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 11 

ABSTRACT. Generally, two causes are considered to be behind the phenomenon of secondary 12 

consolidation: the presence of micropores and the viscosity of the adsorbed water layer. In this 13 

research, Poiseuille�s equation is used to establish the velocity of the flow of water during 14 

consolidation as a function of both the size of the pore and the viscosity of the fluid. In addition, a 15 

porous model based on the pore size distribution is used to analyze the water flow through the 16 

pores of soils. Using this approach, the proportion of flow occurring through large and small pores 17 

can be established. It is found that the flow of water through the macropores generates primary 18 

consolidation while secondary consolidation appears during the flow of water through the 19 

micropores. In contrast, the effect of the viscosity of water is rather marginal. With this approach, 20 

it is possible to evaluate both primary and secondary consolidation from the pore size distribution 21 

of the soil. Some comparisons between experimental and numerical results show the adequacy of 22 
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this approach. This procedure avoids the necessity of long-term consolidation tests to determine 23 

the total settlement of structures built on clayey soils. 24 

 25 

Keywords: primary and secondary consolidation, Poiseuille equation, porous model, soil-water 26 

retention curves, pore size distribution. 27 

 28 

1. INTRODUCTION 29 

The phenomenon of secondary consolidation has been largely studied since the last century but still, 30 

there is no general agreement on its origin. The two main causes attributed to this phenomenon are 31 

the increase in viscosity of the adsorbed water layers and the presence of micropores. These two 32 

main hypotheses have been explored by different authors. In some cases, rheological models with 33 

dashpot elastic and plastic elements have been employed (Merchant [22]; Lo [18]; Wahls [30]; 34 

Christie [10]; Wu et al. [31]; Martins and Lacerda [21], among others).  In other cases, exponential 35 

equations as function of time have been used (Bjerrum [6]; Hansen [16]). Also, variable permeability 36 

(Mesri [23]) or different permeabilities for the macro and microstructure in Terzaghi�s consolidation 37 

equation have been explored (Figueroa [13]; Liu and Borja [17]). Some of these models result in 38 

curves with two steps: one for primary and the other for secondary consolidation. Other approaches 39 

result in a single step with secondary consolidation occurring at large times. Tests performed by 40 

Martins [20] on a mixture of 90% kaolin and 10% Bentonite show two steps (Fig. 1). The first one for 41 

primary consolidation ends at about 20 minutes. The second, for secondary consolidation, 42 

practically ends after 23 months. Similar results were reported on an organic clay in a five-year test 43 

by Andrade [3]. The end of primary consolidation was reached at about 20 minutes while the 44 
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secondary consolidation approximately ended after 3.9 years. Similar results were obtained by 45 

Cosenza y Korosak [8] on clay from Cubzac-Les-Ponts and by Berre and Iversen [5] on marine clay 46 

with 45% clay.  47 

 48 

 49 

 50 

Fig. 1 Consolidation tests at different stresses after Martins (1992) 51 

 52 

Among the most remarkable analyses are those performed by de Josselin de Jong [11], Figueroa 53 

[13], and Liu and Borja [17]. De Josselin de Jong [11] proposed a probabilistic porous model formed 54 

by cavities and bonds or channels of different sizes where the smaller pores retarded the flow of 55 

water. This author observed that the results of this approach are essentially similar to those 56 

obtained with rheological models. A similar porous model as the one proposed by de Josselin de 57 

Jong is employed in this paper.  58 

 59 
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The procedure followed by Figueroa [13] considers a bimodal structure of the soil. The 60 

microstructure is formed by a group of aggregates with small pores and low permeability.  These 61 

aggregates are embedded in the macrostructure formed by larger particles with high permeability. 62 

Then two different values for the coefficient of consolidation are considered, one for the 63 

microstructure (𝐶௩௠) and other for the macrostructure (𝐶௩ெ). In addition, the proportion between 64 

the volume of the microstructure ( ௠ܸ) with respect to the total volume of the soil ( ்ܸ = ெܸ + ௠ܸ), 65 

where ெܸ represents the volume of the macrostructure, is included. The results are presented as a 66 

set of master curves plotted in the axes of the degree of consolidation versus the logarithm of time 67 

(Fig. 2). These curves depend on two parameters: ߙு = ௠ܶ ெܶ⁄ , representing the ratio of the time 68 

factors of the micro ( ௠ܶ = 𝐶௩௠ ݐ ⁄2∗ܪ ) and macrostructure ( ெܶ = 𝐶௩ெ ݐ ⁄2∗ܪ ); and ݎ = ௠ܸ ்ܸ⁄ , 69 

representing the proportion of the volume of the microstructure with respect to the total volume 70 

of the soil. The main disadvantage of this method is that the parameters of the model can only be 71 

obtained by comparing the experimental results with the master curves. Therefore, only by 72 

performing long-term consolidation tests, these parameters can be obtained. This represents an 73 

important drawback to the practical applicability of this method.  74 

 75 
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 76 

Fig. 2 Master curves for different values of parameter ߙு and 0.25 = ݎ (after Figueroa 1996) 77 

 78 

Liu and Borja [17] evaluated three possible causes of secondary consolidation either individually or 79 

combined: viscoplastic behavior of the sample where a certain viscosity parameter for the soil is 80 

considered; the flow of water through macro and micropores where two different permeabilities 81 

are considered; and delayed compression due to creep as proposed by Bjerrum [6]. The first two 82 

solutions result in finite deformations for the secondary consolidation. The second solution is similar 83 

to the analysis made by Figueroa [13] and the resulting curves are also similar. The third solution 84 

results in undefined deformations for secondary consolidation similar to Bjerrum�s solution which 85 

considers a constant deformation rate with time.  86 

 87 

Regarding the results obtained from the models proposed by the different authors listed above, the 88 

doubt still subsists on which is the main cause of secondary consolidation. By adopting Poiseuille�s 89 

equation for the flow of water in fine soils, it is possible to analyze the influence of both the size of 90 

0

0.2

0.4

0.6

0.8

1

0.00 0.01 1.00 100.00 10000.00D
e

g
re

e
 o

f 
co

n
so

li
d

a
ti

o
n

 

Time (h)

1 0.1 0.01 0.0001 0.000001aH



6 

 

 

 

 

pores and the viscosity of the fluid during the phenomenon of consolidation. In addition, it is known 91 

that when soil deforms only the macropores reduce their size while the micropores remain about 92 

the same size (Simms and Yanful [27]; Yu et al. [33]). This means that the evolution of the 93 

porosimetry during loading is another factor that needs to be considered during the phenomenon 94 

of consolidation (Crawford [9]; Alexandre and Martins [1]). 95 

 96 

The influence of the viscosity of water can be observed from the experimental results reported by 97 

Low [19]. This researcher measured the viscosity of water using three different methods with similar 98 

results (Fig.3). These methods involved the viscous flow, self-diffusion, and neutron scattering of 99 

the interlayer water. The results show that the viscosity of water for the first molecule attached to 100 

a solid increases more than 10 times the viscosity of free water. For the second to the fourth 101 

molecule, the increase is from 10 to 3 times the viscosity of free water (dotted vertical lines in Fig. 102 

3). Considering that a pore is filled only by adsorbed water, a size of pore ranging from 0.0011 to 103 

0.0022 m is required to mobilize the second and fourth molecules of water, respectively. This 104 

means that both variables viscosity and small pores could be behind the phenomenon of secondary 105 

consolidation.  106 

  107 

 108 

 109 
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 110 

Fig. 3 Variation of the viscosity of water with the distance to the solid particle (after Low 1979) 111 

2. CONSOLIDATION EQUATION 112 

 113 

Terzaghi�s one-dimensional consolidation analysis results in a hydromechanical coupled equation 114 

for saturated materials during non-steady water flow. This equation is obtained by coupling three 115 

different equations: Terzaghi�s effective stress equation, Darcy´s flow equation, and the equation 116 

for one-dimensional settlement. Terzaghi considers two assumptions for the phenomenon of 117 

consolidation: the first one establishes that solids and water are incompressible and the second one 118 

is that only the solid skeleton deforms under the action of applied stresses. In this way, the 119 

volumetric deformation of the soil results from the volume of water that flows outside the sample. 120 

In turn, the flow of water is produced by the increase in water pressure during the loading of the 121 

sample. When the resultant equation is solved through Fourier�s series, the evolution of the water 122 

pressure (ݑ௪) with time (ݐ) and depth (ݖ) can be obtained in the form 123 

 124 
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௪ݑ = Δߪ௩ ∑ [2௔ ݁−௔2಴ೡ ೟ಹ∗2 sin (ܽ  ௭ு∗)]∞௡=0     (1) 125 

 126 

where Δߪ௩ represents the vertical increment of stress applied to the sample, 𝐶௩ is the coefficient of 127 

consolidation, ܪ∗ is the equivalent height which depends on the drainage conditions of the sample, 128 

and ܽ = (2݊ + ߨ(1 2⁄ , with ݊ representing the summation parameter in Eq. (1). In practice, this 129 

equation is applied only for primary consolidation. In such a case, the consolidation curve is divided 130 

into primary and secondary consolidation. At the time where 50% percent of primary consolidation 131 

occurs (50ݐ), the coefficient of consolidation (𝐶௩ = 2∗ܪ 5ܶ0 ⁄50ݐ ) is computed and the evolution of 132 

vertical displacements with time can be obtained. This procedure ensures that the computed 133 

displacements approach the experimental results. In the following sections, the same hypotheses 134 

as Terzaghi´s one-dimensional consolidation equation are assumed. 135 

 136 

3. FLOW OF WATER IN FINE SOILS 137 

 138 

In the case of fine soils, the flow of water is better represented by Poiseuille�s regime. In such a case, 139 

the pores of the soil are initially considered as a bundle of capillary tubes of different sizes. Later 140 

this model is extended to the case of a network of interconnected pores made of cavities and bonds. 141 

For this analysis, the soil is considered to be homogenous. Fig. 4 represents the pore water pressure 142 

against the height of a soil sample subjected to consolidation with drainage on the upper face. The 143 

sample is split in small sections of thickness ݀ݖ as shown in Fig. 4. Initially, it is considered that the 144 

pores of the soil can be represented by capillary tubes of different sizes. Considering a capillary tube 145 
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of size ܴ௜ and length ݀ݖ inside this section, the flow rate is ݍ௜ and ݍ௜ +
డ௤೔డ௭  in the lower and upper 146 ݖ݀

ends of the capillary tube. Knowing that the flow rate in capillary tubes is given by Poiseuille 147 

equation ݅ݍ =
ߤ8ݓߛ ߨ  ݅∗ ܴ݅4 where, ݓߛ represents the unit weight of water, ߤ is the viscosity of water, 148 

݅∗ and ܴ௜ represent the hydraulic gradient and the radius of the capillary tube, respectively.  149 

 150 

 151 

 152 

 153 

 154 

 155 

 156 

 157 

Fig. 4 Pore water pressure profile during a consolidation process 158 

 159 

According to Fig. 4, the hydraulic gradient is given by ݅∗ =
డ௨ೢఊೢ డ௭. Then the balance of flow can be 160 

written as 
ݖ߲݅ݍ߲ ݖ݀ = ݖ߲߲ ߤ48ܴ݅ ݓߛ ߨ)  

(ݖ߲ ݓߛݓݑ߲ ݖ݀  = ߤ48ܴ݅ ߨ 2ݖ߲ݓݑ2߲  ௜ in a 161ݍ݀ therefore, the variation of flow ,ݖ݀ 

capillary tube during non-steady flow is  162 

 163 

௜ݍ݀ =
గோ೔48ఓ డ2௨ೢడ௭2  164 (2)      ݖ݀

 165 
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The term ܴߨ௜2 represents the cross section (ܣ஻௜) of the tube. Then the volume of drained water 166 

through the capillary is 167 

   168 

݀ ௪ܸ௜ =  
஺ಳ೔ோ೔28ఓ డ2௨ೢడ௭2  169 (3)    ݐ݀ ݖ݀

 170 

For a bundle of ݆ capillary tubes of different radii, the volume of drained water (݀ ௪ܸ௭) in a section 171 

with thickness ݀ݖ is 172 

 173 

݀ ௪ܸ௭ = ∑  ேಳ೔ ஺ಳ೔ ோ೔28ఓ డ2௨ೢడ௭2௝௜=1  174 (4)    ݐ݀ ݖ݀

 175 

where  ஻ܰ௜  represents the number of capillary tubes of size ܴ௜. Real soils show a very large variation 176 

in pore sizes then, the above equation can be written as 177 

 178 

݀ ௪ܸ௭ = ∑ ஺ೡ ௗ௭8ఓ ோ஻௜ܣ   ܴ௜  2 డ2௨ೢడ௭2∞ோ೔=0  179 (5)    ݐ݀ 

 180 

where ܣ௩ is the area of voids in a cross-section of the sample and ܣோ஻௜ =
 ேಳ೔ ஺ಳ೔஺ೡ  is a parameter 181 

representing the relative area of all pores of size ܴ௜ with respect to the total area of voids in a cross-182 

section of a homogeneous sample.  183 

 184 
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Eq. (5) holds for water flowing through straight paths however, in real soils the flow of water 185 

towards the boundaries follows twisting paths which reduce the velocity of flow. These paths are 186 

formed by pores of different radii going from the draining pores to the boundaries. This 187 

phenomenon is called tortuosity and can be included in the above equation using the porous model 188 

presented in the next section.  189 

 190 

4. THE POROUS MODEL 191 

 192 

The flow of water in porous media can be studied through porous models (Fatt [12], Chatzis and 193 

Dullien [7]). These models intend to reproduce the porous structure of different materials. In 194 

general, these models are represented by a series of interconnected pores. The pores are formed 195 

by two different elements: the cavities (or sites) and the bonds (or connectors). The cavities are 196 

those pores that contain most of the void volume of the porous media while the bonds connect the 197 

cavities and contain a very small volume. Because several bonds converge in a single cavity, the 198 

radius of the former are always smaller than those of cavities. Fig. 5 represents the arrangement of 199 

cavities and bonds for a bi-dimensional regular model. In this case, the cavities are represented by 200 

circles while rectangles represent the bonds. Each cavity is connected to four bonds and therefore, 201 

this number represents the connectivity (C) of the network. In the case of a regular three-202 

dimensional model, the connectivity is six. In this case, cavities are represented by spheres while 203 

bonds are represented by cylinders. In general, the bonds show a minimal length compared with 204 

their radius, and therefore the network is highly irregular similar to real soils. Also, a variable 205 

connectivity can be used to generate more realistic models. In such a case it is sufficient to consider 206 
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a certain percentage of bonds of size zero. Although these types of models represent the structure 207 

of porous materials in a simplified manner, they have enough precision to study different aspects 208 

of the flow of fluids in porous media (Chatzis and Dullien [7], Rojas et al. [25]).  209 

 210 

Porosimetry tests indicate that most soils show a bimodal structure meaning that they have a 211 

macrostructure and a microstructure (Simms and Yanful [27], [29], Yang et al. [32]). The 212 

macrostructure is formed by large cavities (macrocavities) and large bonds (macrobonds) while the 213 

microstructure is usually formed by aggregates with small cavities (microcavities) and small bonds 214 

(microbonds). The distribution of pores sizes can be represented through logarithmic normal 215 

distributions for both cavities and bonds. In the case of soils showing a bimodal structure, four 216 

logarithmic normal distributions are required as they include cavities and bonds for the macro and 217 

microstructure as represented in Fig. 6(a). This figure shows the PSD of a Montmorillonite clay 218 

(Fleureau et al. [14]) on a plane formed by the axes of relative volume versus the logarithm of pore 219 

radius.  220 

 221 
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 222 

Fig. 5 The porous model  223 

 224 

Normal distributions only require two parameters to be defined: the mean value and the standard 225 

deviation. However, for double-structured soils, an additional parameter called relative volume 226 

factor (ߩ஽) is required. This parameter represents the proportion of larger pores with respect to the 227 

smaller ones. Therefore, this term only affects the pore size distribution (PSD) of macropores. 228 

Because there is a one-to-one relationship between the PSD and the soil-water retention curves 229 

(SWRCs), it is possible to simulate the last through a porous model as proposed by different authors 230 

Cavity

Bond
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such as Androutsopoulos [4], Simms and Yanful [28], Rostami et al. [26]. Fig. 6(b) shows the SWRCs 231 

obtained from the porous model proposed herein using the PSD presented in Fig. 6(a). Because the 232 

PSD of soils is not currently determined in the laboratory, it is possible to invert this process and 233 

obtain the PSD by fitting the experimental SWRCs using the porous model. This approach has 234 

important advantages as it is possible to establish the shift of the SSWRCs along the suction axis 235 

during loading by using the current PSD of the material. The current PSD can be determined by 236 

relating the relative volume factor of macropores to the plastic volumetric strain of the material as 237 

established by Rojas [24]. 238 

 239 
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 242 
(b) 243 

Fig. 6 (a) PSD and (b) SWRCs of a Montmorillonite clay 244 

 245 

Because water flows easily through the largest pores, then the bonds are the elements that restrict 246 

the flow of water in soils. In addition, when an increment of stress is applied to a soil sample, only 247 

the macropores deform, reducing their size while the micropores remain mostly unaffected (Simms 248 

and Yanful [27], Yang et al. [32]). Therefore, when saturated soils are subjected to an increment in 249 

stress, the macrocavities deform and drain water through the bonds connected to these cavities. 250 

Then, other interconnected pores take this water to the boundaries. When solely continuous paths 251 

of small bonds participate in this process, slow flow occurs. In contrast, when continuous paths of 252 

large bonds take the flow of water to the boundaries, fast flow occurs. Therefore, the probability 253 

that flow occurs through paths formed by large or small bonds is a fundamental parameter to 254 

determine the volume of fast and slow flow. 255 

 256 

Consider a cylindrical homogenous soil sample with a porous structure made of interconnected 257 

pores of different sizes. The velocity of flow depends on the size of interconnected bonds in different 258 
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directions. It is possible to determine the probability that continuous paths of small or large bonds 259 

transport water to the boundaries by making use of the porous model. This probability of flow can 260 

be established through the parameter ܤ∗(ܴ௜) which represents the probability of a bond being 261 

smaller or equal to the size ܴ௜. For a single distribution, this value is given by the relationship 262 

(௜ܴ)∗ܤ 263  = ∫ ஻݂(ܴ௜) ܴ݀ோ೔0       (6) 264 

 265 

where ஻݂(ܴ௜) represents the frequency of bonds of size ܴ௜ in a logarithmic normal distribution as 266 

represented in Fig. 6(a). The function ஻݂(ܴ௜) is defined as 267 

 268 

஻݂(ܴ௜) =  
௘− (ಽೃ೔−ಽೃ̅ಳ)22ಽೄಳ2√2గ ௅ೄಳ      (7) 269 

 270 

where ܮோ௜, ܮோ̅஻, and ܮௌ஻ represent the logarithm of the radius of a bond of size ܴ௜, the logarithm of 271 

the mean radius of bonds ܴ̅஻, and the logarithm of the standard deviation, respectively. The above 272 

definition ensures that ∫ ஻݂(ܴ௜)
∞0  ܴ݀ = 1. This means that the probability of finding pores of size 273 ܴ௜ in a network for single-structured soils is 274 

 275 

(௜ܴ)∗ܤ݀  =  ஻݂(ܴ௜) ܴ݀     (8)  276 

 277 
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As stated before, for the case of double-structured soils two logarithmic normal distributions are 278 

required, one for the macro and another for the microstructure. These distributions are linked to 279 

the PSD of the material where the relative volumes for the macro and microstructure can be 280 

observed as shown in Fig 6(a). In such a case, the probability of finding a bond of size ܴ௜ in the 281 

network is  282 

(௜ܴ)ܤ݀ 283  =
దವ ௙ಳ(ோ೔) ௗோ஻′(ோ೘)+஻′(ோಾ)

     (9) 284 

 285 

where ߷஽ is the relative volume factor, and subindex ܦ represents either the macro (ܯ) or the 286 

microstructure (݉) of soil. For the microstructure ߷௠ = 1, while for the macrostructure ߷ெ ≠ 1. 287 

additionally, ܤ′(ܴெ) and ܤ′(ܴ௠) represent the single distributions of the macro and microbonds 288 

affected by the relative volume factor ߷஽ which, according to Eq. (6), can represented by the 289 

relationship 290 

(஽ܴ)′ܤ 291  = ߷஽ ∫  ஻݂(ܴ௜) ܴ݀ோ೑ோ೔=ோ೙     (10) 292 

 293 

where ܴ௡ and ௙ܴ represent the initial and final radius for each distribution. For the microstructure 294 ܴ௡ = 0, and ௙ܴ = ܴ௠௖, while for the macrostructure ܴ௡ = ܴ௠௖+1, and ௙ܴ = ∞, where ܴ௠௖ 295 

represents the maximum size of microbonds as shown in Fig. 6(a). Then, the distributions for the 296 

micro (ܤ(ܴ௠)) and macrobonds (ܤ(ܴெ)) are obtained by integrating Eq. (9) between the 297 

corresponding limits of each distribution, in the form 298 
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(஽ܴ)ܤ 299  = ∫ (௜ܴ)ܤ݀
ோ೑ோ೙ = ∫ దವ ௙ಳ(ோ೔) ௗோ஻′(ோ೘)+஻′(ோಾ)

ோ೑ோ೙    (11) 300 

  301 

The above equation ensures that ܤ(ܴ௠) + (ெܴ)ܤ = 1. These equations are used in the following 302 

section to determine the probability of finding paths for fast and slow flow. 303 

 304 

5. CONSOLIDATION EQUATION FOR FINE SOILS 305 

 306 

As stated before, during the compression of a saturated soil, water flows through continuous paths 307 

of interconnected pores that link the contracting cavities to the boundaries of the sample. When 308 

bimodal structured soils are considered, water flows at different velocities depending on the size of 309 

the pores involved. If the flow of water happens through macrobonds then, fast flow occurs. On the 310 

contrary, slow flow occurs when it happens through microbonds. The probability that bonds 311 

participate in slow or fast flow depends on the PSD of the soil, and specifically depends on the 312 

probability of finding continuous paths formed by slow or fast flow basic units as sketched in Fig. 7. 313 

For the case of two-dimensional networks, the basic unit for slow flow or secondary consolidation 314 

is made of one cavity connected to four microbonds as shown in Fig. 7(a). This arrangement ensures 315 

that the flow of water necessarily occurs through microbonds. In addition, the basic unit for fast 316 

flow or primary consolidation is formed by one cavity connected to at least one macrobond as 317 

shown in Fig. 7(b). In this case, most of the flow occurs through the macrobonds.  318 

 319 
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 320 

 321 

 322 

 323 

        (a)        (b) 324 

Fig. 7 Basic units for a) fast and b) slow flow 325 

 326 

The conditions for a microbond of size ܴ௜ (0 < ܴ௜ ≤ ܴ௠௖) to participate in continuous paths of slow 327 

flow units that reach the boundaries of the soil sample are: a) at least two bonds have the specific 328 

size ܴ௜. This condition ensures that water flows in and out of the cavity through a bond of size ܴ௜; 329 

and b) all remainder pores converging to the cavity have a size equal or smaller than ܴ௜. This last 330 

condition ensures that the flow of water occurs predominantly trough pores of size ܴ௜. The first 331 

condition is represented by the term ݀ܤ(ܴ௜)2 as establish by Eq. (9). The second condition is 332 

represented by the term ܤ(ܴ௜)஼−2, where ܤ(ܴ௜) is represented by the integral of Eq. (9), in the 333 

form ܤ(ܴ௜) = ∫ (௜ܴ)ܤ݀
ோ೔0 = ∫ దವ ௙ಳ(ோ೔) ௗோ஻′(ோ೘)+஻′(ோಾ)

ோ೔0 . Therefore, the probability that microbonds of size 334 

ܴ௜ participate in the process of secondary consolidation ( ௠ܲ(ܴ௜) is represented by the product of 335 

the two above conditions, as they must occur simultaneously  336 

 337 

௠ܲ(ܴ௜) =  2                 (12) 338(௜ܴ)ܤ஼−2݀(௜ܴ)ܤ

 339 

Then, the probability to find continuous paths of microbonds of any size is ௠ܲ௖ =340 ∫ ∫ (௜ܴ)ܤ஼−2݀(௜ܴ)ܤ 
ோ೘0 (௜ܴ)ܤ݀

ோ೘0 = is given by Eq. (11), with ܴ௡ (௠ܴ)ܤ ஼, where(௠ܴ)ܤ = 0, and 341 

௙ܴ = ܴ௠௖. Then, ௠ܲ௖ accounts for the tortuosity of flow during secondary consolidation. 342 

Macrobond 

 

Microbond                               

 

Macro or microbond    
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 343 

In addition, the condition for a bond of size ܴ௜ to participate in continuous paths of fast flow units 344 

(( ெܲ(ܴ௜)) is represented by any combination of bonds except that given by Eq. (12), and can be 345 

written as 346 

 347 

 ெܲ(ܴ௜) = (௜ܴ)ܤ஼−1݀(௜ܴ)ܤ − ௠ܲ(ܴ௜)    (13) 348 

 349 

with 0 < ܴ௜ < ∞. Then the tortuosity factor for primary consolidation is ெܲ௖ = ஼(∞ܴ)ܤ ஼(௠ܴ)ܤ 350− = 1 − (∞ܴ)ܤ ஼, where(௠ܴ)ܤ = ∫ (௜ܴ)ܤ݀
∞0 = 1. Observe that the addition of Eqs. (12) 351 

and (13) for the full range of bonds becomes one, meaning that all possible combinations of flow 352 

are covered with these two equations. Therefore, depending on the size of the analyzed bond, there 353 

is a certain probability that this bond participates in primary or secondary consolidation. This 354 

probability of flow dependent on the size of pores affects Eq. (5) because it is written precisely in 355 

terms of the size of the pore ܴ௜. Therefore, Eq. (5) transforms into 356 

 357 

݀ ௪ܸ௭ = ∑ ஺ೡ ௗ௭8ఓ ோ஻೔ܣ  [ ெܲ(ܴ௜) + ௠ܲ(ܴ௜)] ܴ௜2 డ2௨ೢ೔డ௭2∞ோ೔=0  358 (14)  ݐ݀ 

 359 

where the term ௠ܲ(ܴ௜) only applies in the range 0 < ܴ௜ ≤ ܴ௠, while ெܲ(ܴ௜) applies for the full 360 

range of bonds. The inclusion of these terms modifies the velocity of flow due to the phenomenon 361 

of tortuosity and depends on the size of the analyzed pore. 362 

 363 
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In addition, the term ܣோ஻೔  depends on the number of bonds ( ஻ܰ௜) of the specific size (ܴ௜) in a cross-364 

section of the sample. The value of ஻ܰ௜  can be obtained from the relationship 365 

 366 

஻ܰ௜ = ஻ܰ ஻݂(ܴ௜) Δܴ     (15) 367 

 368 

where ஻ܰ represents the total number of bonds and Δܴ is the increment in the size of pores used 369 

to divide the PSD into different sections as represented in Fig. 6(a). The number of bonds depends 370 

on the size and connectivity of the porous network. Moreover, in a cross-section of the sample, the 371 

area of voids (ܣ௩) is obtained from the addition of the area of all cavities and bonds of the section. 372 

This value is given by the term 373 

௩ܣ 374  = ∑ ( ஼ܰ௜ ܣ஼௜(ܴ௜) + ஻ܰ௜ ஻௜(ܴ௜))∞ோ೔=0ܣ      (16) 375 

 376 

where ܣ஼௜(ܴ௜) and ܣ஻௜(ܴ௜) represent the areas of a single cavity and bond of size ܴ௜, respectively, 377 

and ஼ܰ௜ is the number of cavities of size ܴ௜. Parameter ஼ܰ௜ is defined similarly as ஻ܰ௜  in Eq. (15) 378 

 379 

௖ܰ௜ = ஼ܰ  ஼݂(ܴ௜) Δܴ     (17) 380 

 381 

where ஼ܰ  represents the number of cavities in the network and ஼݂(ܴ௜) is the frequency of cavities 382 

of size ܴ௜. Parameter ஼݂(ܴ௜) is defined similarly as Eq. (7) using the logarithms of the mean size ܮோ̅஼  383 

and standard deviation ܮௌ஼  for cavities. Then, the relative area of bonds ܣோ஻௜  of size ܴ௜ with respect 384 

to the total area of voids can be written as  385 
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ோ஻௜ܣ 386  =
 ேಳ೔ ஺ಳ೔஺ೡ =

ேಳ೔ ஺ಳ೔(ோ೔)∑ [ே಴೔ ஺಴೔(ோ೔)+ேಳ೔ ஺ಳ೔(ோ೔)]∞ೃ೔=0    (18) 387 

 388 

When the dimension and the size of the network are defined, then it is possible to compute the 389 

number of cavities ஼ܰ  and bonds ஻ܰ to finally obtain the value of parameter ܣோ஻௜  which is used in 390 

Eq. (14) to quantify the volume of water that flows through a section during certain time. 391 

 392 

Furthermore, the variation in volume (݀ ௠ܸ௭) of a section of soil with thickness ݀ݖ produced by the 393 

drainage of water can be obtained from the equation for vertical deformation multiplied by the 394 

cross-section of the sample ܣ௠, in the form 395 

 396 ݀ ௠ܸ௭ = − ௔ೡ1+௘0  397 (19)    ݖ௠݀ܣ௪ݑ݀

 398 

where ܽ௩ represents the coefficient of compressibility of the soil. The disadvantage of the use of 399 

parameter ܽ௩ in the above equation is that its value depends on the current stress applied to the 400 

sample. However, it can be related to the elastoplastic compression index ߣ௘ which remains 401 

constant for stresses above the preconsolidation stress. Considering that the elastoplastic 402 

compression of soils can be represented by a straight line in a logarithmic plane formed by the axes 403 

of void ratio and vertical stress, the following relationship between the current vertical stress (ߪ௩) 404 

and void ratio (݁) can be written (Rojas [24]) 405 

 406 
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௘௘0 = ( ఙೡఙೡ0)ఒ೐
     (20) 407 

 408 

where ߪ௩0 and ݁0  represent the vertical stress and void ratio before the new increment of stress 409 

has been applied, respectively. The derivative of the above equation writes 410 

 411 ݀݁ = ௘ߣ ௘ఙೡ  ௩     (21) 412ߪ݀

 413 

and because ܽ௩ = ݀݁ ⁄௩ߪ݀ , it results that  414 

 415 ܽ௩ = ௘ߣ  ௘ఙೡ      (22) 416 

 417 

Then Eq. (19) can be written as 418 

 419 ݀ ௠ܸ௭ = ௘ߣ− ௘ ஺೘ௗ௭ఙೡ (1+௘0)
 ௪    (23) 420ݑ݀

 421 

By equating Eqs. (14) and (23) and considering soil as a homogenous material such that 
஺೘ ௗ௭஺ೡ ௗ௭ =422 

1+௘0௘ , the consolidation equation becomes 423 

 424 ∑  ∞ோ೔=0 {  ఙೡ8ఓ ఒ೐ ோ஻೔ܣ  [ ெܲ(ܴ௜) + ௠ܲ(ܴ௜)] ܴ௜2} ௗ2௨ೢௗ௭2 = − ௗ௨ೢௗ௧   (24) 425 

 426 
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This relationship is similar to Terzaghi�s consolidation equation except that the coefficient of 427 

consolidation  𝐶௩௜ =
 ఙೡ8ఓ ఒ೐ ோ஻೔ܣ  [ ெܲ(ܴ௜) + ௠ܲ(ܴ௜)] ܴ௜2 takes different values depending on the size 428 

of the pore ܴ ௜ and the current effective stress. Therefore, the pore water pressure at a certain depth 429 

 ௩, can be determined from Terzaghi�s 430ߪproduced by an increment of vertical stress Δ (ݐ) and time (ݖ)

original solution (Eq. (1)). Accordingly, the pore water pressure ݑ௪௜ for a certain 𝐶௩௜ at a certain 431 

depth ݖ and time ݐ, is given by the relationship  432 

 433 

௪௜ݑ = Δߪ௩ ∑ [2௔ ݁−௔2಴ೡ೔ ೟ಹ∗2 sin (ܽ  ௭ு∗)]∞௡=0     (25) 434 

     435 

The pore water pressure as established in Eq. (25) depends on the size distribution of bonds through 436 

the parameter 𝐶௩௜. This effect also appears when the soil is considered as a heterogeneous material 437 

formed by a matrix with aggregates showing different permeabilities as considered by Figueroa [13], 438 

and Liu and Borja [17], although in these cases only two different 𝐶௩௜ are considered. 439 

 440 

The weighted mean pore water pressure at the center of a section located at depth ݖ and formed 441 

by pores of different sizes can be determined with the relationship ݑ௪௭ = ∑ ோ೔=0∞(௜ܴ)ܤ݀ ௪௜ݑ . Then, 442 

the variation in the void ratio (݀݁௭) for one section of the soil is obtained from Eq. (21) written in 443 

the form 444 

 445 ݀݁௭ = ௘ߣ− ௘ఙೡ  ∑ ௪0ݑ) − ௪௜)∞ோ೔=0ݑ  446 (26)    (௜ܴ)ܤ݀

 447 
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where ݑ௪0 and ݑ௪௜ are the initial pore water pressure (equal to Δߪ௩ ), and the pore water pressure 448 

obtained from Eq. (25). According to Eq. (24), soils with a small microstructure show a small 449 

deformation during secondary consolidation. On the contrary, soils with an important 450 

microstructure produce large deformations during secondary consolidation. If the material is loaded 451 

below the preconsolidation stress then, the elastic compressibility index ݇௘ replaces ߣ௘. The 452 

introduction of the compression index instead of the coefficient of compressibility in Eq. (22), makes 453 

this approach more practical. Finally, the reduction in the mean size of macropores during 454 

consecutive loading in the consolidation process can be included in the porous model through 455 

parameter ߷ெ to better simulate the experimental results. It can be established that during 456 

consecutive loading, macropores reduce in size and therefore, the volumetric deformation for 457 

primary consolidation also reduces. 458 

 459 

In summary, to simulate the consolidation process, the soil sample is divided into small sections with 460 

the same thickness, and the time is increased by steps, each time step doubles the previous. Also, 461 

the size distribution curve for bonds is divided into sections of the same thickness and the mean size 462 

of bonds for each section is established. Subsequently, the coefficient of consolidation is computed 463 

for each range of sizes and the pore water pressure for each coefficient of consolidation is obtained. 464 

Then, the change in void ratio for each section is computed and added to finally obtain the variation 465 

in void ratio of the whole sample at certain time. To achieve this process, the following data are 466 

required: the PSD of bonds, both the elastic and elastoplastic compression indexes, the initial void 467 

ratio, the increment of vertical stress, the current vertical stress, and the preconsolidation stress. 468 

Because the size distribution of bonds in most porosimetry techniques is rather elusive because of 469 
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the small volume contained by these elements compared with that of cavities, it is convenient to 470 

use an alternative procedure.  In that sense, it is possible to obtain the PSD for bonds and cavities 471 

of the material by fitting the experimental SWRCs at wetting and drying, with the numerical curves 472 

obtained from the porous model described before. To this purpose, an initially proposed PSD is 473 

successively modified until the best fit with the experimental SWRCs is obtained (Rojas [24]). The 474 

experimental SWRC must be determined at the initial void ratio of the soil sample. 475 

 476 

Fig. 8 shows some simulations of consolidation tests made for six different materials using the 477 

procedure outlined above. The PSDs of the different cases (1 to 6) are shown in figures (a), the 478 

SWRCs in figures (b), and the variations on void ratio with time is shown in figures (c). For these 479 

materials, all parameters remain constant except the initial PSD. The initial height of the sample is 480 2 = ܪ cm and it is drained at both ends (1 =∗ܪ). The initial void ratio of the sample is ݁0 = 0.82 with 481 

an initial stress of ߪ௩0= 0.01 MPa which is equal to the preconsolidation stress. The elastoplastic 482 

compression index is ߣ௘= 0.16 and the increment of stress is Δߪ௩= 0.25 MPa. For the first case, a 483 

large microstructure and small macrostructure with a standard deviation of 3.5 for both elements 484 

is considered (Fig. 8(1a)). The retention curves show a small section for low values of suction 485 

produced by the macrostructure while most of the curve appears for suctions larger than 10 MPa 486 

and is produced by the microstructure (Fig. 8(1b)). For this case, the consolidation curve shows two 487 

steps: a small one for primary consolidation and a large one for secondary consolidation starting 488 

about 5 days after the load increment is applied (Fig. 8(1c). The PSD of sample 2 shows a standard 489 

deviation of 1.1 for the microstructure and 3.5 for the macrostructure (Fig. 8(2a)) which is now the 490 

major proportion of soil. This PSD results in a retention curve that develops mostly for suctions 491 
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below 1 MPa (Fig. 8(2b)). In this case, the consolidation curve shows a large primary consolidation 492 

that ends at about 5 min then a large period of very small deformations followed by a small step for 493 

secondary consolidation starting at about 6 months after the loading (Fig. 8(2c)). For sample 3, the 494 

PSD shows a large proportion of microstructure with a standard deviation of 1.5 and 3.5 for the 495 

macrostructure (Fig. 8(3a)). The SWRC develops mostly in the range of suction above 10 MPa (Fig. 496 

8(3b)). In this case, the secondary consolidation shows a large step that starts about 3 months after 497 

the loading (Fig. 8(3c)). Sample 4 shows the same standard deviations of 3.5 for both the micro and 498 

macrostructure but with a small proportion in the microstructure (Fig. 8(4a)). In this case, primary 499 

consolidation is predominant with a small secondary consolidation starting about 20 days after the 500 

loading (Fig. 8(4c)). In cases 1 to 4 no overlap occurs in the PSD between the macro and 501 

microstructure. In contrast, the PSD of case 5 shows an important overlap between the macro and 502 

the microstructure with a standard deviation of 3.5 for the macro and 2.5 for the microstructure 503 

(Fig. 8(5a)). The SWRC shows a shape similar to single-structured soils with small variations in the 504 

degree of saturation for small values of suction (Fig. 8(5b)). The microstructure represents the major 505 

proportion of the soil and large secondary consolidation is expected. In this case, the consolidation 506 

curve shows a single step where it is difficult to differentiate the primary from the secondary 507 

consolidation (Fig. 8(5c)). The PSD for case 6 also shows an important overlap between the micro 508 

and the macrostructure (Fig. 8(6a)) but in this case, the macrostructure represents the major 509 

proportion of the soil. The standard deviations for the macro and the microstructure remain the 510 

same as for case 5. Similar to case 5, the consolidation curve shows a single step but, in this case, a 511 

large instant deformation is observed and no clear distinction can be made between primary and 512 

secondary consolidation (Fig. 8(6c)).  513 
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 514 

From these simulations, it can be concluded that the shape of the consolidation curve depends on 515 

the PSD which in turn defines the SWRCs of the soil. When the PSD is of the bimodal type with two 516 

well-differentiated mean sizes with no overlap, the consolidation curve shows two steps, one for 517 

primary and the other for secondary consolidation. The height and length of the step for primary 518 

and secondary consolidation depend on the proportion and standard deviation of the macro and 519 

microstructure of the soil, respectively. The mean sizes and standard deviations for the macro and 520 

microstructures define the time at which primary and secondary consolation occur, respectively. On 521 

the contrary, when the size distributions for the macro and micro structure overlap, then the 522 

consolidation curve shows a single step and the limit between primary and secondary consolidation 523 

is difficult to establish. Between these limits, different combinations of curves for the primary and 524 

secondary consolidation can be obtained. Additionally, large standard deviations in the PSD of the 525 

microstructure produces deformations with a continuous slope with respect to the logarithm of 526 

time. In fact, deformations only end at time infinity as this model is based on Terzaghi�s solution. 527 

 528 

 529 
(1a) 530 

 531 
(1b) 532 
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(1c) 534 

 535 

 536 
(2a) 537 

 538 
(2b) 539 

 540 
(2c) 541 

 542 
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(3a) 544 

 545 

 546 
(3b) 547 
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(3c) 549 
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 562 
(5c) 563 

 564 
(6a) 565 

 566 
(6b) 567 

 568 
(6c) 569 

 570 

Fig. 8 Different cases for the (a) SWRC, (b) the PSD, and (c) consolidation curve of soils 571 

572 

Some limitations of the proposed porous model are the following: it only considers circles and 573 

rectangles (2D), or spheres and cylinders (3D) for cavities and bonds, respectively. More realistic 574 

shapes of pores are not considered. Another point is related to the connectivity of the cavities. 575 

Although the value for connectivity (𝐶) does not necessarily require an entire number, the model 576 

considers a constant connectivity (𝐶) while in general, real porous media show variable connectivity. 577 
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This aspect can be covered by considering a certain proportion of pores of size zero. With respect 578 

to the proposed consolidation equation more simulations including alternated large and small load 579 

increments and different consolidation times are required to evaluate the precision of the model. 580 

  581 

6. MATERIALS AND METHODS 582 

 583 

A series of consolidation tests were performed using two different soils. The first one is a 584 

homogeneous industrial kaolin. This material has a specific weight of solids of 2.53, a Liquid Limit 585 

(LL), and Plastic Limit (PL) of 38% and 25%, respectively. The specific surface is 30 m2/g, the saturated 586 

permeability is 8 x 10-4 cm/s and the soil is classified as low compressibility silt (ML). Initially, the 587 

material was slightly compacted at a water content of 7% in the consolidation ring. Then, it was 588 

saturated by capillarity showing an important collapse during this process. The initial void ratio of 589 

the sample after saturation was 0.83 while the preconsolidation stress after saturation was 0.01 590 

MPa. The consolidation test was performed for an increment of stress of 0.25 MPa with an initial 591 

loading of 0.01 MPa to ensure that the sample started the loading stage above the preconsolidation 592 

stress. The initial height of the sample was 2 cm.  593 

 594 

The GSD in the axes of relative volume vs. the radius of the particle is shown in Fig. 9(a). This curve 595 

shows that all solids are finer than sieve #100, and only 33% is retained in sieve #200. The 596 

experimental SWRCs and their numerical simulation using the porous model are shown in Fig. 9(b). 597 

The experimental points were obtained using the filter paper method. From the simulation of these 598 

curves using the porous-solid model, the numerical PSD of the material was obtained as shown in 599 

Fig. 9(c). This same figure shows the experimental results of porosimetry tests using the nitrogen 600 

adsorption technique. The smallest pore radius that can be measured with this method is 601 
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considered to be around 0.002 m. However, according to Fig. 9(c) the maximum radius that can be 602 

measured with this method is around 0.005 m, which makes that the smallest pores of this material 603 

cannot be detected with this method. Notice that the curves for the GSD (Fig. 9(a)) and the PSD (Fig. 604 

9(c)) are quite similar as observed by Alonso et al. [2] for different soils. 605 

 606 

Once the initial PSD of the material is obtained, it is possible to simulate the consolidation tests 607 

performed on this material. The experimental and numerical results for this test are shown in Fig. 608 

9(d). The experimental results show a very quick primary consolidation ending at about 6 seconds 609 

after the loading while for the numerical simulation, it takes about one minute.  This difference is 610 

generated by the larger standard deviation of the macropores in the numerical (N) PSD when 611 

compared with the experimental (Ex) PSD as observed in Fig. 9(c).  The step produced by secondary 612 

consolidation starts around one week after loading and practically ends after four months. The 613 

numerical simulation shows a slightly larger deformation during secondary consolidation than the 614 

experimental results. Because the height of the step for secondary consolidation with respect to 615 

primary consolidation depends on the proportion of fines in the soil, the secondary consolidation 616 

results in a small step as could be anticipated from Fig. 9(c). Notice that in Fig. 9(d) there are two 617 

numerical curves: one considering the normal viscosity of free water at 200 C for the adsorbed water 618 

layer (v = 1, in the figure) while the second one considers a viscosity of 10 times this value (v = 10). 619 

Therefore, the increase in the viscosity of water is considered only for the microstructure. In the 620 

figure, it can be observed that the increase in viscosity of water reduces the velocity of the  621 

 622 
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(a) 624 

 625 
(b) 626 

 627 
(c) 628 
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 629 
(d) 630 

Fig. 9 Experimental (Ex) and numerical (N) (a) GSD, (b) SWRCs, (c) PSD, and (d) consolidation test 631 

for the kaolin sample considering two different viscosities (v) for the adsorbed water layer  632 

 633 

deformation of the soil during the secondary consolidation but in the end, the final deformation is 634 

the same for both cases. 635 

 636 

The second tested material is clay from the Texcoco lake in Mexico City and was obtained at 19.5 m 637 

in depth. This material shows a specific weight of solids of 2.26, a volumetric weight of 1.15 g/cm3, 638 

a LL and PL of 268% and 164%, respectively. The soil is classified as silty sand (SM). The 639 

preconsolidation stress of this material is around 0.03 MPa. It was decided to trim the sample 1 cm 640 

in height to reduce the testing time. The GSD of the material is shown in Fig. 10(a) while the 641 

experimental and numerical SWRCs at wetting and drying are shown in Fig. 10(b). Fig. 10(c) shows 642 

the experimental PSD obtained from the nitrogen adsorption technique. In this same figure, the 643 

initial numerical PSD (PSDi) obtained by fitting the SWRCs with the porous model is presented. 644 

Again, the experimental results (Ex) obtained from the nitrogen adsorption technique show a 645 

smaller proportion of micropores when compared with the numerical results. Once again, the 646 

minimum radius of pores detected by this method is around 0.005 m. This figure also shows the 647 

final numerical PSD (PSDf) at the end of the consolidation process generated by the first increment 648 

of stress (0.25 MPa). Observe that the relative volume of micropores increases. This effect is 649 
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produced by the reduction of the relative volume of macropores during the consolidation process. 650 

Fig. 10(d) shows the experimental results of the consolidation test for two different increments of 651 

stress. The first increment of stress was from 0.03 to 0.25 MPa while the second was from 0.25 to 652 

0.75 MPa. The primary consolidation for both increments of stress occurs during the first 12 seconds 653 

and overlaps with secondary consolidation which practically ends about 10 days after the loading. 654 

In the same figure, the numerical results obtained from the proposed equations are shown. Again, 655 

primary consolidation occurs faster than the numerical results predict. Observe that during the first 656 

loading, the void ratio of the sample changes from 11.5 to 8.5, and this volumetric variation modifies 657 

the PSD of the material (as shown in Fig. 10 (c)) which in turn affects the behavior of the soil during 658 

the second loading. To observe the influence in the variation of the PSD of the sample during the 659 

second loading, two numerical curves are shown. The dotted line represents the consolidation curve 660 

when the PSD of the material is updated while the continuous line was obtained using the original 661 

PSD of the material. When the variation in the PSD is considered for the second increment, the 662 

numerical results approach better the experimental points. Finally, Fig. 10(e) shows the shift of the 663 

SWRCs in the axis of suction at the end of the first loading. 664 

 665 

 666 

 667 

 668 
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  676 
(d) 677 

 678 
(e) 679 

Fig. 10 Experimental (Ex) and numerical (N) (a) GSD, (b) SWRCs, (c) PSD, (d) consolidation tests for 680 

Texcoco clay, and (e) shift of the SWRC after first loading. The letter c indicates that the current 681 

PSD was used 682 

 683 

CONCLUSIONS 684 

 685 

It is proved that the PSD of soils is the main factor affecting the shape of the consolidation curve 686 

during primary and secondary consolidation while the influence of viscosity is marginal. Primary 687 

consolidation is generated by the flow of water through macrobonds while secondary consolidation 688 

is produced by the flow of water through microbonds. When the size distribution of the macro and 689 

microstructure shows no overlap, the consolidation curve shows two well-defined steps, one for 690 

primary and the other for secondary consolidation. The height and length of the steps for primary 691 
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and secondary consolidation depend on the proportion and standard deviation of the macro and 692 

microstructure, respectively. The mean size and standard deviation of the macro and microbonds 693 

define the position of the step for primary and secondary consolidation in the axis of time, 694 

respectively. On the contrary, when the size distributions for macro and microstructure overlap, the 695 

consolidation curve shows a single step and it is difficult to differentiate primary from secondary 696 

consolidation. When successive loadings are applied to the sample and large deformations are 697 

observed, it is convenient to employ the current PSD of the material for the next loading step. The 698 

procedure presented in this research allows the simulation of the consolidation curve including both 699 

primary and secondary consolidation from the pore size distribution of the soil. Therefore, this 700 

procedure shows an important practical application for the computation of the total settlements of 701 

structures built on clayey soils as long-term consolidation tests can be waived. More comparisons 702 

with experimental data including small load increments and different consolidation times are 703 

required to evaluate the precision of the model. 704 
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