime, contrast directly
with the populated slack axes in Figs. S8, S9.

What the SNO/NODnet convergence at H=50 on OOD does and does not imply. The
seed-mean comparison d=1 vs. d=0 across horizons is asymmetric. At H=1,5 on ID and H=1 on OOD,
d=0 is at or below d=1: the encoder-free baseline absorbs all family variability into per-step memori-
sation of the training distribution, an overfit that the bottleneck at d* cannot match by construction.
The advantage flips at OOD-H=5 (d=1 at 4.38% vs. d=0 at 6.11%, a 28% relative reduction) and at
long horizons on both splits (d=1 at 29.9% ID-H=50 vs. d=0 at 36.1%, a 17% reduction; OOD-H=>50
within seed envelope). Two readings support the structural-slack interpretation. First, the asymmet-
ric ordering — d=0 winning short-horizon ID and d=1 winning long-horizon and OOD-H=5 — is
exactly what the bottleneck-as-regulariser claim predicts: d=0 has no factor-aware latent so it cannot
interpolate across instances, but it also has no slack axis for IC noise to drift the rollout, so it catches
up at H=50 through the absence of slack rather than the presence of factor information. Second,
NODnet’s drag and Strouhal-number recovery at Re=300 (main-text Fig. 3f) remains physically valid
where SNO produces family-averaged drag with no per-instance shedding frequency. The rollout-error
metric saturates at long horizons; the physical-observable metric continues to separate the two.

S2.3 Details of FHN reaction-diffusion network

Simulation details The dataset is a simulation on a uniform 2D mesh grid in a domain Q = [0, 1]
with At = 0.001 s up to t = 10 s and sampled every 100 timesteps, using finite difference method with
the 4th-order Runge-Kutta time integration. k and g are tuned to model different neural activities,
with & ranging from 0.01 to 0.05 and 8 ranging from 0.1 to 0.3, giving 25 distinct system instances.

Design of hierarchical mask The prediction rule applies smaller-lead-time steppers first, which
suits a diffusion-reaction system whose transient phase happens early. This contrasts with the weather-
forecasting setting [7], where predictions over different horizons can be issued in any order without
compounding the early-transient error.
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d=2 | PCA var ratio: (0.739, 0.261)
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Figure S8: d=2 latent representation of all 36 CF'W systems. Left: 2-D scatter coloured by split (blue:
16 train, red: 8 unseen-u.,, orange: 12 unseen-v), faint dots are 16 conditioning-window draws per
system, solid dots are per-system means. Right: per-system means coloured by viscosity v. PCA on
the 36 means yields variance ratios (0.739,0.261): the second axis is clearly populated, in contrast to
the empty-axis collapse seen for FN-RD when given more dimensions than d*. This is the structural-
slack signature explaining the H=5 rollout surge in Table S5.

d=3 | PCA var ratio: (0.685, 0.231, 0.083)

d=3 latent, all 36 systems
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Figure S9: d=3 latent representation of all 36 CFW systems. Layout matches Fig. S8: left coloured
by split, right per-system means coloured by v. PCA on the 36 means yields variance ratios
(0.685,0.231,0.083). Unlike the FN-RD d=3 run (Sec. S2.3, variance ratios (0.80,0.20,0.00), where
the trained encoder discovers a 2-D submanifold matching d*=2), the CFW encoder uses all three
available axes; the third axis still holds 8% of the inter-system variance. The slack is spread rather
than collapsed — consistent with d*=1 being the only setting that recovers the original heavy-encode
performance.
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Data augmentation To enhance the model’s capability to generalize across initial conditions with-
out enlarging the simulation budget, we apply data augmentation to replicate trajectories. The govern-
ing equations together with periodic boundary conditions exhibit O(2) equivariance: any spatiotem-
poral trajectory transformed via the O(2) action remains a valid solution of the same FN-RD system
instance. We therefore augment each trajectory by shifting to the four corners, mirroring horizontally
and vertically, and rotating by 90°, 180°, 270°, yielding a 10x enlargement of the effective dataset.
This enforces the encoder to identify factors that are invariant to spatial orientation while keeping the
U-CNN decoder robust across diverse initial states.

Latent-dimension sweep The minimal-conditioning principle predicts d*=2 for FN-RD, since
(k, B) are the two factors that vary across systems. To probe both sides of the elbow, we train the
hierarchical NODnet with d € {0,1,2,3,4} over three independent seeds {42,5678,9012} under iden-
tical training settings (same encoder for d>1, same hierarchical decoder with {1,3,9}-step modules,
same MSE-on-rollout objective, same ~650 epochs of data-augmented training); the d=0 run drops the
encoder entirely, recovering the naive single-system neural-operator baseline that ignores per-instance
variation. Numerical values are in Table S6. Applying the two-stage rule from the main-text Methods.
Stage 1. Seed-mean Train MSE values 30.87,6.92,5.26,4.74,5.06 (x1075) for d = 0,...,4 give step-
wise relative changes —78%, —24%, —10%, +7%. The d=3—d=4 change of +0.32 is comparable to the
across-seed envelope (o = 0.35 at d=4), and the d=2—d=3 change of —0.52 is at the boundary of the
envelope (s = 0.34 at d=2, 0.12 at d=3); the candidate set is therefore {2,3}. Stage 2. The trained
d=3 encoder spontaneously collapses to a 2-D submanifold, with PCA on per-instance latent means
returning variance ratios (0.80,0.20,0.00) — the third axis is empty to numerical precision (Sec. S2.3,
Fig. S10). Stage 2 selects d*=2. The failure modes below d* are graded on the long-rollout extrap-
olation split (H=50): d=0 collapses worst (L2RE 9.31£2.28, no encoder so no factor information at
all), d=1 collapses partially (LoRE 7.87+4.48, a 1-D latent cannot resolve the (k, ) pair), and d>2
are within a factor of 1.5 of each other with d=3,4 marginally lower on Train and OOD-Intra metrics.

Table S6: Latent-dimension sweep on the hierarchical NODnet for FN-RD (Ly relative error x 1072
at H=1,5, 50; last-50-epoch train MSE x107°). Cells are reported as j1 4 0,0, ., where o, is within-
eval std on the test cases (single-seed) and oy is across-seed std over {42,5678,9012}. Splits: Train (=
ID), Interpolated (= OOD-Intra), Extrapolated (= OOD-Extra). Identical training to the main-text
NODnet-Hier row except for the latent dimension d; the d=0 row drops the encoder. Bold marks the
lowest seed-mean in each column; the two-stage rule (Sec. S2.3 paragraph above) selects d*=2 as
the smallest plateau dimension passing the latent space verification (the d=3 encoder spontaneously
collapses to a 2-D submanifold).

d Params Subset 1-step 5-step 50-step Train MSE

0 2.518M Train 1.3140.09 +o.015 1.78+0.09 +o0.03, 7.33+1.62 +o0.214 30.87 +2.73,
Interpolated 1.284+0.06 +o.01, 1.75+0.07 xo0.03, 7.05£1.22 +o.26, —
Extrapolated 138i011 40.024 196i016 40.044 931i227 +0.214 -

1 3.108M Train 0.9440.05 +o0.03, 1.2540.09 +o0.10, 2.984+1.24 +1.42, 6.92 +0.60,
Interpolated 0.9440.05 +0.03, 1.2940.11 2013,  4.464+1.61 +1.22, —
Extrapolated 1.1340.18 +o.07, 1.7640.46 +o0.11, 7.87+4.48 +1.20, —

2  3.108M Train 0.9140.05 +o0.02, 1.20+£0.09 +o.04, 2.5240.66 +o.07, 5.26 +0.34,
Interpolated 0.9040.03 +o0.02, 1.194+0.07 +o.05, 3.0540.91 +o0.21, —
Extrapolated 1.03£0.16 +o.10, 1.6140.50 +o0.43, 5.4943.34 +2.54, —

3 3.109M Train 0.8940.05 +0.024 1.13+0.09 +0.035 2.05+0.49 +0.075 4.74 +0.125
Interpolated 0.87£0.03 +o0.014 1.13+0.06 0.0, 2.50+0.68 +o0.2s, —
Extrapolated 101i012 +0.07¢ 148i032 40.254 4961283 +2.594 —

4 3.110M Train 0.884+0.04 +0.014 1.15+0.08 +0.015 2.55+0.72 +0.244 5.06 +0.355
Interpolated 0.87+0.03 +o0.01, 1.16£0.06 +o.01, 3.151+0.77 +o.274 —
Extrapolated 0.984+0.15 40.054 1.38+0.34 +0.154 4.13+2.38 +1.544 —
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The marginal d=3 advantage Table S6 shows that d=3 is marginally lower than d=2 on every long-
rollout split. The principled gauge above already identifies d*=2 as the smallest plateau dimension;
three observations explain why d=3 remains marginally lower without contradicting that gauge.

(i) The plateau dimensions show only marginal differences. Seed-mean Train MSE at d=2,3,4
(5.26,4.74,5.06 x 107°) varies by ~ 10% across d, smaller than the d=1—d=2 elbow drop (~ 24%).
On long-horizon test, the 50-step interpolation seed-means 3.05 (d=2) and 2.50 (d=3) overlap within
seed envelope (o, = 0.21 at d=2, 0.28 at d=3). The marginal d=3 advantage is one realisation of a
flat plateau.

(#) Optimization slack at d=3. The (k,3)—c map is genuinely curved (quadratic = affine for the
zero-shot diffeomorphism, Table S7). A 2-D latent must embed that curve exactly, while a 3-D ambient
gives the optimizer a smoother landscape to find the same 2-D submanifold; d=3 buys optimization
slack at no representational cost.

(#i) Structural slack appears past the plateau, at d=4. Train MSE worsens from 4.74 (d=3) to 5.06
(d=4), the first upward step in the sweep, and the 50-step interpolation column tracks the same trend
(2.50 — 3.15). The shift is small in absolute terms because the 10x O(2) data augmentation acts as
an additional regularizer that suppresses the structural-slack signature within d<3, but the direction
is consistent with the Burgers’-style “test surges past sufficient capacity” pattern.

Empirical confirmation that the d=3 representation is intrinsically 2-D. Figure S10 renders the
per-system means of the trained d=3 model in its 3-D ambient space. PCA on the 25 system-mean
latents returns singular values o = (0.4003,0.1996, 0.0022), with o3 two orders of magnitude below o1,
and the corresponding variance ratios o7/ >, o7 = (0.8009,0.1991, 0.0000), with the third entry below
numerical resolution. Within numerical noise the d=3 model has discovered a strictly 2-D submanifold
inside its 3-D latent space. This is the cleanest possible reconciliation with the principle: the model
sees three available dimensions, but uses two — exactly d* — with the third dimension carrying no
signal. The marginal performance gain of d=3 over d=2 is the optimization-slack effect described in
(ii), not a representational one.

3D latent (d=3), all 25 systems
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Figure S10: d=3 latent representation of all 25 FN-RD systems. Left: 3-D scatter in latent space,
coloured by split (blue: 9 train SIs, red: 4 interpolated SIs, orange: 12 extrapolated SIs). Faint markers
are 20 init+augmentation draws per system, solid markers are per-system means. Right: per-system
means coloured by k, showing a smooth monotonic factor sweep along the manifold. PCA on the 25
means yields variance ratios (0.8009,0.1991,0.0000): the third dimension is empty up to numerical
noise, so the trained d=3 model has spontaneously embedded a 2-D submanifold (exactly d*=2) inside
its 3-D ambient.

Zero-shot generalization: effect of diffeomorphism order The zero-shot mode described in
the main text uses a fitted polynomial diffeomorphism to map factors directly to latents for unseen
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systems. The fitted quadratic diffeomorphism used in the main text takes the explicit form

1
k
{ﬂ_[o.og —-3.76 0.75 1275 —4.49 —0.75] | (s7)
¢y~ [-0.22 201 057 —153 0.68 —0.78] |k?
kB
,62

fitted by least squares on the 9 training Sls.
To assess whether the nonlinear structure of this map is essential, we compare polynomial diffeo-
morphisms of increasing order, all fitted on the same 9 training SIs via least-squares:

Order 1 (affine): Features [1, k, ] (3 coefficients per latent dimension).
Order 2 (quadratic): Features [1, k, 3, k2, k3, 3%] (6 coefficients; Eq. S7 above).

Order 3 (cubic): Features up to k*, k283, k32, B3 (10 coefficients—underdetermined with 9
training points, so ridge regularization is applied).

One-shot: The encoder f; maps a single test trajectory to the latent space. No factor values
are required; included as a reference baseline.

We evaluate all four approaches on the 16 held-out FN-RD systems (4 interpolated, 12 extrapo-

lated), measuring Ls relative error over 50-step rollouts (Table S7).

Table S7: Zero-shot generalization on FN-RD (L relative error, 50-step rollout) as a function of
diffeomorphism polynomial order. One-shot is included as a non-zero-shot reference.

Method Interpolated Extrapolated Overall

Order 1 (affine) 0.0165+0.0047 0.0219+0.0080 0.0205+0.0077
Order 2 (quadratic)  0.01514+0.0045  0.0188+0.0056  0.0179+0.0056
Order 3 (cubic) 0.0146+0.0043  0.0189+0.0054 0.0178+0.0055
One-shot 0.0285+0.0106 0.0239+0.0073 0.0250£0.0085

Results are summarized in Table S7 and visualized in main-text Fig. 4d. The affine map already
achieves reasonable zero-shot accuracy, but the quadratic diffeomorphism reduces overall error by 13%
(0.0179 vs. 0.0205), confirming that the nonlinear cross-terms k2, k3, 3% capture meaningful structure
in the factor-to-latent mapping. Adding cubic terms yields negligible further improvement (0.0178),
and the fit becomes underdetermined with only 9 training points, suggesting that the quadratic form
already captures the essential geometry. The one-shot baseline (0.0250) is notably worse, with the gap
attributable to the generalization limit of the encoder when applied to out-of-distribution systems.

We further visualize the decoder output when sampling latents on a uniform grid spanning the
training-set latent space (Fig. S11). The decoder produces physically plausible dynamics at every
sampled location, confirming that the learned manifold supports continuous, smooth generation of
valid PDE solutions across the entire latent space.

S2.4 Parameter-supervised reference (PNO) performance

The parameter-supervised neural operator (PNO) receives the true governing factor of each system
instance as an explicit input and shares the decoder architecture of NODnet within each case. PNO is
not a peer baseline: it relies on factor labels that the NOD setting does not provide. Its role is to set a
reference for the prediction error attainable when the per-instance factor is known, against which the
gap incurred by factor inference can be read off. Calibration details (e.g., the /v transform used for
the Burgers’ case) are reported in Section S2.1.
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Grid Sampling in Context Space — Predicted u field at tso
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uniformly sampled latent ¢, demonstrating that the decoder generates physically plausible dynamics

across the entire learned manifold.

Figure S11: Grid sampling in latent space. Each cell shows the predicted FN
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Table S8: Parameter-supervised reference (PNO) performance. L, relative error (x1072
meantstd) at 1-, 5-, and 50-step rollout horizons across the same splits used in main-text Table 1.
The PNO row receives the true governing factor as input; values are single-seed.

Model Subset 1-step 5-step 50-step

Burgers’ equation

PNO-DeepONetT (5.0M) ID 3.89+1.74 6.044+2.58  13.43+6.39
(010)D) 4.03+1.76  5.79+2.43  12.85+6.20

OOD-inviscid  4.19+1.19  7.68+3.12  16.904+5.70

Cylinder flow wake

PNOT (4.5M) ID 3.65+1.51 12.27£5.53 36.52+12.26
OOD 2.02+1.51  5.014£3.71  28.11+13.58

FitzHugh—Nagumo reaction—diffusion

PNO-Hier! (2.5M) ID 0.77+£0.06  1.16+£0.09  1.8340.28
OOD-Intra 0.7440.04  1.10+0.06  1.68+0.16
OOD-Extra  0.76+0.08 1.23+0.14  2.3340.55

Table S9: Ablation on Trajectory-Decoupled Sampling. Model convergence is evaluated on the test
dataset at 1-step prediction. All pairs share the same optimizer and learning rate schedule. CFW uses
unseen systems as the test set; the ablation retains the SupCL regularization.

w/ TDS w/o TDS
Case Epochs MSE L2RE% Epochs MSE L2RE%
1D Burgers’ Equation 1.5e4 2.85e-4 0.56 3ed 4.71e-4 0.92
FN-RD 67 3.02e-5 0.92 208 6.02e-5 1.96
CFW 422 0.101 1.60 976 0.490 5.61

S3 Extended Discussion

This section gathers extended discussion in four groups: empirical validation of design choices (§ S3.1
TDS ablation, § S3.2 efficiency vs. iMODE); theoretical positioning (§ S3.3 alternative perspectives
on the diffeomorphism, § S3.4 connections to identifiability theory); comparisons with alternative
paradigms (§ S3.5 foundation-model surrogates, § S3.6 symbolic regression); and cross-case synthesis
(§ S3.7 structural slack), closing with a practitioner’s checklist (§ S3.8).

S3.1 Ablation on Trajectory-Decoupled Sampling

Trajectory-Decoupled Sampling (TDS) ensures that the conditioning trajectory xg.: (fed to the en-
coder) and the prediction trajectory xj., (predicted by the decoder) are randomly sampled from differ-
ent trajectories of the same system instance. Table S9 compares convergence speed and final test-set
accuracy with and without TDS across three cases.

TDS consistently accelerates convergence (2-3x fewer epochs) and improves final test-set accuracy
across all cases. Without TDS, the encoder attempts to encode trajectory-specific transient informa-
tion (e.g., initial conditions, temporal phase) into the latent ¢, producing noisy optimization signals
and prolonging training. TDS prevents this by forcing the encoder to extract only the invariant gov-
erning dynamics shared across trajectories of the same SI. The resulting improvement in generalization
(lower L2RE on held-out data) confirms that TDS acts as an implicit regularizer against overfitting to
trajectory-level features.
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S3.2 Efficiency comparison between NODnet and iMODE

We substitute the neural-ODE process in iMODE with a fixed-interval predictor f for like-for-like
comparison with NODnet in computational complexity. The iMODE formulation is

Prediction : Xy44;; = fe(l)(xt7 ngj)) (S8)
k
Loss : £i(9,n§j)) = ;;MSE(&Hh;i,XHh;i) (S9)
Initialization : 7750) =n", = ngp) (510)
Inner update : nz-(jﬂ) = ngj) —aV, L6, nl(j)) (S11)
g &
Outer update : § < 6 — N ZV@ Li(0,1;) (512)

=1

where p is the number of inner update steps and m is the number of recurrent neural-network evalua-
tions. The NODnet formulation is

Latent : ¢; = f¢(Xsis4m;i) = 0(@5#7'L+1)(x5;5+m;i)) (S13)
Prediction : X¢4,; = gél)(xt, ci) (S14)
k
1
Loss: L = — > MSE(Xesn;i, Xetnsi) (S15)
ki 1 1
0y
Update encoder : ¢ < ¢ — i Z Vo Li(6,0) (516)
i=1
0 N
Update decoder : § ¢ 6 — — ; Vo Li(p,0) (S17)

In practice, neural-network backpropagation takes 8 times longer than the forward pass (typically
B > 1) because of intermediate-state storage. The computational complexities of IMODE and NODnet
are

Oimope = N(p+1)(8 + 1) k Og,

(S18)
ONODnet = N(ﬁ + 1)(m O¢ + k‘@g),

giving the ratio
Oinvope _ k(p+1) Oy

_ _ S19
OnoDnet MmOy + kOg (519)

We compare the training of iMODE and NODnet on the bistable system case where k = m = p = 5.
The training costs for both methods are shown in Table S10. iMODE consumes approximately the
same amount of memory as NODnet because only first-order gradient information is stored. However,
the repetitive inner loop optimizations end up with 3 times computational complexity than NODnet.

Table S10: Efficiency comparison between NODnet and iMODE, on an RTX Ada 6000 NVIDIA GPU.
Note that time* is simply calculated as Epoch x Computation time per epoch for reference.

Metrics NODnet iMODE
Computation time per epoch 8.4s 24.7 s
GRAM per batch 2360 MB 2852 MB
Epoch reaching error le-3 31 12
Time* reaching error le-3 260.4 s 296.4 s
Epoch reaching error le-4 800 500
Time* reaching error le-4 6720 s 12350 s
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S3.3 Alternative Perspectives for Diffeomorphic Latent Space

In this section, we offer alternative perspectives to understand the diffeomorphic structure of latent
space.

GAN perspective The original generative adversarial network (GAN) solves the following min-max
optimisation problem,

min max V(D, G) = Ex[log D(x)] + E,[log(1 — D(G(z)))], (S20)

where X ~ Pgata;, Z ~ Pz, D is a discriminator optimised to distinguish real samples x from synthetic
ones G(z), and G is a generator that produces synthetic samples from latent input z and seeks to
maximise D’s evaluation.

NODnet admits an analogous reading: the encoder f,; serves as the generator (producing latents
from conditioning trajectories) and the decoder gy serves as the discriminator (using the latent to
predict the next state and being scored by prediction error). For interpretation, in each training epoch
we manually separate the latents into two sets, ¢ = {c,,c,}, where ¢, acts as the real factors up to a
diffeomorphism in the current epoch and c, are the synthetic ones. The NODnet discriminator (the
decoder gp) is optimised by

rr}]?x —MSE(gg(Xt, cz)7xt+1) = rr(gn MSE(gg(xt, cz)7xt+1). (S21)

The NODnet generator (the encoder f;) is optimised by

H}in MSE(90 (Xt7 Cz), Xt+1) = MSE(99 (Xt7 f¢ (Xs:s+m; z)) ) Xt—i—l)- (822)
®
fo and gg are simultaneously optimised by

H}Cin H}J%X [_MSE (90 (Xt7 Cx)v Xt+1) + MSE (99 (Xt7 f¢(xs:s+m; z)) ) Xt+1)]

= min MSE(ge (Xt,f¢(xs:s+m))7xt+1)‘

for 96

(S23)

In words, gy is optimised for prediction accuracy given the reference latents c,, while f, is optimised
so that the inferred latents ¢, = fg(Xs:54m; ) produce predictions consistent with gg. Equation (S23)
gives a GAN-inspired interpretation of the coupled encoder—decoder training objective, rather than a
formal equivalence to adversarial training.

Partial-ordering perspective To further explain the ordering in the latent space, we formulate:
S(x¢ | pi) = go(xt | ¢i) = X441 (S24)

where S is the true physics solution operator. In classical physics, S is generally continuous and
differentiable. Since neural operator gy is usually also continuous and differentiable, it follows that:

ci = g5 ' S(pi), (525)

where the operator g, 1S( -) is also continuous and differentiable. For any triplet of factors (p;,pj, px) €
P, continuity of the mapping suggests that if p; lies between p; and py, the discovered latent c; should
take a corresponding intermediate position between c¢; and c¢;. This behavior is related to Brouwer’s
Invariance of Domain [8]: under the additional assumptions of continuity, injectivity, and matched
manifold dimension, the mapping preserves neighborhood structure. Trajectory-decoupled sampling
encourages the encoder f, to assign a consistent latent to each system instance; when this empirical
map is approximately injective and smooth, the observed latent space C behaves as a smooth image of
the factor manifold P.

S3.4 Connections to identifiability theory in latent-variable models

NOD'’s recovery of per-instance factors from heterogeneous trajectories sits adjacent to several lines of
identifiability theory in latent-variable models. The comparison clarifies what NOD assumes and does
not assume, and why TDS is the natural training objective in this regime.
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Nonlinear ICA with auxiliary variables. Khemakhem et al. [9] establish that nonlinear ICA
is identifiable up to component-wise transformations when the latents z are conditionally distributed
given an observed auxiliary variable v and p(z | u) lies in a sufficiently rich exponential family; the
auxiliary u breaks the rotational symmetry that otherwise renders nonlinear ICA non-identifiable.
NOD’s instance grouping (knowing which trajectories belong to the same system instance) supplies
exactly such an auxiliary: each grouping label u; indexes a distinct conditional p(z | u;), and p(z | u;) #
p(z | u;) whenever the underlying factors differ (p; # p;). The formal subtlety is that this conditional
is degenerate (a point mass at the deterministic factor p;) rather than a continuous parametric family.
NOD therefore lies in the limit where Khemakhem’s auxiliary-variable identifiability degenerates to
deterministic-factor identifiability, with the symmetry-breaking role preserved and the identification
enforced through TDS rather than through likelihood maximisation over a parametric conditional.

Disentanglement under weak supervision. Locatello et al. [10] prove that fully unsupervised
disentanglement is non-identifiable: for any generative model, an alternative model with entangled
latents is observationally equivalent. NOD escapes this negative result because instance grouping
provides weak supervision. The closer reference is Locatello et al. [11]: under pair sampling where
two observations share K of d generative factors, the latent is identifiable up to component-wise
reparametrization. NOD’s TDS instantiates this with K = d (the conditioning and supervision trajec-
tories share all factors, only initial conditions differ), the maximally-shared case, giving identifiability
up to permutation and sign of the latent coordinates without further structural assumptions.

Temporal structure as auxiliary. Hyvérinen et al. [12] use the time index as an auxiliary variable
for nonlinear ICA: segments at different time points have different conditional distributions over the
latents, and the resulting contrast identifies them. Klindt et al. [13] extend this to nonlinear disen-
tanglement of natural data via temporal sparse coding. NOD’s TDS uses the same kind of structural
index to break symmetry but swaps the contrast axis from time-segment to instance: the auxiliary
indexes which system instance generated the trajectory, not which time window within one trajectory.
The resulting latent identifies the per-instance factor rather than the per-segment temporal mode, and
the contrast is across the instance ensemble rather than within a single trajectory.

What NODnet adds beyond these. Existing identifiability results constrain the latent represen-
tation but assume the latent dimension d is given. NODnet’s minimal conditioning principle adds
dimension identification: d* is gauged from data as the smallest value at which prediction loss sat-
urates. The recovered d* matches the number of physically independent governing factors in every
case (Table S1), giving an identifiability claim that is both factor-wise (latent coordinates correspond
to factors) and dimension-wise (the number of recovered factors is correct). The decoder side is also
distinct: gp is a full neural operator advancing states under continuous-time dynamics, not a static
generative model, so identification is enforced through forward dynamical consistency rather than re-
construction of static observations. The identifiability claim NODnet supports is therefore: under
instance grouping (auxiliary in the Khemakhem sense, weak supervision in the Locatello [11] sense),
TDS pairing with K = d shared factors, and dimension gauging at d*, the recovered latent is unique
up to permutation, sign, and component-wise reparametrization, with the dimension of the recovered
representation matching the dimension of the governing factor space.

From extrapolation to extrapolation range. Identifiability ensures the latent-factor map is
unique on the training support; it does not specify how far the map remains valid beyond the training
hull. NODnet’s case studies exhibit useful extrapolation in every instance (Burgers’ crosses the inviscid
singularity v=0, CFW generalizes outside the trained Reynolds-number range, FN-RD generalizes to
factor pairs outside the training (k, ) box). Characterizing the radius of stability of the diffeomor-
phism, the maximum factor distance from the training hull at which one-shot or zero-shot inference
still recovers the correct dynamics, is one step beyond identifiability and is not formally addressed here.
Empirically, generalization fails when the test factor leaves the smooth latent-factor manifold (e.g. at
bifurcation thresholds or topology changes in the dynamics); a formal theory linking the recovered
Jacobian condition number and the loss landscape’s local curvature to the resulting stability radius
would close this gap.
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S3.5 Foundation-model surrogates: scope of comparison

Foundation-model-style surrogates [14, 15, 16, 17] predict the next state from a long window of past
states, with the conditioning produced inside a single forward pass through a large transformer-class
decoder. Two independent design axes contribute to their reported accuracy: (i) the conditioning
structure, an unstructured past-state window with no per-instance latent, and (ii) the decoder capacity,
a foundation-scale backbone trained across many system families.

A direct head-to-head between NODnet and a full foundation surrogate (MPP, DPOT, ViCon,
Multi-Physics Pretraining) would conflate these two axes: a larger decoder typically wins regardless
of conditioning structure, so a side-by-side test would not isolate the contribution of the minimal
conditioning principle. We therefore use ANO* as the controlled foundation-style baseline at matched
per-case decoder capacity, with the conditioning channel replaced by the same window-of-past-states
structure that foundation surrogates use (given history, predict next). The ablation between NODnet
and ANOYV thereby measures the conditioning-structure effect with decoder capacity held constant;
the comparison against PNOT (true factors as input) and SNO (d=0, no encoder) on the same axis
completes the conditioning sweep from oracle to absent.

NODnet’s encoder—decoder split is itself architecture-agnostic: the foundation-scale decoders cited
above could be substituted for the per-case backbone in gy, with the minimal conditioning channel
preserved between fy and gg (a foundation-scale gg with a d*-dim latent on the side). Such a hybrid
is a natural extension complementary to foundation-scale training, not a competitor. The principle
prescribes how the conditioning channel is structured, not how the decoder is scaled; holding decoder
capacity fixed in the present comparison ensures that the gap between NODnet and ANO* is the
conditioning-structure effect rather than a backbone-scale effect.

S3.6 Comparison with symbolic regression

Symbolic regression (SR) and NODnet address overlapping problems but sit at different points on the
expressivity—interpretability frontier; the comparison clarifies when each is the appropriate tool.

What each method returns. SR returns a closed-form symbolic equation, typically a sparse com-
bination of hand-designed primitives such as polynomials, partial derivatives, and trigonometric func-
tions [18, 19, 20]. NODnet returns a learned operator pair (fy,gg) together with a d*-dimensional
latent space empirically diffeomorphic to the per-instance factor space; the form of the underlying law
is not recovered.

Scope of dynamics. SR’s expressivity is bounded by its primitive library. Systems whose governing
equations involve primitives outside the library, or whose effective dynamics are not sparsely repre-
sentable, fall outside SR’s reach. The cylinder-flow wake on an unstructured 32k-node mesh is one such
regime: the spatial discretization, the boundary geometry, and the multi-scale wake structure jointly
resist sparse symbolic representation. NODnet’s neural-operator decoder has no analogous bound and
recovers a usable surrogate in this regime (main-text Fig. 3, Table 1). The same scope distinction
applies to experimentally observed systems where the underlying physics is itself partially unknown:
NODnet requires only trajectories.

Family recovery. Modern SR variants extend the original sparse-regression framework to families
with varying coefficients, e.g. parametric SINDy [21]. When the parametric dependence is itself sparse
and library-expressible, these variants recover the family. NODnet recovers operator and per-instance
factor jointly in one training run, without requiring the parametric form to be analytically clean; the
gauged d* identifies the correct number of factors directly from data.

Inference cost. A symbolic equation must be numerically integrated to make predictions, with
cost set by the discretization required for the recovered equation (CFL-bounded At, fine spatial grids,
stiffness-dependent solver choice). For 1D PDEs this is modest (milliseconds to seconds per trajectory);
for 2D PDEs the cost reaches seconds to minutes on CPU; 3D pushes higher. NODnet inference is a
forward pass of gg rolled forward from an initial state, costing milliseconds on GPU for the cases here.
The practical speedup ranges from ~102x for 1D systems to ~10%-10°x for 2D problems with fine
resolution.
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What SR offers that NODnet does not. A recovered closed-form law generalises beyond the
training distribution to arbitrary initial and boundary conditions, composes naturally with other equa-
tions in multi-physics settings, and provides physical insight from the equation form itself. NODnet
generalises only as far as its training distribution and the diffeomorphism extends, and its interpretabil-
ity is at the factor-structure level rather than equation-structure level.

When to pick which. SR is appropriate when the dynamics are within library expressivity, a
closed-form law is the deliverable, and the inference budget tolerates numerical integration. NODnet
is appropriate when the dynamics are too complex for library expressivity (e.g. the cylinder wake),
only trajectory data is available (experimental settings), or inference must be fast. The two are
complementary rather than substitutes.

S3.7 Structural slack: cross-case synthesis

The minimal conditioning principle predicts that test error worsens above d* because the encoder’s
spare dimensions absorb initial-condition-specific signal that the decoder then propagates as drift
through the rollout. The three case studies provide complementary evidence of this structural-slack
mechanism, with the strength of the signal modulated by data availability and augmentation.

Burgers’ (S2.1). Seed-mean Train MSE rises from 1.01 at d=1 to 1.42 at d=2 (Table S3), and the
50-step rollout error rises from ~ 17.6% at d=1 to ~ 21.7% at d=2 on ID, with d=2 the worst plateau
dimension. The encoder’s extra dimensions absorb shock-front micro-variation that does not depend
on the governing factor v, and the autoregressive loss amplifies this absorption. The d=3, 4 rows return
closer to the d=1 envelope because at higher dimensions the slack scatters across multiple axes rather
than concentrating in one, an effect also seen on CFW (next paragraph).

Cylinder flow wake (S2.2). The clearest geometric demonstration. PCA on the trained d=2
encoder’s per-system mean latents returns variance ratios (0.739,0.261): the second axis is populated,
not empty (Fig. S8), and what populates it is within-system conditioning-window variability rather
than v. The non-monotonic d>1 test error in Table S5 is the rollout consequence: d=2 is worst because
the slack is concentrated in one axis; d=3,4 partially recover by spreading the slack across multiple
axes (PC3 contribution 0.083, PC2 dropping from 0.261 to 0.231).

FN-RD (S2.3). The 50-step interpolation column shows a soft surge at d=4: seed-means 4.46 —
3.05 — 2.50 — 3.15 as d grows from 1 to 4, with Train MSE worsening from 4.74 at d=3 to 5.06 at
d=4. The surge is delayed by one step relative to Burgers’ and smaller in magnitude because the 10x
O(2) data augmentation acts as an additional regularizer, suppressing the slack effect within d<3 and
partially absorbing it at d=4.

The d=0 anchor. At long horizons in the cylinder wake the d=0 baseline (no encoder, no slack to
fill) is competitive with the entire d>1 curve (Table S5, H=50 on OOD: d=0=34.5%, d=2=38.3%,
d=3=34.5%, d=4=33.0%, all within seed envelope of one another and of d*=1 at 31.0%). “No encoder”
is therefore not strictly dominated by “encoder with slack”, direct empirical evidence that slack rather
than absent factor information is the dominant source of d>d* rollout error: once the rollout has time
to amplify the IC absorption, the bottleneck-free baseline catches up because it lacks the slack channel
that drives drift.

S3.8 Applying NODnet to a new dataset

This subsection condenses the workflow for applying NODnet to a new heterogeneous-trajectory
dataset, drawing on the seven reported cases.

Data. Organise as D = {7;;} with ¢ indexing the system instance and j indexing trajectories within
an instance. NODnet requires (i) at least two trajectories per instance under distinct initial conditions
(for trajectory-decoupled sampling), and (ii) trajectories long enough that a conditioning window
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Xq.¢ captures factor-bearing dynamics. The instance grouping is the only supervision NODnet uses;
per-instance factor labels are not required at any stage.

Backbone selection. Choose fs and go to match the observation structure: CNN/U-CNN for
regular grids, Point Transformer for irregular meshes, recurrent (LSTM/GRU) for time series, FNO
for resolution-agnostic recovery, Neural ODE for differential decoders. Table S1 maps observation
structure to backbone choice across the seven reported cases. The principle is architecture-agnostic;
matching the backbone to the data is an engineering choice.

Dimension gauging. Sweep d € {0,1,...,dnax} With dmax a few above the suspected factor count,
training each d over > 3 independent seeds under identical settings (same encoder for d>1, same
decoder, same loss, same epoch budget); the d=0 run drops the encoder, recovering the SNO baseline.
Apply the two-stage rule (Methods). Stage 1. On a long-horizon training-side gauge — Train MSE
for autoregressive cases, Train H=50 Lo relative error for cases where short-horizon Train MSE is
overfit by the encoder-free baseline (CFW) — identify the smallest d at which the next-step relative
change falls within the across-seed envelope, and admit it together with the next dimension as the
candidate set. Stage 2. Inspect PCA variance ratios on per-instance latent means at the candidate
dimensions: select the smallest d* whose d+1 run either populates a spurious slack axis or collapses
to a d*-dimensional submanifold. Sections S2.1, S2.2, S2.3 give worked examples. Three seeds per d
sufficed across all reported cases, and the runs are independent so they parallelise across GPUs.

Trajectory-decoupled sampling. At each training step, sample the conditioning trajectory xg.;
from one initial condition of instance ¢ and the supervision trajectory x(., from a different initial
condition of the same instance. TDS integrates as a sampler choice in the data loader and adds no
extra forward passes; the ablation in S3.1 shows 2-3x faster convergence and lower test error than
naive single-trajectory sampling.

Diagnostics after training at d*. Three checks confirm the principle has taken effect: (i) per-
instance latent means ¢; versus a factor proxy should form a smooth, monotonic curve (the empirical
diffeomorphism signature, Figs. S7, S10); (ii) PCA on the per-instance latents should return rank
matching d* to numerical noise, with a non-empty principal component beyond d* signalling structural
slack; (iii) one-shot inference on held-out instances should yield a latent consistent with the manifold
geometry.

Failure modes. (i) Encoder collapse: the latent maps all instances to the same value. Causes include
short conditioning windows, supervision-geometry mismatch (Burgers’ NODnet-AR is the canonical
case, Section S2.1), or insufficient instance diversity; diagnose by plotting per-instance latents; remedy
by lengthening the conditioning window, adopting a full-field decoder, or adding instance diversity. (ii)
Latent degeneration with sparse instances: with very few instances (< 16), prediction loss alone may not
separate the latents enough; add a manifold regularizer (the supervised-contrastive loss in S2.2 CFW
handles 16 instances). (iii) Discrete or topologically nontrivial factor spaces: NODnet’s diffeomorphism
premise assumes continuous factor variation; bifurcating regimes and topology-changing dynamics lie
outside the present scope.
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