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Ion-beam polishing is often controlled through the extraction or gate voltage. The quartz surface,
however, is modified by the ions that reach it, and these ions arrive with a finite energy distribution.
This difference is important for optical quartz and fused silica because the final surface quality is
governed not only by the root-mean-square roughness, but also by the power spectral density (PSD).
In this work, we present a reduced simulation framework for ICP-extracted ion-beam polishing driven
by a 2 kW LLC resonant DC bias supply. The framework connects the gate-voltage waveform, the
plasma-loaded LLC response, the sheath-filtered ion energy distribution function (IEDF), and the
PSD evolution of quartz. The results show that the IEDF, especially its mean energy and relative
width, is a more direct polishing variable than the applied voltage alone. The simulations predict
a finite smoothing window at intermediate ion energy and low IEDF width. Operation below this
window gives weak removal, broad IEDFs promote mid-spatial-frequency roughening, and excessive
ion energy increases damage risk. Robustness tests, surface simulations, inverse spectral design,
waveform synthesis, and ablation studies support the use of gate voltage as a calibrated actuator for
IEDF-resolved roughness-spectrum control. The study provides a testable design route for future
experimental calibration of plasma-load-adaptive ion-beam polishing of quartz.

Keywords: gate voltage, ion energy distribution, ion-beam polishing, quartz, LLC resonant converter, power

spectral density

I. INTRODUCTION

Quartz and fused silica are essential dielectric materials
in precision optics, photonic components, plasma-facing
parts, microfluidic devices, semiconductor processing sys-
tems, and high-stability mechanical assemblies. Their
wide use comes from their high optical transparency,
chemical stability, low thermal expansion, radiation tol-
erance, electrical insulation, and long-term dimensional
reliability. These properties make them difficult to re-
place in applications where the surface must remain sta-
ble under optical, thermal, mechanical, or plasma ex-
posure. In such systems, however, surface quality can-
not be judged only by the root-mean-square roughness,
Rq. A surface may show a small Rq value but still con-
tain mid-spatial-frequency features that increase optical
scatter, distort transmitted or reflected wavefronts, pro-
duce diffraction artifacts, or become more harmful af-
ter coating and lithographic processing. For this reason,
optical-surface evaluation often requires a spectral de-
scription rather than a single roughness number. The
power spectral density, S(k), is particularly useful be-
cause it separates low-frequency figure error, mid-spatial-
frequency structure, and high-spatial-frequency rough-
ness in a physically meaningful way [1, 2]. This means
that polishing should not only reduce the total roughness
level. It should reduce the correct spatial-frequency band
while avoiding the transfer of roughness into a band that
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is more damaging for the final optical function [3–5].

During the last several decades, ion-beam figuring, ion-
beam polishing, plasma-assisted finishing, and energy-
controlled plasma processing have become important
tools for improving hard optical materials. Experiments
have shown that ion-based finishing can be attractive be-
cause it is non-contact, deterministic, local, and suitable
for materials that are difficult to polish by purely me-
chanical techniques [6, 7]. For fused silica and fused
quartz, ion-beam polishing has also been investigated
as a route toward super-smooth optical surfaces, espe-
cially where conventional polishing may leave residual
mid-spatial-frequency error or subsurface damage [8, 9].
At the same time, theoretical and experimental studies
have made it clear that ion bombardment is not auto-
matically a smoothing process. Depending on ion energy,
incidence angle, surface relaxation, sputtering yield, col-
lisional broadening, and ion-induced redistribution, the
same process may smooth the surface, amplify rough-
ness, or create damage-related features. On the plasma
side, studies of RF sheaths, inductively coupled plasmas,
pulsed biasing, and tailored ion energy distributions have
shown that the ion energy distribution function can be
modified by the bias waveform, plasma potential, pres-
sure, sheath dynamics, and ion transit time [10, 11].
These studies support a central point of the present work:
the quartz surface does not respond directly to the volt-
age setting of the power supply, but to the distribution
of ions that finally reaches the surface [12, 13].

The specific problem addressed in this paper lies at
the intersection of ion-induced surface evolution, IEDF-
controlled plasma processing, and resonant gate-bias de-
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livery. The historical foundation of ion-induced surface
modification is commonly traced to Sigmund’s sputter-
ing theory, which described how energetic ions deposit
energy near a solid surface and remove material through
collision cascades [14]. Sigmund later discussed mech-
anisms of ion-bombardment-induced micro-roughening,
showing that ion irradiation could also destabilize a sur-
face under certain conditions [15]. Building on this phys-
ical picture, Bradley and Harper developed a linear the-
ory for ripple formation under ion bombardment, which
became one of the classical models for understanding
ion-induced surface morphology [16]. Later work ex-
panded this view by including dynamic scaling, nonlin-
ear morphology evolution, mass redistribution, viscous
relaxation, and surface-transport effects [17, 18]. These
developments are highly relevant for quartz polishing
because useful processing must remain inside a regime
where removal and smoothing dominate over roughen-
ing and damage. However, most existing studies treat
only one part of the complete chain. Surface-evolution
models usually start from the ion energy or ion flux and
do not describe how the gate waveform, converter dy-
namics, and plasma load create that ion state. Plasma-
processing studies show that the IEDF can be tailored
or measured, but they do not usually connect the result-
ing distribution to the band-resolved PSD evolution of
quartz [19, 20]. Power-electronics studies describe reso-
nant converters and LLC behavior, but they are rarely
connected to the final roughness spectrum of an optical
surface [21, 22]. Therefore, the main research gap is the
absence of a direct theoretical link from the LLC gate-
voltage waveform, through the ICP extraction plasma
and sheath, to the IEDF and finally to the PSD evolu-
tion of quartz.

In this work, we address this gap by treating the gate
voltage as an upstream actuator rather than as the final
polishing coordinate. The complete model used here was
not invented as a single historical theory by one author;
instead, it combines several well-established ideas from
sputtering physics, plasma processing, PSD-based sur-
face metrology, and resonant power conversion. Its physi-
cal roots come from Sigmund’s ion-energy-deposition the-
ory and the Bradley–Harper description of ion-induced
roughening, while its practical control meaning comes
from modern IEDF tailoring and resonant bias deliv-
ery [14, 16]. The key point is that a polishing condi-
tion should be described by the ion state seen by the
surface, especially the mean ion energy, ⟨E⟩, and the rel-
ative IEDF width, χE = σE/⟨E⟩. This distinction is
important because two gate-voltage waveforms can have
the same mean value but still produce different energy
spreads, different mid-spatial-frequency roughening ten-
dencies, and different final PSD responses. A narrow
IEDF can behave like a well-defined polishing tool be-
cause most ions arrive inside a useful energy range. A
broad IEDF can be harmful because weak, useful, and
damaging ion impacts may occur at the same nominal
voltage setting. Experimentally, the model can be pre-

pared and calibrated in an ICP ion-beam polishing sys-
tem by applying controlled gate-bias waveforms through
an LLC resonant DC supply and measuring the resulting
IEDF using an energy analyzer or retarding-field diag-
nostic near the substrate position [13]. Once this cali-
bration is available, the voltage is no longer used as a
blind control knob; it becomes a calibrated actuator for
producing a desired IEDF state and, through it, a desired
roughness-spectrum response.

The theoretical chain considered in this paper is writ-
ten as Vg(t) → TCP(ω) → fi(E, θ, t) → KQS(E, θ, k) →
S(k, t). Here, Vg(t) is the applied gate-voltage wave-
form, TCP(ω) is the reduced converter–plasma trans-
fer response, fi(E, θ, t) is the ion distribution reaching
the quartz surface, KQS(E, θ, k) is the reduced quartz
surface-response kernel, and S(k, t) is the evolving rough-
ness PSD. We do not attempt to replace switching-level
LLC simulations, kinetic plasma models, or atomistic
sputtering calculations. Instead, we use a reduced frame-
work that keeps the control physics visible and testable.
The LLC stage restricts which harmonic components can
reach the extraction gate, and the sheath response filters
the voltage modulation before it appears as ion-energy
modulation [23, 24]. The IEDF moments then deter-
mine whether the surface lies in a weak-sputtering re-
gion, a stable smoothing region, a broad-IEDF rough-
ening region, or a high-energy damage-risk region. In
this way, we solve a specific practical problem: how to
identify and synthesize a gate-waveform condition that
suppresses high-spatial-frequency roughness without cre-
ating unwanted mid-spatial-frequency amplification. The
answer is not simply to increase the gate voltage. The an-
swer is to find the IEDF state that gives the required PSD
gain while keeping the energy spread and high-energy risk
under control.

The motivation of this paper is both physical and prac-
tical. Physically, we aim to clarify why voltage-only con-
trol is insufficient for quartz ion-beam polishing and why
the IEDF is a more meaningful state variable for predict-
ing surface evolution. Practically, we aim to provide a
design route for plasma-load-adaptive polishing systems
in which the bias supply, plasma sheath, IEDF, and sur-
face PSD are treated as parts of one control problem.
This is important because optical-quality quartz process-
ing cannot be evaluated only through removal rate or Rq.
A condition that removes high-frequency roughness but
creates mid-spatial-frequency structure may still degrade
the final optical performance. For this reason, the present
work focuses on band-resolved smoothing rather than
only average roughness reduction. The proposed frame-
work is also designed to be experimentally testable. If
the predicted smoothing window is correct, then surfaces
processed under narrow-IEDF, intermediate-energy con-
ditions should show reduced high-frequency PSD with-
out a strong MSF penalty. In contrast, broad-IEDF or
high-energy conditions should show stronger MSF ampli-
fication or damage risk. To make this prediction useful
for design, we also include inverse spectral design, uncer-
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tainty analysis, and waveform synthesis using standard
optimization and robustness concepts [25–27].

The rest of the article is organized as follows. Section II
presents the theoretical framework used throughout the
paper. It introduces the gate-voltage decomposition, the
reduced LLC plasma-load constraint, the sheath-filtered
IEDF model, the PSD gain, the smoothing score, and the
mid-spatial-frequency roughening order parameter. Sec-
tion III presents the main results. First, the smoothing–
roughening phase map is constructed in the (⟨E⟩, χE)
plane. Then, a reduced IEDF-control coordinate is intro-
duced and compared with voltage-only and mean-energy-
only descriptions. After that, inverse spectral design is
used to find the ion-energy state required for a target
PSD response. The robustness of the smoothing window
is tested under parameter uncertainty, and end-to-end
surface-evolution simulations are used to show how dif-
ferent control states modify the same initial quartz height
field. The section then closes the control loop by synthe-
sizing a feasible gate waveform for target PSD control
and by performing ablation tests to identify the physi-
cal ingredients that are necessary for prediction. Section
IV discusses the physical meaning, experimental impli-
cations, and practical limits of the model. Section V
summarizes the main conclusions and outlines future di-
rections, including experimental calibration, full energy-
angle IEDF measurements, more detailed plasma-sheath
modeling, and validation on real quartz and fused-silica
surfaces.

II. THEORETICAL FRAMEWORK

This section describes the reduced model used in the
study. The purpose is not to build a full device-level
simulation of the ICP source, LLC converter, plasma
sheath, and quartz surface. That type of model would re-
quire many tool-specific inputs and would make the main
control idea harder to see. We therefore use a compact
framework that keeps each physical step clear. The gate
voltage is treated as the electrical actuator. The con-
verter, plasma load, and sheath transform this actuator
into an ion energy distribution. The quartz surface then
responds through a PSD gain that depends on spatial
frequency. This separation follows the same modelling
logic used in plasma processing, ion-beam finishing, and
optical surface metrology [4, 5, 10, 11, 28].

A. Gate voltage, plasma load, and IEDF transfer

We first separate the measured gate voltage into a
mean part and a time-varying part:

Vg(t) = V g + Ṽg(t), (1)

where V g is the time-averaged gate voltage and Ṽg(t) is
the part that varies in time. The time-varying part may

come from converter ripple, plasma-load changes, sheath
motion, or a deliberately applied waveform. The separa-
tion in Eq. (1) is useful because two waveforms can have
the same mean voltage but different ripple amplitudes
and different frequency content. They can therefore pro-
duce different ion energy distributions, even when the
nominal voltage setting is unchanged.
In a simple collisionless picture, a singly charged ion

gains energy from the sheath voltage drop. The instan-
taneous ion energy can therefore be estimated as

Ei(t) ≃ e [Vp(t)− Vg(t)]−∆Eloss, (2)

where e is the elementary charge, Vp(t) is the plasma
potential, and ∆Eloss represents energy lost through col-
lisions, charge exchange, and transport before the ion
reaches the surface. Equation (2) should not be read as
a complete sheath model. It only states the basic en-
ergy balance. In real ICP extraction, the plasma poten-
tial, sheath impedance, pressure, ion transit time, and
bias waveform all affect the final ion energy distribution
[10, 13, 19]. For this reason, a polishing condition cannot
be described reliably by voltage alone.
Unless otherwise stated, the numerical examples be-

low assume near-normal incidence and a small angu-
lar spread. Under this assumption, the angular part
of fi(E, θ, t) is absorbed into a reduced energy distri-
bution, so the working equations use fi(E, t) or fi(E).
This choice keeps the study focused on energy-resolved
control. Oblique incidence, angular broadening, and full
energy-angle distributions are important extensions, es-
pecially for ripple formation and anisotropic polishing,
but they are outside the reduced examples considered
here [16, 18, 29].
For the control model, we write the ion-energy modu-

lation in a reduced form,

Ei(t) = ⟨E⟩+HEP

[
Vg(t)− V g

]
+ δEcoll(t). (3)

Here ⟨E⟩ is the mean ion energy produced by the mean
bias condition. The coefficient HEP is an effective
converter–plasma–sheath transfer coefficient. It mea-
sures how strongly a small gate-voltage change is trans-
ferred into ion-energy modulation at the surface. The
final term, δEcoll(t), represents residual broadening from
collisions, plasma fluctuations, and diagnostic or numer-
ical smoothing.
The coefficient HEP is not treated as a universal con-

stant. It is a local transfer parameter for a given operat-
ing condition. In practice, it would depend on pressure,
source power, extraction geometry, sheath impedance,
ion transit time, and the frequency content of the wave-
form. A low-frequency voltage variation may be trans-
ferred to the ion energy more efficiently than a high-
frequency variation if the ions average over the sheath
motion during transit. This type of frequency-dependent
response is well known in RF and pulsed plasma biasing,
where the ion energy distribution depends not only on
the bias amplitude but also on the waveform and plasma
response time [12, 20, 30–32].
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The resulting IEDF is modeled as

fi(E) =
1

T

∫ T

0

δ [E − Ei(t)] dt ∗G(E;σcoll), (4)

where T is the averaging time, δ[·] maps the time-
dependent ion energy into an energy histogram, and
G(E;σcoll) is a Gaussian broadening kernel with width
σcoll. The convolution symbol ∗ means that the ideal
energy histogram is smoothed by collisional and instru-
mental broadening. This expression is deliberately sim-
ple. It highlights the control point: the waveform does
not act directly on the quartz surface. It first creates a
distribution of ion energies.
The mean energy and energy spread are then defined

by

⟨E⟩ =

∫ ∞

0

Efi(E)dE, (5)

σE =

[∫ ∞

0

(E − ⟨E⟩)2fi(E)dE

]1/2
, (6)

and the relative width is

χE =
σE

⟨E⟩
. (7)

The relative width χE is one of the central variables in
this paper. If the beam is small (small χE), most ions
possess a similar energy, and the beam is more akin to
a controlled polishing tool. A large χE indicates that
weak, useful and harmful ion impacts may take place at
the same setting. In surface-evolution language, a wide
IEDF implies a greater likelihood of the activation of
both smoothing and roughening mechanisms. This is the
reason for the inclusion of both ⟨E⟩ and χE in the model,
not just the mean energy of the particle [16, 17, 33, 34].
Eqs. (1)–(7) show that the voltage setting and the ion

state are not the same quantity. The gate voltage is an
upstream electrical input. The IEDF is the state that
the surface actually sees. The rest of the model is built
around this distinction.

B. Reduced LLC plasma-load constraint

The waveform used for ion-energy control must also
be compatible with the resonant bias supply and the
plasma load. For this reason, we include a reduced small-
signal description of the LLC stage coupled to the plasma
sheath. This subsection does not attempt to give a com-
plete switching-level model of the power converter. In-
stead, it defines the frequency-domain constraints that
limit which voltage components can be delivered to the
extraction gate after filtering by the resonant tank, trans-
former, plasma load, and sheath. This level of description
is sufficient for the present control framework because
the main objective is to connect waveform feasibility to
IEDF formation and quartz PSD response, rather than

to optimize the detailed hardware design of the converter
[21–24, 35].
In the simplified LLC representation, the resonant

stage contains a resonant inductor Lr, a resonant capaci-
tor Cr, a magnetizing inductance Lm, and a transformer
with effective turns ratio nt. The plasma and sheath are
represented by a load impedance Zps(ω). This impedance
is not fixed, because the plasma load can change with
pressure, plasma density, sheath voltage, extraction cur-
rent, and operating frequency. The resonant branch and
magnetizing branch are written as

Zr(ω) = iωLr +
1

iωCr
, Zm(ω) = iωLm. (8)

Here Zr(ω) describes the series resonant path, while
Zm(ω) represents the magnetizing branch of the trans-
former. These two impedances determine how strongly
different frequency components of the commanded wave-
form can pass through the resonant stage.
The plasma-sheath load is reflected through the trans-

former and combined with the magnetizing branch as

Zeq(ω) =
[
Z−1
m (ω) +

(
n2
tZps(ω)

)−1
]−1

. (9)

This equivalent impedance is important because it makes
the plasma part of the electrical response of the bias sup-
ply. If Zps(ω) changes, the delivered gate waveform can
change even when the converter command is the same.
This is the reduced sense in which the bias control is
plasma-load adaptive in the present model.
The voltage-transfer factor from the resonant stage to

the extraction gate is then approximated by

GLLC(ω) =
ntZeq(ω)

Zr(ω) + Zeq(ω)
. (10)

This transfer function behaves as a frequency-dependent
filter. Near favorable parts of the LLC response, a volt-
age component can be delivered efficiently. Away from
those regions, the resonant tank and load reduce the am-
plitude and shift the phase. The exact response would
depend on the hardware design and operating point, but
Eq. (10) captures the constraint needed for waveform-
level control.
The sheath adds a second filtering step between gate-

voltage ripple and ion-energy modulation. We repre-
sent this step by a sheath response factor Hsh(ω). The
converter–plasma transfer function used in the control
chain is therefore

TCP(ω) = GLLC(ω)Hsh(ω). (11)

A simple form for the sheath response is

Hsh(ω) =
ηsh

1 + iωτion
, (12)

where ηsh is the low-frequency sheath coupling factor and
τion is an effective ion transit time. This expression is not
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intended as a universal sheath law. It is used to represent
a common physical trend: slow voltage variations are
transferred more directly to the ion energy, while fast
variations are partly averaged by sheath motion and ion
transit [12, 30, 32].
In the inverse-waveform calculation, each harmonic

component is constrained by the magnitude and phase
of TCP(ω). For a harmonic at frequency fn, the delivered
amplitude and phase are written as

An ≤An,max |TCP(2πfn)| , (13)

ϕn =ϕn,0 + arg TCP(2πfn), (14)

together with limits on total voltage, ripple, and slew
rate. Here An,max and ϕn,0 denote the command-side
amplitude limit and reference phase, while An and ϕn de-
note the harmonic component that reaches the extraction
gate after filtering by the resonant supply and plasma-
sheath load.
This reduced constraint connects waveform synthesis

to the physical bias system without turning the paper
into a full power-electronics design study. The inverse
design is therefore not allowed to choose arbitrary volt-
age waveforms. It can only choose waveforms that remain
compatible with the LLC transfer response, the chang-
ing plasma load, the sheath response, and the imposed
voltage limits. In this way, the electrical model supplies
the admissible gate-waveform space, while the IEDF and
PSD models determine which admissible waveform gives
the desired polishing response.

C. Reduced surface-response picture

The next step is to connect the IEDF to the surface
PSD. The full microscopic problem is complex. Ion im-
pacts may remove atoms, redistribute material, create
defects, relax local curvature, or amplify selected sur-
face modes. A complete treatment can be achieved with
atomistic simulation or a detailed continuum equation.
For the present control study, we use a reduced spec-
tral response model. It keeps the key trade-off: useful
smoothing at high spatial frequency and possible ampli-
fication in the mid-spatial-frequency band.
The starting point is the common linearized surface-

evolution idea used in ion-bombardment theory. A
Fourier component of the surface height, hk, can be writ-
ten in the schematic form

dhk

dt
= −Γsm(E,χE , k)hk+Γr(E,χE , k)hk+ηk(t), (15)

where Γsm is the smoothing rate, Γr is the roughen-
ing or amplification rate, and ηk(t) represents stochas-
tic ion-impact noise. This equation is not a replace-
ment for Bradley–Harper, Kuramoto–Sivashinsky, or
redistribution-based surface models. It is a compact way
to represent their shared message: smoothing and rough-
ening compete, and the sign of the net rate depends on

ion energy, incidence conditions, relaxation, and redistri-
bution [16–18, 33, 36].
In PSD form, the reduced model is expressed through

the gain

G(k; ⟨E⟩, χE) = exp [−2Γsm(⟨E⟩, k)tp +D] , (16)

where tp and D = 2ΓMSF(⟨E⟩, χE , k)tp + 2Γhi(⟨E⟩, k)tp
is the polishing time. The first term reduces the PSD
and represents useful smoothing. The second term pro-
duces an MSF amplification peak when the IEDF be-
comes broad. The third term represents high-energy
roughening or damage risk. In the simulations, the MSF
term is centered in the MSF band and grows with χE .
This implements the physical idea that a broad distribu-
tion mixes different sputtering and redistribution regimes
in one exposure, making the surface response less selec-
tive.
A simple form used to generate the MSF roughening

contribution is

ΓMSF(⟨E⟩, χE , k) = Γ0Bχ(χE)WMSF(⟨E⟩) exp[Y]. (17)

Here kMSF is the center of the MSF response and Y =

− (log k−log kMSF)
2

2σ2

MSF

, σMSF controls its spectral width, and

Bχ(χE) increases as the IEDF becomes broader. This
form is phenomenological, but it is not arbitrary. It en-
codes the experimentally important observation that a
polishing process can reduce fine roughness while still
creating structure at intermediate spatial frequencies
[4, 5, 8, 9, 37]. The analytical kernels employed in the
figures are listed in Appendix A and therefore the phase
maps and inverse-design calculations can be reproduced.

D. PSD response, smoothing score, and

roughening order parameter

For a surface height map h(x, y) over area A, the two-
dimensional PSD is written as

S(kx, ky) =
1

A

∣∣F{h(x, y)− h}
∣∣2 , (18)

and the radially averaged PSD is

S(k) = ⟨S(kx, ky)⟩k=(k2
x+k2

y)
1/2 . (19)

Here h(x, y) is the measured or simulated surface height,
h is its mean value, and F denotes the two-dimensional
Fourier transform. The radial average converts the two-
dimensional PSD into a one-dimensional curve when the
response is treated as approximately isotropic. This is
the form used in the figures. If the process produces
strong directional ripples, the full two-dimensional PSD
should be retained instead.
The spectral gain after polishing is

G(k) =
Sf (k)

S0(k)
, (20)
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where S0(k) and Sf (k) are the initial and final PSDs.
Values G(k) < 1 indicate smoothing at spatial frequency
k, while values G(k) > 1 indicate roughness amplifica-
tion. This band-resolved view is essential because high-
frequency smoothing and mid-spatial-frequency roughen-
ing can occur at the same time [5, 8, 37].
In the numerical examples, the mid-spatial-frequency

band is taken as

k ∈ [0.07, 0.80] µm−1, (21)

and the high-frequency band is taken as

k ∈ [0.80, 4.00] µm−1. (22)

When k is interpreted as spatial frequency in cycles per
micrometer, these ranges correspond approximately to
wavelengths of 14–1.25 µm and 1.25–0.25 µm, respec-
tively. These cutoffs are not universal. They can be
changed to match a given optical specification, metrol-
ogy tool, or polishing target. They are stated here so that
the terms MSF and HF have a clear numerical meaning
throughout the paper.
To classify the spectral response, we introduce a PSD-

control score,

QPSD = AsmSon(⟨E⟩)WE(⟨E⟩) [1− αχBχ(χE)]

−AχBχ(χE)−AhiDhi(⟨E⟩)−Alo [1− Son(⟨E⟩)] .
(23)

The first line represents useful smoothing. It becomes
large only when sputtering has turned on, the mean en-
ergy is near the useful polishing window, and the IEDF is
not too broad. The second line contains penalty terms.
The term with Bχ penalizes broad IEDFs. The term
with Dhi penalizes high-energy operation, where damage
or roughening becomes more likely. The last term penal-
izes operation below sputtering onset, where removal is
too weak to produce useful smoothing.
Positive QPSD denotes a smoothing-dominated re-

sponse, while negative QPSD denotes weak-removal or
roughening-dominated response. This score is not pro-
posed as a new fundamental law of sputtering. It is used
as a compact control metric. Its role is to summarize
the conditions that must hold at the same time: sput-
tering must be active, the mean energy must be useful,
the IEDF must remain narrow enough, and high-energy
roughening must be avoided. The analytical forms of Son,
WE , Bχ, and Dhi, together with the nominal parameter
values used in the figures, are given in Appendix A.

The mid-spatial-frequency roughening order parame-
ter is defined as

RMSF =

∫ kM,2

kM,1

max [0, G(k)− 1] d log k. (24)

This quantity measures only the part of the MSF gain
that lies above unity. Thus RMSF = 0 means that the
MSF band is not amplified, while RMSF > 0 marks the

appearance of MSF roughening. The definition is inten-
tionally one-sided. It does not penalize smoothing in the
MSF band. It only penalizes the creation of additional
spectral power, because MSF structure is often difficult
to remove in later finishing steps and can strongly affect
optical performance [4, 5, 9].
The framework can therefore be summarized in three

steps. First, the LLC-plasma system constrains which
gate-voltage waveform can actually be delivered. Sec-
ond, the delivered waveform produces an IEDF described
mainly by ⟨E⟩ and χE . Third, the quartz surface re-
sponds through a PSD gain that can either suppress
high-frequency roughness or amplify MSF structure. The
next section uses this framework to construct the phase
map, the reduced IEDF-control coordinate, and the in-
verse waveform design.

III. RESULTS

A. Theoretical phase map for IEDF-controlled

smoothing

The first result is the predicted smoothing–roughening
structure of quartz roughness evolution in the plane
(⟨E⟩, χE). Figure 1(a) shows three gate-voltage wave-
forms with the same mean value, V g = 500V, but differ-
ent ripple-transfer states. The cases are labeled I, II, and
III and represent narrow-, moderate-, and broad-IEDF
transfer regimes. Figure 1(b) shows the corresponding
IEDFs. Although the mean gate voltage is the same, the
relative width changes from approximately 0.7% to 2.4%
and 5.7%. This directly shows the main point: a nominal
voltage does not uniquely define the ion state.
The main prediction is shown in Fig. 1(c). The color

map gives QPSD in the plane (⟨E⟩, 100χE), and the
contour QPSD = 0 separates smoothing-dominated and
roughening-dominated response. Four regimes appear
naturally. Region Ω1 is a weak-sputtering regime, where
the mean ion energy is too low for efficient removal. Re-
gion Ω2 is the stable narrow-IEDF smoothing window.
Region Ω3 is a broad-IEDF roughening regime, where
energy spread produces MSF amplification. Region Ω4 is
a high-energy damage-risk regime, where the smoothing
benefit is overwhelmed by high-energy roughening penal-
ties.
Figure 1(d) shows the associated transition in RMSF.

At small χE , RMSF remains nearly zero, indicating
smoothing without MSF amplification. Above a critical
relative width, RMSF grows rapidly. The result is a theo-
retical smoothing-to-roughening transition controlled by
the IEDF state. It is not controlled by V g alone, but by
the pair (⟨E⟩, χE) generated by the converter–plasma–
sheath transfer chain. This is consistent with the broader
ion-bombardment literature, where surface smoothing
and roughening depend on the balance between ero-
sion, redistribution, relaxation, and instability mecha-
nisms [29, 36, 38, 39].
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FIG. 1. Theoretical prediction of gate-voltage-resolved IEDF control of quartz roughness-spectrum evolution. (a) Gate-voltage
waveforms with identical mean voltage, V g = 500V, but different ripple-transfer conditions. (b) Corresponding ion energy
distributions generated by the converter–plasma–sheath transfer model. (c) PSD-control phase map in the plane of mean ion
energy and relative IEDF width. The contour QPSD = 0 separates smoothing-dominated and roughening-dominated regimes.
The regions Ω1–Ω4 denote weak sputtering, stable narrow-IEDF smoothing, broad-IEDF roughening, and high-energy damage
risk. (d) Mid-spatial-frequency roughening order parameter RMSF, showing the transition from stable smoothing to roughness
amplification as the relative IEDF width increases.

B. Reduced IEDF-control law and inverse spectral

design

The phase map shows that the polishing response de-
pends on (⟨E⟩, χE), but a useful control theory should
also provide a compact coordinate for prediction and de-
sign. We therefore define the reduced IEDF-control co-
ordinate

ΛIEDF =
Son(⟨E⟩)WE(⟨E⟩)

1 + (χE/χc)m + ahiDhi(⟨E⟩)
. (25)

This quantity is large only when ions are above the sput-
tering onset, close to the useful smoothing-energy win-
dow, sufficiently narrow in energy spread, and not in the
high-energy damage regime. It compresses the two most
important IEDF moments into a coordinate that has di-
rect control meaning.

The reduced prediction model is a low-order polyno-
mial,

Q̂PSD = a0 + a1ΛIEDF + a2Λ
2
IEDF + a3Λ

3
IEDF, (26)

where the coefficients are fitted on a training set Dtr. The
model is evaluated on a held-out set Dte using

R2 = 1−

∑
j∈Dte

(
QPSD,j − Q̂PSD,j

)2

∑
j∈Dte

(
QPSD,j −QPSD

)2 . (27)

A voltage-only fit, QPSD ≈ F (V g), is evaluated with the
same held-out metric.
Figure 2(a) shows the voltage-only representation. The

response is broad and multivalued because points with
similar V g can have different IEDF widths. The held-out
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coefficient is only R2
V = 0.58. In contrast, Fig. 2(b) shows

that the same operating points collapse onto a nearly
single-valued relation when plotted against ΛIEDF, with
R2

Λ = 0.97. Figure 2(c) confirms the predictive charac-
ter of the collapse with a parity plot between QPSD and

Q̂PSD. Both training and held-out points remain close to
the ideal line. This result shows why the IEDF state is a
more useful theoretical control coordinate than the mean
gate voltage.
The last part of Fig. 2 performs inverse spectral design.

Instead of predicting the surface response from a chosen
voltage, we prescribe a target gain G∗(k) and search for
the ion-energy state that best reproduces it. The design
objective is

J (⟨E⟩, χE) =

∫
[logG(k; ⟨E⟩, χE)− logG∗(k)]

2
d log k

+ µRMSF + ζDhi(⟨E⟩). (28)

The inverse-designed state is

(⟨E⟩∗, χ∗
E) = argmin

⟨E⟩,χE

J (⟨E⟩, χE). (29)

For the target spectrum in Fig. 2(d), the selected state
is approximately

⟨E⟩∗ ≃ 398 eV, 100χ∗
E ≃ 3.8%. (30)

The corresponding Ginv(k) approaches G∗(k), whereas
low-energy, high-energy, and broad-IEDF alternatives
fail in different ways. The low-energy case does not re-
move enough high-frequency roughness; the high-energy
and broad-IEDF cases produce MSF amplification. The
model is therefore more than descriptive. It can also se-
lect an ion-energy state for a desired roughness-spectrum
response.

C. Robustness of the IEDF-controlled smoothing

window

The reduced-control result would be less useful if it de-
pended on only one nominal parameter set. To test this,
we perform a Monte Carlo uncertainty analysis over the
reduced converter–plasma–surface model. The uncertain
parameters are collected as

ξ = {Eth, Eopt, χc, Ehi, Asm, Aχ, Ahi, Alo, ksm, kMSF},
(31)

where the entries control sputtering onset, the useful
energy window, the IEDF-width threshold, high-energy
damage, PSD-response amplitudes, and characteristic
spatial frequencies. This is a reduced uncertainty model,
but it follows the logic of robust design. A useful pre-
diction should remain visible when plausible physical pa-
rameters are changed [26, 27].

For each draw m = 1, . . . , Nξ, the model evaluates

Q
(m)
PSD = QPSD

(
⟨E⟩, χE ; ξ

(m)
)
. (32)

The smoothing probability is

Psm(⟨E⟩, χE) =
1

Nξ

Nξ∑

m=1

Θ
[
Q

(m)
PSD(⟨E⟩, χE)

]
, (33)

where Θ(x) is the Heaviside function. Thus Psm = 1
means that all perturbed models predict smoothing,
while Psm = 0 means that all perturbed models predict
weak-removal or roughening.
To define a conservative robust-design region, we also

use the ensemble mean and standard deviation,

QPSD =
1

Nξ

Nξ∑

m=1

Q
(m)
PSD, (34)

σQ =


 1

Nξ

Nξ∑

m=1

(
Q

(m)
PSD −QPSD

)2



1/2

. (35)

The robust smoothing set is
Ωrob = {(⟨E⟩, χE) : Psm ≥ P0, QPSD ≥ Q0, σQ ≤

σ0}. This condition is stricter than QPSD > 0 because it
requires the smoothing prediction to remain stable across
the uncertainty ensemble.
Figure 3(a) maps Psm in the (⟨E⟩, χE) plane. The

high-probability region remains concentrated at interme-
diate mean energy and low relative IEDF width. The
star marks the median inverse-designed operating point
across the uncertain model ensemble. Figure 3(b) shows
the uncertainty of the smoothing–roughening boundary.
Each gray curve is a perturbed boundary ∂Ω, while the
black curve is the nominal boundary ∂Ω0. The bound-
ary shifts, but the same qualitative structure is preserved:
weak sputtering at low energy, broad-IEDF roughening
at high χE , and high-energy risk at large ⟨E⟩.
We also compare candidate control choices. For a de-

sign Cj = (⟨E⟩j , χE,j), the smoothing probability is

Psm(Cj) =
1

Nξ

Nξ∑

m=1

Θ
[
QPSD

(
Cj ; ξ

(m)
)]

, (36)

and the probability of MSF roughening is

PMSF(Cj) =
1

Nξ

Nξ∑

m=1

Θ
[
RMSF

(
Cj ; ξ

(m)
)
−R0

]
. (37)

Figure 3(c) shows that the robust IEDF-aware choice
maintains high smoothing probability while suppress-
ing MSF amplification. Finally, Fig. 3(d) shows that
inverse-designed operating points cluster around a finite
intermediate-energy, low-χE region rather than moving
toward the highest ion energy. The median design is
near

med(⟨E⟩∗) ≈ 367 eV, 100med(χ∗
E) ≈ 3.5%. (38)

The narrow-IEDF smoothing window is therefore a ro-
bust feature of the model, not an artifact of one param-
eter choice.



9

200 400 600 800 1000
Vg (V)

1.0

0.5

0.0

0.5

1.0
PS

D

(a)

R 2
V =0.58

0.00 0.25 0.50 0.75 1.00
IEDF

1.0

0.5

0.0

0.5

1.0

PS
D

(b)

R 2 =0.97

1.0 0.5 0.0 0.5 1.0
PSD

1.0

0.5

0.0

0.5

1.0

PS
D

(c)

R 2=0.97

tr

te

10 2 10 1 100 101
k ( m 1)

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

G
(k
)

(d)

E =398 eV
100 E =3.8%

G
Ginv

Glo

Ghi

G

2

4

6

8

10
0

E
(%

)

2

4

6

8

10
0

E
(%

)

FIG. 2. Reduced IEDF-control law and inverse spectral design. (a) Voltage-only representation of the PSD smoothing score.
The broad scatter and low R2

V show that V g is not a sufficient control variable. (b) Collapse of the same operating points using
the IEDF-control coordinate ΛIEDF, giving a much stronger held-out prediction. (c) Parity plot comparing model-evaluated
and reduced-law-predicted QPSD for the training set Dtr and held-out set Dte. (d) Inverse spectral design. The target PSD
gain G∗(k) is approached by the inverse-designed response Ginv(k), while low-energy, high-energy, and broad-IEDF alternatives
fail to reproduce the desired spectral response.

D. End-to-end roughness-spectrum control of

quartz

The previous results establish the main control princi-
ple. The phase map shows where smoothing is possible.
The reduced coordinate gives a compact prediction rule.
The uncertainty analysis shows that the window is not
tied to one parameter set. We now apply the model to an
explicit quartz height field to show what these ideas mean
for a surface morphology. Starting from the same initial
roughness spectrum, we ask whether IEDF-aware control
produces a different final morphology from high-voltage
or broad-IEDF control.

The surface-evolution step is phenomenological, but its
structure is explicit. We assume that the height pertur-
bations remain small enough for each spatial-frequency
component to evolve independently to first order. This

is the same linearized spirit used in many ion-induced
morphology models before nonlinear pattern growth be-
comes dominant. In Fourier space, the model can be

viewed as ∂tĥ(k, t) = Γ(k; ⟨E⟩, χE)ĥ(k, t)+η(k, t), where
Γ is a net smoothing or roughening rate and η represents
weak stochastic forcing. Narrow IEDFs make the high-
frequency part of Γ more negative, which gives smooth-
ing. Broad IEDFs add a positive contribution centered
in the MSF band, which produces the roughening peak.
The explicit gain functions used to generate the figures
are listed in Appendix B.
The initial synthetic quartz surface h0(x, y) is gener-

ated from a broadband roughness spectrum containing
low-frequency figure content, MSF structure, and high-
frequency roughness. The initial PSD is S0(k). Three
control states are applied to the same surface,

Vhi, Iinv, Iχ. (39)
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FIG. 3. Robustness of the IEDF-controlled smoothing window under model uncertainty. (a) Smoothing probability Psm in the
(⟨E⟩, χE) plane, computed over an ensemble of perturbed sputtering, broadening, and damage parameters. (b) Uncertainty of
the smoothing–roughening boundary. Gray curves show perturbed boundaries ∂Ω, while the black curve shows the nominal
boundary ∂Ω0. (c) Comparison of candidate control strategies. The IEDF-aware robust design maintains high smoothing
probability while suppressing MSF amplification. (d) Distribution of inverse-designed operating points under parameter uncer-
tainty. The solutions concentrate in a finite low-χE region rather than at the highest ion energy.

Here Vhi represents high-voltage control, Iinv represents
inverse IEDF control, and Iχ represents a broad-IEDF
state at a similar mean energy to the inverse-designed
case.
For each control state C, the final PSD is written as

Sf (k; C) = G(k; C)S0(k), (40)

where

G(k; C) =
Sf (k; C)

S0(k)
(41)

is the PSD gain. To make the spectral response visible in
real space, the gain is applied to the Fourier amplitudes of
the initial surface. A weak anisotropic MSF component
is added when the control state has high ripple-risk or
broad IEDF width. This produces model-generated final
height maps hf (x, y; C).

The band power in a spatial-frequency interval is

BK[S] =

∫ kK,2

kK,1

S(k) d log k, K ∈ {MSF,HF}. (42)

The high-frequency reduction is

MHF = 1−
BHF[Sf ]

BHF[S0]
, (43)

and the MSF gain is

MMSF =
BMSF[Sf ]

BMSF[S0]
. (44)

A desirable polishing condition has MHF > 0 and
MMSF ≤ 1: it removes high-frequency roughness with-
out creating an MSF penalty.
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Figure 4(a) shows the initial surface, with Rq =
1.20 nm. Figures 4(b)–4(d) show the final surfaces pro-
duced from the same initial morphology. The high-
voltage and broad-IEDF cases increase the final rough-
ness to Rq = 1.45 nm and Rq = 1.40 nm, while the
inverse-designed IEDF condition reduces the roughness
to Rq = 0.93 nm. The scalar roughness shows the differ-
ence, while the PSD explains why it occurs.
Figure 4(e) shows the radially averaged PSDs, and

Fig. 4(f) shows the corresponding gain G(k). The high-
voltage state Vhi and the broad-IEDF state Iχ both gen-
erate strong MSF amplification, visible as G(k) > 1 in
the MSF band. In contrast, Iinv suppresses the high-
frequency PSD while keeping the MSF gain close to unity.
This is the desired spectral behavior: the model reduces
the roughness band of interest without transferring error
into a more damaging band.
Figure 4(g) tracks the normalized band powers dur-

ing polishing. The inverse-designed condition steadily
reduces the high-frequency band power while leaving the
MSF band nearly unchanged. The high-voltage case
produces a negative high-frequency reduction, meaning
net high-frequency amplification, and it also increases
the MSF band. The broad-IEDF case gives some high-
frequency reduction, but at the cost of a large MSF
penalty. The summary metrics in Fig. 4(h) make the
tradeoff explicit. Only the inverse-designed state com-
bines strong high-frequency reduction with no meaning-
ful MSF amplification,

MHF = 0.68, MMSF = 0.98. (45)

The same initial quartz surface therefore does not have
a unique outcome under a voltage scale. The final mor-
phology is determined by the PSD gain imposed by the
IEDF state.

E. Inverse gate-waveform synthesis for target PSD

control

The previous sections show that the quartz roughness
response is controlled more directly by the IEDF than
by the mean gate voltage alone. We now close the theo-
retical control loop by asking the inverse question: given
a desired roughness-spectrum response, can the model
synthesize a gate-voltage waveform that produces the re-
quired IEDF and drives the surface toward the target
PSD? This step moves the framework from interpreta-
tion toward design. The model does not only identify a
favorable ion-energy window. It also computes a gate-
voltage waveform, within the imposed constraints, that
can produce the desired spectral response.
The gate waveform is parameterized as a mean bias

plus a finite set of harmonic components,

Vg(t;u) = V g +

Nh∑

n=1

An sin (2πfnt+ ϕn) , (46)

where

u =
{
V g, A1, . . . , ANh

, ϕ1, . . . , ϕNh

}
. (47)

The frequencies fn represent waveform components al-
lowed by the bias-supply bandwidth and converter–
plasma transfer response. The amplitudes and phases are
optimized subject to voltage, ripple, and slew-rate con-
straints so that the waveform remains physically mean-
ingful for an LLC-biased extraction system. The op-
timization is not intended to replace power-electronics
design; it defines what spectral information the voltage
waveform should carry [25, 40, 41].
For each candidate waveform, the converter–plasma–

sheath transfer model maps Vg(t;u) to fi(E;u). The
corresponding mean energy and relative width are

⟨E⟩(u) =

∫ ∞

0

Efi(E;u) dE, χE(u) =
σE(u)

⟨E⟩(u)
.

(48)
The predicted PSD gain is

G(k;u) =
Sf (k;u)

S0(k)
. (49)

The waveform is chosen by minimizing

J (u) =

∫
[logG(k;u)− logG∗(k)]

2
d log k

+ λMSFRMSF(u) + λχ [χE(u)− χ∗
E ]

2

+ λV

(
Vrms(u)

V g(u)

)2

+ λlimPlim(u). (50)

The first term enforces spectral tracking. The second
penalizes MSF amplification. The third keeps the IEDF
width near the desired value. The fourth discourages
excessive ripple, and Plim is a soft penalty for voltage
and slew-rate violations. The optimized waveform is

u
∗ = argmin

u

J (u). (51)

Figure 5(a) defines the spectral task by comparing
S0(k) with the desired target spectrum S∗(k). The tar-
get is not a uniform reduction; it suppresses high-spatial-
frequency roughness while avoiding unwanted MSF am-
plification. Figure 5(b) shows the synthesized waveform
V ∗
g (t), compared with a DC waveform Vdc and an uncon-

trolled ripple waveform Vrip. The optimized waveform
remains within a moderate voltage window,

V
∗

g ≈ 380V, V ∗
rms ≈ 17.3V. (52)

The corresponding IEDFs are shown in Fig. 5(c). The
optimized waveform produces an ion-energy state close
to the desired smoothing window,

⟨E⟩∗ ≈ 383 eV, 100χ∗
E ≈ 3.6%. (53)

The DC waveform is narrower but less properly placed,
while the uncontrolled ripple waveform broadens the
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FIG. 4. End-to-end roughness-spectrum control of quartz by IEDF-controlled ion-beam polishing. (a) Initial synthetic quartz
surface generated from a broadband roughness spectrum. (b)–(d) Final surfaces obtained from the same initial morphology
under high-voltage control Vhi, inverse IEDF control Iinv, and broad-IEDF control Iχ. (e) Radially averaged PSDs before
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roughness without the MSF amplification produced by high-voltage or broad-IEDF conditions. (g) Evolution of normalized
high-frequency and MSF band powers. (h) Summary of high-frequency reduction and MSF penalty for the competing control
strategies.

IEDF and increases the risk of MSF roughening. Fig-
ure 5(d) shows convergence of the inverse-design objec-
tive toward Jmin ≈ 1.76×10−2. The main result is shown
in Fig. 5(e): the optimized gain G(k;V ∗

g ) follows the tar-
get G∗(k) closely, whereas Vdc misses the target and Vrip

produces an MSF amplification peak. Figure 5(f) sum-
marizes the control performance. The optimized wave-
form gives the smallest PSD error and suppresses RMSF.

This result gives the clearest expression of gate-
voltage-resolved control. The model treats the voltage
waveform as a design object whose purpose is to generate
an IEDF that produces a prescribed roughness-spectrum

transformation:

S∗(k) −→ V ∗
g (t) −→ f∗

i (E) −→ G(k) ≈ G∗(k). (54)

F. Ablation tests and physical necessity of IEDF

control

The preceding sections show that the IEDF-resolved
model predicts a smoothing–roughening transition, col-
lapses the PSD response, remains robust under uncer-
tainty, and synthesizes a gate-voltage waveform for a pre-
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FIG. 5. Inverse gate-waveform synthesis for target quartz PSD control. (a) Initial roughness spectrum S0(k) and prescribed
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ripple waveform Vrip. (c) Ion energy distributions generated by the three waveforms. The optimized waveform produces an
IEDF near the desired smoothing window. (d) Convergence of the waveform-design objective Jn. (e) PSD gain comparison. The
optimized waveform closely follows the target gain G∗(k), while the uncontrolled ripple waveform produces MSF amplification.
(f) Summary of PSD tracking error, MSF roughening, and relative IEDF width for the competing waveform controls.

scribed target. A final question is whether these conclu-
sions truly require IEDF physics, or whether a simpler
voltage-only or mean-energy-only description would give
the same result. To address this, we remove key physi-
cal ingredients one at a time and determine whether the
predictive structure survives.

We compare five descriptions of the same operating
ensemble. The first two are scalar controls based only
on the mean gate voltage and mean ion energy, V g and

⟨E⟩. The remaining three are reduced IEDF-based co-
ordinates. The first removes explicit relative-width de-
pendence and is denoted by Λ¬χ. The second removes
the high-energy penalty and is denoted by Λ¬Ehi

. The
last is the full IEDF coordinate ΛIEDF. If voltage alone
were sufficient, V g would predict the PSD response. If
the energy scale alone were sufficient, ⟨E⟩ would perform
comparably to the full model. If IEDF physics is neces-
sary, the best prediction should require both the mean
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energy and the distribution width.
For each model M, a reduced predictor is fitted on a

training set and evaluated on a held-out set. The held-
out coefficient of determination is

R2
te(M) = 1−

∑
j∈Dte

[
QPSD,j − Q̂

(M)
PSD,j

]2

∑
j∈Dte

[
QPSD,j −QPSD

]2 . (55)

Figure 6(a) shows that voltage-only and mean-energy-
only predictors give moderate performance,

R2
te(V g) ≃ 0.60, R2

te(⟨E⟩) ≃ 0.61, (56)

whereas the full IEDF coordinate reaches R2
te(ΛIEDF) ≃

0.98. Removing the width term weakens prediction, while
the high-energy-aware coordinate remains close to the
full model. Thus the response cannot be reduced to volt-
age or energy alone.
The second ablation test examines the phase boundary.

We compare the full model Mfull with three leave-one-
physics-out variants,

M¬χE
, M¬Ehi

, M¬MSF. (57)

Each model produces a boundary

∂ΩM =
{
(⟨E⟩, χE) : Q

(M)
PSD(⟨E⟩, χE) = 0

}
. (58)

Figure 6(b) shows that removing the IEDF-width,
high-energy, or MSF-roughening terms distorts the
smoothing–roughening boundary. The finite window in
the full model is therefore not created by the plotting
coordinates alone. It depends on physical terms that de-
scribe the distribution width and the roughening chan-
nels activated by it.
The third test asks whether inverse design is target-

specific. We generate a family of target gains G∗
i (k) and

compare voltage-only, mean-energy-only, and full IEDF
design descriptions. For each target, the PSD tracking
error is

ϵPSD =

[
1

Nk

Nk∑

ℓ=1

(logG(kℓ)− logG∗(kℓ))
2

]1/2

. (59)

Figure 6(c) shows that voltage-only design sometimes
reaches the target but has a broad error distribution.
Mean-energy-only design is less reliable because it can-
not adjust IEDF width independently. Full IEDF design
gives the smallest and narrowest error distribution.
Finally, a design is counted as successful if it satisfies

ϵPSD < ϵ0, RMSF < R0, χE < χ0. (60)

The corresponding pass probability is

Ppass(D) =
1

Ntar

Ntar∑

i=1

Θ [ϵ0 − ϵPSD,i]

Θ [R0 −RMSF,i] Θ [χ0 − χE,i] . (61)

Figure 6(d) shows that voltage-only design is partially
useful but unreliable: it passes the combined criterion for
about 47% of target spectra. Mean-energy-only design
passes about 6%. The full IEDF-control design passes
all criteria across this simulated target ensemble. This
gives the falsification test a clear interpretation: voltage
may occasionally land in a useful region, but only IEDF-
resolved design systematically controls the PSD response
while avoiding MSF amplification.
Taken together, the ablation tests support the cen-

tral claim. The smoothing window, predictive collapse,
many-target inverse design, and waveform-control result
are not consequences of a voltage-only correlation or a
flexible curve fit. They require the physical content of
the IEDF state, especially the relative width and rough-
ening channels that it activates.

IV. METHODS AND REPRODUCIBILITY

This work uses a reduced theoretical and numerical
workflow. No experimental polishing data are fitted
in the main simulations. Each operating point is de-
fined first by a gate-voltage waveform and the reduced
converter–plasma–sheath transfer response. The result-
ing waveform is mapped to an ion energy distribution,
from which the mean energy ⟨E⟩ and the relative width
χE are calculated. These IEDF moments are then passed
to the PSD-response model to obtain the smoothing
score, the roughening order parameter, and the spectral
gain. For the end-to-end height-field tests, the same gain
is applied to the Fourier components of a synthetic quartz
surface so that the final PSD and morphology can be
compared across control strategies.
The kernel definitions, nominal parameter values, and

surface-evolution procedure are given in Appendices A
and B. The purpose of placing these expressions explic-
itly in the manuscript is to make the phase maps, inverse-
design calculations, uncertainty tests, and ablation stud-
ies reproducible. The numerical values should not be in-
terpreted as universal constants for quartz polishing. For
a specific ICP source, gas chemistry, extraction geome-
try, incidence angle, or metrology bandwidth, the onset
energy, useful-energy window, high-energy penalty, and
MSF-response kernel should be calibrated against mea-
sured IEDFs and measured PSD gains.
The robustness analysis perturbs the reduced sputter-

ing, broadening, damage, and spectral-response parame-
ters and then recomputes the smoothing probability and
the uncertainty of the smoothing–roughening boundary.
The inverse-design tests use the same forward model, but
solve the reverse problem: a target PSD gain is pre-
scribed, and the model searches for an IEDF state and
an admissible gate waveform that reproduce that target
while penalizing MSF amplification and excessive voltage
ripple. This makes the framework testable. If measured
surfaces are predicted equally well by nominal voltage or
mean energy alone, the IEDF-control description is un-
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FIG. 6. Ablation and falsification tests for the IEDF-control theory. (a) Held-out prediction performance for voltage-only, mean-
energy-only, ablated, and full IEDF-control descriptions. The full coordinate ΛIEDF gives the strongest held-out prediction.
(b) Leave-one-physics-out phase boundaries. Removing the IEDF-width, high-energy, or MSF-roughening terms distorts the
smoothing–roughening boundary relative to the full model. (c) Many-target inverse-design test. The PSD tracking error ϵPSD

is smallest and most concentrated for the full IEDF-control design. (d) Pass probability for PSD tracking, MSF suppression,
and the combined criterion. Voltage-only control is partially successful but unreliable, while IEDF-resolved design passes all
criteria in this simulated target ensemble.

necessary. If measured PSD gains collapse more reliably
with the IEDF coordinate, the model provides a practical
basis for waveform-level control.

V. DISCUSSION

The results point to one main message: the useful
polishing state is the IEDF, not the nominal gate volt-
age. The phase map shows a finite smoothing window
in (⟨E⟩, χE). The reduced-control result shows that the
PSD response becomes easier to predict when it is de-
scribed with an IEDF-based coordinate. The uncertainty
analysis shows that the window is not simply the con-
sequence of one selected parameter set. The surface-

evolution calculation shows how the same control idea
changes the final morphology, while the inverse-waveform
calculation closes the loop from a target PSD back to
a gate waveform. The ablation tests support the same
interpretation, because the predictive structure weakens
when the IEDF width and roughening terms are removed.

This interpretation has a direct practical meaning.
The mean gate voltage is an electrical setting at the
power supply; it is not the quantity that directly acts
on the quartz surface. It becomes useful only after the
converter, plasma load, and sheath have converted it into
fi(E, θ). Raising the voltage can increase removal, but
it can also increase roughening or damage. In the same
way, ripple or pressure-driven broadening can leave the
mean energy almost unchanged while moving the surface
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response from stable smoothing to MSF amplification.
The best operating point is therefore not necessarily the
highest voltage. It is the condition in which the mean en-
ergy is high enough for useful removal, while the relative
IEDF width remains low enough to avoid roughening.
The model also separates removal strength from pol-

ishing quality. A faster removal condition is not automat-
ically the better optical-polishing condition. If it creates
MSF structure, it may make later finishing more diffi-
cult even when the average roughness appears accept-
able. A condition that reduces high-frequency roughness
while leaving the middle of the PSD unchanged may be
preferable, even if it removes material more slowly. This
tradeoff is captured by the reduced coordinate ΛIEDF and
the roughening measure RMSF. Together they allow pol-
ishing conditions to be compared by their spectral con-
sequence, not only by their removal power.
The energy scale predicted here should be treated as

a calibrated model result, not as a universal polishing
recipe. The inverse-designed points in this study cluster
near ⟨E⟩ ≈ 367–398 eV with 100χE ≈ 3.5–3.8%. Pub-
lished fused-silica ion-polishing studies often use higher
Ar-ion energies, and some report their strongest smooth-
ing near the 0.8–1.3 keV scale, with degradation appear-
ing again at still higher energies [9]. Other ion-beam
figuring and reactive ion-beam figuring studies also show
that roughness response depends on material, chemistry,
incidence angle, removed depth, and measured spatial-
frequency band [8, 28, 37]. This comparison does not
weaken the control idea. Rather, it shows how the
present model should be used: the parameters Eopt and
Ehi should be fitted to the specific tool, material, and
process window under study. The main claim is not that
one numerical energy is universal, but that the useful con-
trol variable is the IEDF state rather than the nominal
voltage alone.
The proposed framework is written in terms of quan-

tities that can be measured. The mean energy ⟨E⟩,
energy spread σE , and IEDF shape can be measured
or inferred using plasma diagnostics and energy analyz-
ers. The PSD gain G(k) can be measured by combining
AFM, white-light interferometry, and optical-scattering
measurements over the relevant spatial-frequency ranges
[4, 5, 8]. A direct experimental test would hold the mean
gate voltage fixed, change the ripple-transfer state, and
measure whether both fi(E) and Sf (k)/S0(k) change. A
second test would use an inverse-designed waveform and
compare the measured PSD gain with the target gain.
These tests would show whether voltage-only control is
sufficient, or whether IEDF-resolved control is needed.

VI. LIMITATIONS AND OUTLOOK

This work is theoretical and should not be read as an
experimental demonstration of a specific polishing tool.
The numerical boundaries in the phase maps depend on
the chosen sputtering-onset function, broadening model,

high-energy penalty, and PSD-response kernel. The main
claim is therefore not the exact numerical position of
the smoothing window. The main claim is that the
reduced model predicts an IEDF-controlled smoothing–
roughening transition, a compact IEDF-based response
collapse, and a route for inverse spectral design that can
be calibrated and tested experimentally.
A second limitation is the compact IEDF description.

The present model uses mainly ⟨E⟩ and χE . This is useful
for building a clear control picture, but real beams may
require the full distribution fi(E, θ). This will be espe-
cially important for oblique incidence, anisotropic ripple
formation, or strongly collisional extraction. The same
framework can be extended by replacing χE with higher
moments, or by building ΛIEDF from the full energy-angle
distribution.
A third limitation is the reduced surface-evolution

model. The height-field calculations are designed to show
the spectral consequences of different IEDF states. They
are not a substitute for atomistic simulations, detailed
continuum models, or controlled polishing experiments.
Future work should compare the predicted PSD gains
with Monte Carlo ion-solid simulations, continuum evo-
lution equations, and measured polishing data. The ab-
lation tests make the theory testable. If future mea-
surements show that PSD evolution is predicted equally
well by V g or ⟨E⟩ alone, then the IEDF-control descrip-
tion is not needed. If the measured response follows the
IEDF coordinate more closely than nominal voltage, the
framework will provide a practical path toward predictive
waveform design.

VII. CONCLUSION

We developed a reduced theoretical framework for
gate-voltage-resolved IEDF control in ICP-extracted ion-
beam polishing of quartz using a 2 kW LLC resonant DC
bias supply. The central result is that the mean gate volt-
age is not the most direct polishing coordinate. The more
useful control state is the ion energy distribution gener-
ated by the coupled power-electronics, plasma-load, and
sheath-transfer chain. Within the model, stable smooth-
ing occurs in a finite region of the (⟨E⟩, χE) plane. The
process moves toward MSF roughening when the IEDF
becomes too broad, and toward high-energy risk when
the mean energy becomes too large.
A reduced IEDF-control coordinate collapses the simu-

lated PSD response more effectively than voltage-only or
mean-energy-only descriptions. It also supports inverse
design of target roughness spectra. Robustness analysis,
end-to-end surface evolution, inverse waveform synthesis,
and ablation tests all support the same conclusion within
the assumptions of the reduced model. Predictive quartz
polishing should therefore be designed through the IEDF
state, not through nominal voltage alone. In this view,
the gate voltage is a machine actuator that must be cal-
ibrated through the plasma and sheath response before
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it can be used for reliable roughness-spectrum control.
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Appendix A: Kernel definitions and numerical

parameters

This Appendix contains the analytical forms used for
the reduced PSD-control score and the IEDF-control co-
ordinate. The aim is to allow reproducibility of the phase
maps, robustness tests, and inverse-design calculations.
The kernels are not meant to be universal laws of mat-
ter. They are smooth phenomenological functions that
incorporate the main physical requirements for ion-beam
polishing: sputtering must be active, the mean energy
must be in a useful range, the IEDF must be sufficiently
narrow, and high-energy roughening must be avoided.
The sputtering-onset function is written as

Son(E) =

[
1 + exp

(
−
E − Eth

∆Eth

)]−1

, (A1)

where Eth is the effective onset energy and ∆Eth controls
how gradual the onset is. This smooth form avoids an ar-
tificial discontinuity at threshold while still representing
the fact that very low-energy ions produce weak material
removal.
The useful polishing-energy window is modeled as

WE(E) = exp

[
−
(E − Eopt)

2

2σ∗2
E

]
, (A2)

where Eopt is the center of the nominal smoothing win-
dow and σ∗

E controls its width. This term expresses the
idea that the most useful polishing condition is not ob-
tained at the highest energy, but in an intermediate re-
gion where removal is active without strong damage or
roughening penalties.
The broad-IEDF penalty is written as

Bχ(χE) =

[
1 + exp

(
−
χE − χc

∆χ

)]−1

. (A3)

Here χc is the relative-width scale where broadening be-
gins to affect the surface response, and ∆χ controls the
sharpness of that transition. Thus Bχ ≈ 0 for narrow
IEDFs and Bχ ≈ 1 for broad IEDFs.
The high-energy damage or roughening penalty is

Dhi(E) =

[
1 + exp

(
−
E − Ehi

∆Ehi

)]−1

, (A4)

where Ehi is the energy scale where high-energy damage
or roughening becomes important. This term is included
because a larger ion energy does not always improve pol-
ishing quality. At sufficiently high energy, the process
can increase defect production, roughening, or subsur-
face modification.
Using these kernels, the PSD-control score used in the

main text is

QPSD = AsmSon(E)WE(E) [1− αχBχ(χE)]

−AχBχ(χE)−AhiDhi(E)−Alo [1− Son(E)] .
(A5)

The first term represents useful smoothing. The remain-
ing terms penalize broad IEDFs, high-energy operation,
and operation below sputtering onset.
The reduced IEDF-control coordinate is

ΛIEDF =
Son(E)WE(E)

1 + (χE/χc)m + ahiDhi(E)
. (A6)

This coordinate becomes large only when the ion energy
is in the useful smoothing range, the IEDF is narrow,
and the high-energy penalty is small.
The nominal parameter values used in the numerical

examples are listed in Table I. These values define the
baseline model. In the uncertainty analysis, the same
parameters are perturbed around their nominal values
to test whether the smoothing window survives plausible
model variation.
For the robustness calculations, the uncertain param-

eter vector is

ξ = {Eth, Eopt, χc, Ehi, Asm, Aχ, Ahi, Alo, ksm, kMSF}.
(A7)

Unless otherwise stated, each parameter is varied inde-
pendently around its nominal value using a bounded per-
turbation. In the present simulations, the energy scales
and amplitude weights are varied by ±15%, while the
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TABLE I. Nominal reduced-model parameters used for the PSD-control score and IEDF-control coordinate. Energies are
given in electronvolts, while χE is dimensionless. The values should be interpreted as calibration parameters for the reduced
theoretical model rather than universal constants for quartz polishing.

Parameter Nominal value Meaning

Eth 135 eV effective sputtering-onset energy
∆Eth 25 eV onset smoothness
Eopt 380 eV center of useful polishing-energy window
σ∗

E 130 eV width of useful energy window
Ehi 820 eV high-energy roughening or damage scale
∆Ehi 70 eV high-energy transition width
χc 0.045 IEDF-width transition scale
∆χ 0.008 IEDF-width transition smoothness
m 4 width penalty exponent in ΛIEDF

Asm 1.50 smoothing weight
Aχ 0.85 broad-IEDF penalty weight
Ahi 1.10 high-energy penalty weight
Alo 0.90 low-energy penalty weight
αχ 0.55 smoothing reduction caused by IEDF broadening
ahi 1.00 high-energy penalty in ΛIEDF

spatial-frequency centers are varied by ±20%. These
ranges are not meant to represent a specific experimental
uncertainty budget. They are used to test whether the
predicted smoothing region is structurally stable rather
than tuned to one exact parameter set.

Appendix B: Reduced PSD-gain and

surface-evolution model

This appendix gives the reduced surface-response
model used to generate the PSD gains and height-field ex-
amples. The model is phenomenological, but it is written
in a form that follows the usual linearized interpretation
of ion-induced surface evolution. Each Fourier compo-
nent of the surface is assumed to evolve under a compe-
tition between smoothing, roughening, and weak stochas-
tic forcing.

For a Fourier component ĥk(t), the reduced evolution
equation is written as

dĥk

dt
= Γnet(k;E,χE)ĥk + ηk(t), (B1)

where Γnet is the net spectral growth rate and ηk(t) rep-
resents weak stochastic forcing from ion-impact noise. A
negative value of Γnet gives smoothing, while a positive
value gives amplification of that spatial-frequency com-
ponent.
The net rate is decomposed as

Γnet(k;E,χE) = −Γsm(E, k)+ΓMSF(E,χE , k)+Γhi(E, k).
(B2)

The first term is the useful smoothing contribution. The
second term is the mid-spatial-frequency roughening con-
tribution that grows when the IEDF becomes broad. The
third term is a high-energy roughening contribution.

The smoothing term is modeled as

Γsm(E, k) = Γsm,0Son(E)WE(E)HHF(k), (B3)

where Γsm,0 is a smoothing-rate scale and HHF(k)
weights the high-frequency band. We use

HHF(k) =

[
1 + exp

(
−
log k − log kHF,1

∆HF

)]−1

, (B4)

so that smoothing acts most strongly above the lower
edge of the high-frequency band.
The MSF roughening term is written as

ΓMSF(E,χE , k) =ΓMSF,0Bχ(χE)WMSF(E)

exp

[
−
(log k − log kMSF)

2

2σ2
MSF

]
. (B5)

Here kMSF is the center of the MSF response and σMSF

controls its width in log-frequency space. The energy
factor is

WMSF(E) = exp

[
−
(E − EMSF)

2

2σ2
MSF,E

]
. (B6)

This term implements the idea that broad IEDFs can mix
different sputtering and redistribution regimes during the
same exposure. The result can be an MSF amplification
peak even when part of the high-frequency roughness is
reduced.
The high-energy roughening term is

Γhi(E, k) = Γhi,0Dhi(E)Hhi(k), (B7)

where

Hhi(k) = exp

[
−
(log k − log khi)

2

2σ2
hi

]
. (B8)
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This contribution is small at moderate energy and be-
comes important when E approaches the high-energy
penalty region.
For a polishing time tp, the PSD gain is then

G(k;E,χE) = exp [2Γnet(k;E,χE)tp] . (B9)

The factor of two appears because the PSD is propor-
tional to the squared Fourier amplitude. If the height

amplitude changes as ĥk → ĥk exp(Γnettp), then the PSD
changes as S(k) → S(k) exp(2Γnettp).

The final PSD used in the height-field examples is

Sf (k; C) = G(k; C)S0(k), (B10)

where C denotes the chosen control state. To construct
a final height map, the Fourier amplitudes of the ini-
tial surface are multiplied by G1/2(k; C), while the phases
are kept fixed except for a weak stochastic contribution.
In cases with broad IEDF or high ripple-risk, a small
anisotropic MSF component is added to make the MSF
amplification visible in real space. This procedure is not
a substitute for a kinetic surface simulation. It is used

only to show the spectral consequence of different IEDF
states on the same initial surface.
The nominal surface-response parameters are listed in

Table II. These values set the scale of the simulated PSD
gains. They can be recalibrated when measured PSD
data are available for a specific tool, material, gas species,
and incidence geometry.
The MSF and HF band powers used in the main text

are computed from

BK[S] =

∫ kK,2

kK,1

S(k) d log k, K ∈ {MSF,HF}.

(B11)
The high-frequency reduction and MSF gain are

MHF = 1−
BHF[Sf ]

BHF[S0]
, MMSF =

BMSF[Sf ]

BMSF[S0]
. (B12)

A favorable polishing response has MHF > 0 and
MMSF ≤ 1. This means that high-frequency roughness is
reduced without transferring error into the mid-spatial-
frequency band.
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