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Tensor measurements play a vital role in both fundamental sciences and interdisciplinary appli-
cations such as navigation and remote sensing which require sensitive perception of the gradient of
vector fields. Fundamentally, these measurements rely on the estimation of multiple parameters,
which is a key focus in metrology. Quantum metrology has achieved remarkable success in surpass-
ing the standard quantum limit for single-parameter estimation, offering extraordinary sensitivity.
Quantum multiparameter estimation has also been demonstrated recently with few-particle quan-
tum systems. Here, we develop tensor quantum metrology by advancing multiparameter quantum
sensing to an unprecedented level with both high scalability and multidimensional performance,
fulfilling the essential demands on sensitivity for tensor measurements. We generate a bright, multi-
dimensional polarization-entangled light source from an atomic ensemble, with three simultaneously
squeezed Stokes operators, enabling superior performance in multiparameter quantum sensing com-
pared to conventional polarization-entangled light. By employing such a quantum light in a tensor
magnetometry, we achieve a 6 dB quantum enhancement in both direction and amplitude measure-
ments of magnetic field gradient, with a directional gradient sensitivity of 21 urad/cm/+v/Hz and an
amplitude gradient sensitivity of 6 fT/cm/v/Hz. As the first realization of high-sensitivity quantum-
enhanced sensing of a tensor field, this work marks a milestone in the advancement of quantum

metrology.

With advancements in quantum optics, quantum sen-
sors have enabled the development of a wide range of
technologies, including atomic magnetometers [1-7], in-
terferometers [8-11], and microwave sensors [12-14], all
of which play pivotal roles in both fundamental and ap-
plied physics. The sensitivity of these sensors is fun-
damentally constrained by the standard quantum limit
(SQL), which is determined by spin projection noise and
photon shot noise (PSN) [15]. Quantum metrology has
enabled investigations to overcome this limitation by
leveraging techniques such as squeezing and entangle-
ment to suppress quantum noise, enabling better sen-
sitivity than classic methods [16-25]. Notably, the per-
formance of state-of-the-art atomic magnetometers and
atomic clocks has been significantly improved according
to recent demonstrations of entangled sensors [22, 25-28],
marking substantial progress toward practical quantum-
enhanced atomic sensors.

Building upon these foundational advances, quantum
metrology is expanding into various research fields in-
cluding fundamental physics [29-35], chemical analysis
[36, 37], biological magnetic field measurements [38—40],
navigation [41, 42], and geological remote sensing [43].
While quantum techniques have successfully enhanced
sensitivity for scalar field measurements through single-

parameter estimation, most practical scenarios in these
domains require measurement of vector or tensor fields,
demanding the simultaneous estimation of multiple pa-
rameters.

Multiparameter quantum sensing has witnessed sub-
stantial theoretical developments [44-46]. These ad-
vancements have been experimentally validated in proof-
of-principle demonstrations, including optical systems
[47-50], trapped ions [51, 52], Bose-Einstein condensates
[53, 54], and superconducting circuits [55]. While these
studies elucidate fundamental quantum limits and fea-
sibility conditions, current experimental platforms typi-
cally operate with few particles, falling short by orders of
magnitude compared to real-world requirements. Bridg-
ing this gap requires significant advancements in high
scalability, multidimensional performance, and capabil-
ity for suppression of both quantum and classical noises.

To address these challenges in scalable multiparameter
quantum sensing, we propose and demonstrate a novel
approach for quantum-enhanced tensor magnetometry.
Unlike conventional methods that extract only the mag-
netic field strength via the Larmor frequency, our scheme
additionally exploits the oscillation amplitude of the spin
precession, which carries critical information about the
magnetic field direction. By constructing a differential
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FIG. 1. Schematic diagram of tensor magnetometry with multi-dimensional continuous-variable polarization-
entangled (m-CVPE) lights. a, Schematic diagram of vector magnetic field measurement. As the probe propagates with the
polarized atomic spin undergoing Larmor precession, the polarization angle 0, is modulated at the Larmor frequency Q. (F )
is the total angular momentum of the polarized spins. 7 is the gyromagnetic ratio. B is the leading magnetic field. Inset figure
(i): Atomic spins undergo Larmor precession. 0p is the magnetic field direction at the atomic sensor. (F3) is the projection of
spin on # axis. Inset figure (ii): The polarization of the output light oscillates sinusoidally. Green stars: Q%t = (1/2 + ¢)m,
Pink circles: Q%t = gm, (k = a,b,q = 0,1,2...). Here, A?Y = A2Si" A?X = cos(€)A?SL" + sin(¢)A%S.". b, Schematic of
Quantum-enhanced tensor magnetic component measurement. Sensors a and b are utilized to form a magnetic gradiometer.
Here, A’Y* = A28% A?X* = cos(£)A%SE + sin(¢)A%SE, A?Y~ = A%SI" | A?X ™~ = cos(€)A%SI" + sin(¢)A%8i" | ¢ =
2k(F)Lsin(0%). L is the length of the atomic sensor and & is the first order coupling constant. LIA: Lock-in Amplifier.

operators corresponding to modes a and b, respectively.
In contrast to conventional CVPE (c-CVPE) lights

[69-84], three combined Stokes operators S, _, S, _
and §Z7+ are simultaneously squeezed in our generated
m-CVPE lights, thereby enabling superior performance
in multiparameter quantum sensing. Applied to tensor
magnetometry, the multidimensional entanglement

measurement between two atomic sensors, we extract
gradient information of both the field direction and am-
plitude, which correspond to specific tensor components
of the magnetic field. This two-parameter measurement
protocol paves the way toward full-field tensor recon-
struction using scalable quantum sensors.

To enable simultaneous quantum enhancement in

both parameters, we utilize the specifically engineered
multi-dimensional  continuous-variable  polarization-
entangled (m-CVPE) lights as bright quantum probes.
The m-CVPE lights comprise two distinct modes, a
and b, and are generated via two orthogonally polar-
ized four-wave mixing (FWM) processes [56-68] in a
warm atomic ensemble. The entanglement properties
of m-CVPE lights are characterized by combined
Stokes operators Sy, +, defined as S, + = Sy, + S,Z;L
(m = x,y,z), where 5’,% and S‘f;l denote the Stokes

enables simultaneous quantum-enhanced sensitivity to
both magnetic field direction and amplitude gradients,
achieving 21 prad/cm/v/Hz and 6fT/cm/v/Hz, respec-
tively. The polarization-entangled source from an atomic
vapor cell is anticipated to considerably impact practical
quantum metrology and quantum network applications.

Tensor magnetometry
In this work, we demonstrate the quantum-enhanced
measurement of two specific components of the magnetic



field gradient tensor, namely 0.B, and 0,B,. Under an
external magnetic field, atomic spins undergo Larmor
precession, with the precession frequency determined
by the magnetic field amplitude, and the precession
amplitude dependent on the angle between the initial
spin state and the magnetic field.

For an applied magnetic field at any arbitrary orien-
tation, the direction of the vector magnetic field can be
determined by measuring the (F}) and (F}) components
(see detail in Methods).

To demonstrate the measurement process, we mea-
sure vector magnetic fields with Larmor frequencies Qg
aligned in ¢ — Z plane, with an angle of g with respect
to & axis as depicted in Fig. 1 (a). For an atomic ensem-
ble initially polarized along the ¢ axis, undergoing Lar-
mor precession with such magnetic field, the projection
of spin on Z axis is as shown in Fig. 1 (a)(i):

(E,) = (F)sin(0g) sin(Qpt), (1)

where (13'> is the total angular momentum of the polar-
ized spins. The spin state is mapped to the polarization
of light through the first order atom-light interaction:

Hy = kS, F,, (2)

where, k is the first order coupling constant. After the
optical field passes through the atomic sensor, it’s polar-
ization angle is rotated as follows:
<5’§“t> B ( cosfr  sin 9L) (S;”)

] = . PN I (3)

S?‘;“ —sinf; cosfy, S;"
where, S;’(‘y) are the Stokes operators of the light before
it interacts with the atomic sensor. After this atom-light
interaction, S;’E‘;) are a mixture of S;* and S;". The po-
larization of the output light oscillates sinusoidally. The
magnetic field information is encoded in the waveform
of the polarization angle, constituting a multi-parameter
measurement [85, 86] wherein the field’s amplitude and
direction are respectively embedded in the oscillation fre-
quency and amplitude of the spin precession, as illus-
trated in Fig. 1(a)(ii). Experimentally, the output po-
larization is detected via a photon-detector and demodu-
lated using a lock-in amplifier (LTA). The amplitude and
direction of the magnetic field are then extracted simul-
taneously from the Y (out-of-phase) and X (in-phase)
outputs demodulated from polarization rotation signal.

For tensor magnetometry, the Larmor frequencies 25
with perturbations AQp and the angles 6 with pertur-
bations Afp are Q% = Qp + AQK and 0% = 05 + A%,
(k = a,b) at the positions of two atomic sensors, as il-
lustrated in Fig. 1(b). Here, we measure the magnetic
field amplitude gradient and direction gradient, which
can be further converted into gradient components 0, B,
and 0,B, (see details in Methods).

The magnetic field amplitude gradient, which is ex-
tracted from the Y output of LIA, is determined in prin-
ciple by measuring the time between two zero cross-
ings of the oscillating spin components, i.e. Qkt =

grm (¢ = 0,1,2...). The output gradient signal reads as
(Souty = (Sa) — (S8) = —&(Sin)(AQY — AQY), with the
noise given by A2Sg?j = A2.SA'§Z’L (see detail in Methods),
where ¢ = 2(F)Lsin(fg), L is the length of the atomic
sensor. Here, since the measurement depends solely on
Sin_, using ¢-CVPE lights [69-84] that squeezes Si"_ is
sufficient to achieve quantum enhancement of amplitude
sensitivity.

The magnetic field direction gradient, which is ex-
tracted from the X output of LIA, can be inferred
from the oscillating amplitude of the polarized spins,
ie, Q% = (1/2 + ¢)m. The output signal reads as
(Sguty = —¢'(sin£(SI) + cos (Si)) (A% — ABY), with
the noise given by AQS;’?f = A?(cos fS;ﬂ — sin §§I’ZL),
where & = £ cot(fp) (see detail in Methods). The noise
in the direction measurement is jointly determined by
the noise of the two combined Stokes operators (SZ*

and 5’;"_) In this scenario, the measurement sensitivity
is jointly limited by the noise of both Sin_and 5;"7

"E77 g
¢-CVPE lights, which squeezes only one of the Stokes
operators, cannot provide simultaneous quantum en-
hancement. To address this, we develop m-CVPE lights
with simultaneous squeezing of both S;f"_ and S;’f_,
enabling quantum-enhanced measurements of magnetic

field direction gradients.
M-CVPE lights

The generation of CVPE light typically requires mixing
of two squeezed vacuum states of lights with orthogonal
polarizations. However, the resulting entangled lights ex-
hibit a low photon number, limiting their applicability in
high-sensitivity metrology [47-50]. Conventional proto-
cols for photon number enhancement involve the coherent
superposition of squeezed vacuum with an orthogonally
polarized coherent state at a beam splitter. In such c-
CVPE lights, quantum enhancement arises from squeez-
ing in one polarization, while the polarization measure-
ment capability originates from the coherent light in the
orthogonal polarization. However, due to the introduc-
tion of coherent light, one of the Stokes operators AS; _
is consistently constrained to the SQL [87]. When the
optical field traverses a birefringent medium, the change
in its polarization causes mixture of two Stokes opera-
tors, as demonstrated in Eq. (3). This effect is partic-
ularly critical for high-sensitivity magnetometers, where
the polarization rotation angle may exceed 45° [88, 89,
resulting in a complete exchange of the noise properties
between the two Stokes operators. In our experiment,
the maximum polarization rotation angle reaches 28.5°,
which still leads to significant mixing of the quantum
noise of the two operators. When only one of them is ini-
tially squeezed, this mixing effectively introduces vacuum
noise into the squeezed component, thereby substantially
degrading the squeezing [90], which fundamentally limits
the application of such quantum states in metrology.

To overcome the inherent SQL limitation in c-CVPE
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FIG. 2. Schematic diagram of m-CVPE lights generation. a, S% and S%, are Stokes operators for two modes, and
S + = Sa + Sb (m = z,y,2). Solid lines and dashed lines represent compatible pair and incompatible pair, respectively
Here, SI - Sy _ and Sz + can be squeezed simultaneously. Squeezmg of Sz _ and Sy _ lead to the anti-squeezing of SZ -
Similarly, the squeezing of Sz,+ leads to the anti-squeezing of Sx,Jr and Sy,+. b, PA: parametric amplifier.
beam splitter. a.,; and Eu’j are the field operators with u = 0,1,2 and 5 = H, V. The index 0 represents the seed beams before
PAs, 1 represents the quadrature entangled beams after PAs, and 2 represents the m-CVPE lights after PBSs. The index H
and V represent the horizontally and vertically polarization modes. HWP: half-wave plate. QWP: quarter-wave plate. ¢, noise
surface of general Stokes operators in mode a with tracing out mode b. d, noise surface of the general Stokes operators in mode

PBS: polarlzmg

b with heralded detection of mode a. The purple line corresponds to the yellow cross-section in d.

configurations, we develop m-CVPE lights. The po-
tential for simultaneous squeezing is first illustrated by
the compatibility relations among the combined Stokes
operators for two linearly-polarized optical fields with
identical amplitude and polarization, as shown in Fig.
2(a). To realize this potential, we develop m-CVPE
lights by combining two bright polarization-orthogonal
quadrature-entangled beam pairs, replacing the coherent-
light element in traditional schemes with a second entan-
gled source [90], thereby enabling simultaneous squeezing
across three combined Stokes operators, as illustrated in
Fig. 2(b). The two pairs of quadrature entangled twin
beams (consisting of signal beams a1,y and a1z, and
idler beams l;l)v and IA)L u) are generated after paramet-
ric amplifiers (PAs) via FWM processes [66, 91]. The
input-output relations are:

a1,y =Gao,; + gbj, 5, (4)
bl ; =Gb] ; + gao ;.

where, j = H,V denotes the horizontally and vertically
polarized modes, @ and b denote signal and idler modes,

G and g are the gain factors satisfying G? — g2 = 1. The
input field of two FWM processes is |a)%[0)%]|a)%[0)%,,

where |o) and |0) are coherent state and vacuum state,
respectively. Each pair of twin beams after PA shares
the same polarization, while the polarization of the two
pairs are perpendicular to each other. We transform
the entanglement into a polarization basis by combining
the two signal beams and two idler beams from the up-
per (H-polarized) and lower (V-polarized) channels via
two polarizing beam splitters (PBSs). This spatial-to-
polarization conversion preserves the quantum correla-
tions in both polarization modes, eliminating classical
noise contamination inherent to hybrid quantum-classical
architectures.

With our m-CVPE lights, the variances of three com-
bined Stokes operators (S, _, S, _ and S, ) are given
by (see Supplementary materials):

Ny
ma (5)

where NV, is the total photon number of m-CVPE lights.
The variances of the three combined Stokes operators
(Sm,_, Sy _, and S, +) are simultaneously squeezed, en-
suring that such a quantum light field is suitable for quan-
tum estimation of multiple parameters.

To characterize the noise properties of the gener-

A%S, _ =A%5,  =A%S, , =



ated m-CVPE lights across all polarization compo-
nents, we define general Stokes operator by rotat-
ing the coordinates 55 via two rotating operations

ei¢’;§’;/2ei9§S§/27 (k = a,b):

SE(O% k) = sin 0% cos ¢k SF+cos 9%5‘5—1—5111 0% sin ¢ SF.
(6)
Fig. 2(c,d) illustrate the noise surfaces for the general
Stokes operators. The radial distance from the origin
to the surface in any direction (6%,¢%) represents the
noise in that direction. By tracing out one of the two
modes, e.g., mode B, the surviving mode a is described
by a thermal state with anti-squeezing in all directions as
shown in Fig. 2 (c). With the heralded detection of mode
@ along the direction 6%, ¢, the general Stokes operator
of mode b along the direction 2 = 0%, ¢4 = —
conditionally squeezed as shown in Fig. 2 (d).
To further explore the entanglement properties be-
tween modes a and l;, we investigate the noise charac-
teristics of combined Stokes operators S® — S° which
exhibit rich angular dependencies, reflecting the inter-
play between polarization orientations and entanglement
structure. The theoretical noise surfaces of S%—S°, under
specific relationships between the angles 6%, 0% ¢9 and
#% are illustrated in Fig. 3 (a, b), while the corresponding
experimental measurements are plotted in Fig. 3 (c).
The noise power is measured at 0.6 MHz relative to
the PSN, which is calibrated using coherent light with
the same optical power as the entangled beams. With
a gain of G?> = 6 and an external loss of ¢ = 0.185, the
maximum squeezing reaches 7dB. As it turns out, this
entanglement extends the dimensions of entanglement
between signal and idler beams. For ¢ = % ¢¢ = —¢!
the combined operator exhibits continuous squeezing
across all directions (green sphere). The black curve on
this sphere corresponds to ¢¢ = ¢% =0, §%¢ = 6% match-
ing the experimentally measured black curve in Fig. 3(c),
where the noise remains squeezed. Experimentally, this
configuration is realized by synchronously rotating the
half-wave plates (HWPs) for modes @ and b such that
9 = % = 20, where ), is the physical rotation angle
of the HWPs. When 6% = 0¢ + 7, ¢4 = —¢%, the noise
surface (pink sphere) shows uniform anti-squeezing.
The purple curve (¢% = ¢4 = 0, 0% = 0% + ) aligns
with the experimental purple curve in Fig.3(c), which
is implemented by rotating the HWP for mode b by
an additional 7/2 relative to @, confirming persistent
anti-squeezing.  The light blue and yellow surfaces
correspond to 6% = 0¢ + 7, ¢ = ¢¢ and 0% = 09,
quL = ¢, respectively. Experimentally, we probe the
tangent lines of these spheres to the & — o — Z plane
by rotating the quarter-wave plates (QWPs) with angle
#h = ¢ = 204, showing oscillating noise properties
between squeezing and anti-squeezing.

o
¢ is then

Sensitivity
To fully exploit the quantum correlations in our system,
we employ the m-CVPE lights source as the probes for a

a composed stokes operators b composed stokes operators

—
~

Relative noise power (dB)

0 0.2 0.4 0.6 0.8 711
Angle of the wave plate (6, or )

FIG. 3. The characteristics of m-CVPE lights. a and b,
the green, pink, yellow, and light blue surfaces represent the
noise of combined Stokes operators with 6% = 0%, ¢% = —¢%;
011)4 = 9%+7Tv (bli = _¢%; 9% :9%4—71'7 ¢% = ¢%; 92 = 9%7
@5 = ¢%, respectively. The blue dashed line denotes the pho-
ton shot noise (PSN). ¢, Variation in the noise power relative
to the PSN with the angles 6, and 6j,, shown as curves (the-
oretical simulation) and scattered data (experimental data).
All the data are normalized with respect to the PSN. Here,
G =+6,a =107, and e = 0.185.

tensor magnetometer. This allows us to simultaneously
reduce the noise contributions associated with both
Si"and S;™ , thereby enabling quantum-enhanced
sensitivity in both directional and amplitude gradient
measurements. The sensitivity data shown below verify
that this simultaneous noise suppression directly trans-
lates into enhanced performance in both measurement

channels.

For magnetic measurement, the optical pumping and
repumping beams are periodically modulated at a fre-
quency €2,,, synchronously polarizing the atomic spins
in both sensors. The polarization rotation signal of the
probe light is demodulated by LIA referenced to the same
modulation frequency. As ), is swept across the Larmor
frequency, the atomic spins are resonantly driven, pro-
ducing a characteristic magnetic resonance curve in the
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FIG. 4. The characteristics of the magnetic field. a, Experimentally measured X output of the magnetometer as a
function of the modulation frequency €2, for different magnetic field angles 5. Regions with positive X output amplitudes
are marked in red, while those with negative amplitudes are marked in blue, with color intensity proportional to the signal
magnitude. Directional (b) and amplitude (c) sensitivities. In each panel: (i) sensitivity of the magnetometer limited by PSN.
(ii) Gradient field sensitivity of the gradiometer limited by PSN. (iii) Gradient field sensitivity of the gradiometer with 6 dB
polarization-entangled squeezing. Dashed lines denote the optimal sensitivity of the entangled gradiometer for direction (b)
and amplitude (c), respectively. The detuning is defined as A = Q,, — Qp, where the §,, is the modulation frequency of the

sensor’s optical pumping.

LIA outputs. Fig. 4 (a) displays the resulting magnetic
resonance curves of the X output for various field an-
gles fp. Each trace corresponds to a magnetic resonance
curve of the atomic ensemble, and the envelope of these
curves (blue dotted line) follows sin(fg) dependence.

To quantify the sensitivity of the tensor magnetometer,
we fix the modulation frequency on resonance. The re-
sulting directional and amplitude sensitivities, obtained
by monitoring the X output at g = 45° and the Y
output at 5 = 90° respectively, as shown in Fig. 4 (b)
and (c). The insets in (b) and (c) show the correspond-

ing signal slopes, which are used to convert the measured
noise spectra into the magnetic field direction and ampli-
tude sensitivities, respectively. The blue line (i) gives the
sensitivity of a conventional magnetometer, which is ob-
tained by blocking the optical pumping of one sensor and
is limited by both common-mode magnetic (CMM) noise
and photon shot noise (PSN). The red line (ii) shows
the PSN-limited sensitivity of the gradiometer, achieved
by turning on the optical pumping and repumping of
both sensors to suppress the CMM noise. The purple
line (iii) depicts the quantum-enhanced sensitivity of the



gradiometer, utilizing 6 dB m-CVPE light to further mit-
igate PSN. The dashed lines indicate the optimal sensi-
tivities of the entangled gradiometer for direction (b) and
amplitude (c¢) measurements, respectively. In the direc-
tional sensitivity spectrum (Fig. 4b, purple curve), ex-
cess noise is observed in the 300-500 Hz range. This noise
originates from the phase-locking system used to stabilize
the relative phase between the horizontally and vertically
polarized entangled beams during their combination on a
polarizing beam splitter. The frequency response of each
sensor, which acts as a low-pass filter with the transfer
function b/+/ f2 + b2 [3, 94], leads to the signal decrease
as the measurement frequency f increases beyond the
bandwidth b = 100 Hz.

For the directional sensitivity shown in Fig. 4 (b),
the conventional magnetometer achieves a sensitivity
of approximately 80 urad/vHz at 95Hz (blue line i).
The gradiometer configuration suppresses CMM noise to
reach a PSN-limited directional gradient sensitivity of
50 urad/cm/+v/Hz (red line ii). With 6 dB m-CVPE light,
the quantum-enhanced gradiometer achieves an optimal
directional gradient sensitivity of 21 purad/cm/vHz at
30Hz (purple line iii). For the amplitude sensitivity
shown in Fig.4(c), this configuration achieves ap-
proximately 20fT/vHz at 20Hz for the conventional
magnetometer (blue line i). Operating the setup as
a gradiometer suppresses CMM noise and achieves
an optimal PSN-limited amplitude gradient sensitiv-
ity of 11fT/cm/vHz (red line ii). The introduction
of 6dB m-CVPE probe light further reduces PSN,
yielding a quantum-enhanced sensitivity that reaches
6 fT /cm/v/Hz at 20 Hz (purple line iii).

Conclusion

In this work, we develop and demonstrate a novel ap-
proach for achieving quantum-enhanced measurements
of both the direction and amplitude of magnetic field
gradient by combining the m-CVPE lights with an
atomic magnetic gradiometer. The m-CVPE lights are
generated by integrating sets of independent entangle-

ment sources with orthogonal polarizations, yielding a
noise squeezing degree of 7dB. Compared with previous
entangled magnetic gradiometer, the sensitivity in
magnetic field measurements is improved by an order
of magnitude since the entangled and measured quan-
tity changes from quadrature to polarization which is
consistent with results in classical atomic magnetometry
[3] and atomic clock [21]. By leveraging the 6dB noise
squeezing of such m-CVPE lights at 20 Hz, we achieve
a quantum-enhanced tensor magnetometry with an
amplitude gradient sensitivity of 6fT/cm/vHz and
a directional gradient sensitivity of 21 urad/cm/v/Hz.
The deployment of this multi-dimensional polarization-
entangled source, derived from a warm atomic vapor
cell, holds significant promise for transformative im-
pacts in practical quantum metrology. Furthermore,
our quantum-enhanced tensor magnetometry could
illuminate the overarching design principles applicable
to multiparameter quantum sensing technologies.

In this paper, we measure the gradient components
0.B, and 0.B,. Notably, with a quantum network of
entangled magnetic sensors, this methodology can be sys-
tematically extended to characterize other components of
the field to form a full tensor magnetometer without loss
of generality, as the underlying measurement principles
remain consistent across spatial dimensions. Further
enhancements in tensor magnetometry performance
can be realized by incorporating advanced quantum
manipulation techniques and optimizing atom-light
interactions.
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Methods

Quantum theory of tensor magnetometry

As mentioned above, we measure the Stokes operator
59t of m-CVPE lights to obtain the direction and

amplitude of magnetic field gradient, A8% — A#% and
AQ% — AQY. As mentioned in the main text, the di-
rection and amplitude of a magnetic field gradient can
be written as 0% = 0 + AG% and QF = Qp + AQk,

respectively. Therefore, the 6% = —/@L(FA’) sin 0% sin QK¢
can be expanded as:
08 = —KL(F)sin (0% + AG%) sin (Qpt + AQKt)
~ —kL(F)(sin 0% + A0% cos0p) (7)
x (sin (Qpt) + AQK%t cos Qpt).
When Qpt = g, we have 0% ~ —xL(F) sin % AQkt =
—¢AQY which is a small quantity. From the input-

output formula of the Stokes operators in Eq.(3), we
derive:

S = cos 9 S + sin 05 So-m
— (cos 0 Sb™ 4 sin 9%3;”1") (8)
A S — E(AQESET — AQLSh).

Because the mean values of S’g(g and Sz(l:) are the same,
we define <$;(;T)L> = <§iéln)> = <§;’(Ly)> The signal and
noise can be written as:

(S211) = —€(Sy")(AQ% — AQY),

. iy 9
A259% ~ A28 )

Here the small high-order term in noise AQngf has been
ignored.
When Qpt = (¢+ 1/2)7, the derivations are similar to

those described above. We have 0% ~ —xL(F)(sin 0% +
AOY cos ) = —€ + & AGE:
SoU = cos 0F S3™" 4 sin 0 Sy
— (cos 0% Sbm 4 sin 9%5‘2”)
A COS 55’;’}_ — singggf_ (10)
— &' sin(AGSS™ — AGRSL™)
— & cosE(AGLSL™ — AGLSE™).
The signal and noise can be written as:
(S911) = —€'sin€(S7") (A0 — AG)
— & cosE(S5,") (A0 — AGR), (1)
AZS2" ~ A?(cos €SI —sin£SIn).
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Here, the small high-order term in noise AQS'QLE has
been ignored.

Negligibility of atomic spin noise

The foregoing analysis proceeds under the assumption
that Fj is treated as (F). Here, we give a proof
that under the experimental conditions considered, the
contribution of atomic spin noise is negligible. When F,
is instead considered as an operator, the input-output
relationship dictates that:

S';“t = cosfp - S’;" — sinfy, - 8", (12)
where
0, = —kF, Lsin(0p)sin(Qpt). (13)

To evaluate the transformation of the optical Stokes op-
erator due to interaction with a polarized atomic ensem-
ble, we begin from the rotation formula Eq. (12), with the
Faraday rotation angle operator given by Eq. (13). We
expand the trigonometric functions up to second order
and the field operators are decomposed into their mean
values and fluctuations as follows:

<S;Jut> + 55;ut —
“ A\ 2
K2L2 (<F1> + 6Fz>
2

1—

65" (14)

+ kL ((Fm> + 6}%) ((S*;"> + 55*;”) .

Applying the mean-field approximation and keeping only
first-order fluctuation terms, we obtain the fluctuation of
the output field as:

2720 F \2
sgont = (1 - L) sgin
2 (15)

+ KL(E,)8687 + KL(S™)S F,.

For measuring amplitude of magnetic field i.e.
(Fy) = 0, increasing either photon number or atom
number will accentuate the atomic spin noise contri-
bution. For measuring direction of magnetic field i.e.
(Fy,) = (F), in the regime where the atom number
is much larger than photon number ((F) > (Sin)),
particularly relevant for achieving large rotation angles,
the output noise originates solely from optical Stokes
components, with atomic spin noise rendered negligible.

Reconstruction of magnetic-field gradient tensor
The gradient tensor measurement of the magnetic field,
a second-order tensor characterizing the spatial rate of
change of a magnetic field, is mathematically defined
as the matrix of partial derivatives of the magnetic
field vector B = [Bz, By, B.] with respect to the three-
dimensional spatial coordinates (z,y,z). The complete



representation is expressed as:

0B 0By 0By

VvV X B = amy Bé/y 3;’ (16)
0B, 9B, 9B;
ox Oy Oz

In a source-free region (where there is no current or mag-
netic monopole), the tensor satisfies the Laplace condi-
tion (7 - B=0), meaning the sum of the diagonal com-
ponents is zero:

0B, 0B, 0B.
5t ot e =0 (17)

This feature can reduce the number of independent mea-
surement components. If the magnetic field is generated
by a static magnetic source (without eddy currents), the
tensor satisfies the symmetry:

0B; 0B,

9j  9i’

(iaj :x,y,z), (18>

further reducing the independent components to 5. In
the main text, we measure the direction and amplitude
gradients of a magnetic field. Here, we convert these
values into the gradients of the B, and B, fields:

AB, = B, cos 0% — By cos 0%
~ (Bg+ AB,)(cosfp —sin g A0%)
— (Bo + ABy)(cos g — sin 0 A0%)

~ (AB, — ABy) cosp — Bysin (A% — AGY),
(19)

AB, = B, sin6% — Bysin 65
~ (By + AB,)(sinfp + cos 0 A0%)
— (Bo + ABy)(sinfp + cos 03 A0%)

~ (AB, — ABy)sinfp + By cos 0p(A0% — AGY).

(20)
Here, the difference in the y (z)- component of two vector
magnetic fields AB,.) = BZ(Z) — BZ(Z) is measured by
a magnetic gradiometer. a and b are the labels of threse
two magnetic fields. B, and By are their strengths, and
these fields are in the § — 2 plane with angles 6% and
6% with respect to the y axis. Because difference of the
direction and amplitude of these two magnetic fields are
small, the expressions for the magnetic field gradients
can be expanded by taking 0% = 05 + A0% and By =
By + ABj;, and we omit the small high-order terms, as
above.

In this paper, the magnetic field is aligned in the g — 2
plane, for a magnetic field in an arbitrary direction, the
equation of motion for the spin under such a magnetic
field is:

|

I
2
o]
X
T

i (21)

11

ot

(@:ﬁmwmww+éxﬁmmwww+(m)

B - F(0)[1 — cos(y|B|t)| B

For a spin initially polarized along ¢ axis, i.e.
(F(0)) = (F2(0)) =0,

R B,B,(F) (F BB} |

(Fz) = |By|§ ) |BT B2 + |B|2y sin(Qpt)
. BXF) (BX+ B2)(F

(Fy) = ‘%‘2 ( BP J(F) cos(Qpt) (23)
R B,B.(F) (F B;B? |

<Fz> = J|B§ > TBT %—l— |é|2 SIH(QBt)

Here, Qp = v |B|. The component of the magnetic field
along the y-direction can be determined by measuring
(Fy). Once the B, component is known, the direction of
the magnetic field in the & — Z plane can be determined
by measuring (F,).

Energy level diagram

FIG. 5. Energy level diagrams of *Rb and 5"Rb. a,
Energy level diagram in the D; line of 3*Rb for four-wave-
mixing (FWM) process. A: one-photon detuning; §: two-
photon detuning. Pi: FWM pump beam. b, Energy level
diagram in the D; line of 8"Rb for atomic magnetometry. Py
and Pj3 are optical pumping and repumping beams of atomic
magnetometry, respectively.

Experimental setup

The detailed experimental arrangement is shown in
Fig.6. To generate m-CVPE lights, an external cavity
diode laser (ECDL) is tuned to the blue of the D; line
of the 3Rb 5812, F = 2 to 5 P9, F' = 2 transition,
at approximately 1 GHz. The laser power is amplified
by a tapered amplifier (TA) to 2W. A PBS is used to
split the beam into a strong pump beam with a power of
400 mW and a weak seed beam with a power of 30 uW.
The seed beam is red shifted approximately 3.04 GHz
from the pump beam by an acousto-optic modulator
(AOM) in a double-pass configuration. The pump and
seed beams are split by PBSs into two channels, namely,
the upper and lower channels, which are separated by
a distance of approximately 5mm. For each channel,
the powers of the pump and seed beams are 110 mW



and 15 uW, respectively. The waist diameters of the
pump beam and seed beam are 500 um and 250 pm,
respectively, and they are focused at the center of the
85Rb atomic vapor cell. The pump beam and seed beam
have orthogonal linear polarizations and are combined
through a Glan-Laser polarizer (GL) at a crossing angle
of 0.4°. The ® Rb atomic vapor cell (12.5mm long)
is heated to 120°C, with a high transmission efficiency
of ~95%. After passing through the atomic vapor cell,
the seed beams are amplified named signal beams and
accompanied by the generation of the idler beams,
which are red and blue shifted 3.04 GHz from the pump
beam, respectively. A Glan Thomson (GT) polarizer
with an extinction ratio of 10°: 1 is used to filter the
excess pump beams. The polarizations of the signal
and idler beams in the upper channel are adjusted to
H-polarization via HWPs. The entangled beams with
H-polarization and V-polarization are combined via a
PBS. 99% of the beams are output from one side of
the PBS, with a measured mode matching efficiency of
99%, generating the m-CVPE lights. 1% of the beam,
output from the other side of the PBS, is used to lock
the relative phase between the horizontal and vertical
modes to zero.

To achieve magnetic field measurements, the entangled
gradiometer utilizes two paraffin-coated and antire-
flection (AR)-coated cylindrical cells (1cm in length,
lem in diameter) as sensors, placed side-by-side in a
three-layer p-metal magnetic shield. The generated m-
CVPE lights serve as the probe lights for the entangled
gradiometer. The frequencies of a; ; and lA)l,j are de-
tuned by approximately 2 GHz and 8 GHz, respectively,
from the |5251/2,F = 2> — ‘52P1/2, F= 2> transition
of the 8"Rb atoms. To facilitate the generation of a
common-mode magnetic (CMM) field and a magnetic
field gradient across the two sensors, we construct a
set of Helmholtz coils and a set of anti-Helmholtz coils,
each with a diameter of 92 mm, centered around the two
8TRb vapor cells.

Two DL pro lasers are employed to provide optical
pumping and optical repumping for atomic magnetom-
etry, respectively. Here, the optical pumping beam is
tuned to resonate with the 552, F' = 2to 5 Py /o, F'=2
transition, polarizing the atoms. The optical repumping
beam is tuned to the 55,5, F = 1 to 5Py, F' = 2
transition, ensuring that most atoms are pumped into
the F' = 2 states. Both the circularly polarized optical
pumping and repumping are split and sent to the two
sensors along the ¢ axis. Using an AOM, the intensi-
ties of the optical pumping and repumping are modu-
lated with a square-wave (3% duty cycle) at a frequency
of €,. The atomic spins in the two sensors are syn-
chronously oriented along the y axis and polarized to
the |5 Si/2, F=2,mp = 2> state. During the “on” part
of the cycle, the powers of the optical pumping and re-
pumping beams are set to 2mW and 6 mW, respectively.
Here, to remove the degeneracy in the magnetic field
direction, the folding mirrors control the orientation of
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the m-CVPE lights direction, enabling separate measure-
ments of the atomic spin projections F, (without folding
mirrors) and F, (with folding mirrors). As the m-CVPE
lights pass through the two sensors, their polarization an-
gles, electric field amplitudes, overall phases, and elliptic-
ities are modulated. In this study, we primarily examine
the alterations in the polarization angle. The Larmor fre-
quency is positioned at 25 =80kHz to balance the non-
linear Zeeman (NLZ) effect [92], optical noise squeezing
[25], and residual magnetic resonance effects associated
with the F' = 1 state [93]. Due to the absorption losses of
8% and 6 % for the signal and idler beams, respectively,
the available optical squeezing at Q% =80kHz remains
at 6dB.

The polarization characteristics are described by
the Stokes operators, which are detected by the mea-
surement devices as shown in Fig.2. After passing
through an HWP and a QWP, the signal (a2 ;) and idler

(52’]‘) beams are split via a PBS, and the outputs are
detected by a balanced photo-detector (BPD, Thorlabs
PDB450A) with two high quantum efficiency (96%)
photodiodes (S 3883). To measure the noise properties
of combined Stokes operators, we detect the combined
Stokes operators S® — S? by altering the angles of the
HWP axis (6;,) and QWP axis (6,) relative to the
light polarization for both signal and idler beams with
0r = 204, ¢ = 20, The fluctuations of combined
Stokes operators are measured by a spectrum analyzer.
With the Larmor precession of atomic spin, S* — S°
oscillates at the Larmor frequency as an optical rotation
signal, which is demodulated at the frequency of €2, by
a lock-in amplifier.

Phase locking

The pump and seed beams can be finely adjusted
by using a combination of PBS and HWP, respec-
tively. To ensure phase stability, we employ two sets
of phase-locked loops, each dedicated to individually
phase-locking two signal beams and two idler beams.
The PBS in this setup has an extinction ratio of
99:1, with the vertical and horizontal polarizations
lights being detected by the balanced photo-detector
(BPD). The BPD’s electrical signal is monitored via
an oscilloscope, while a fraction of the signal is fed
into a lock-in amplifier (Stanford Model SR830 DSP)
to generate an error signal. This error signal is sub-
sequently input into a proportional-integral-derivative
(PID) controller (model SIM960), which generates an
output signal that is used to regulate the driving voltage
of a piezoelectric transducer (PZT). This regulation
compensates for any phase fluctuations between the
two channels, ultimately achieving phase locking at ei-
ther the highest or lowest point of the interference fringe.

Calibration of the coherent
and coherent gradiometer

By adjusting the temperature of the Rb vapor cell
to 100°C, we optimize the gain factor in the FWM

magnetometer
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FIG. 6. Experimental setup. HWP: half-wave plate. PBS: polarizing beam splitter. AOM: acousto-optic modulator. QWP:
quarter wave plate. GL: Glan-laser polarizer. GT: Glan-Thomson polarizer. PZT: piezo-electric transducers; FM: folding
mirror; FG: function generator. BPD: balanced photo-detector. BS: 50/50 beam splitter.

process, ensuring that the noise spectrum of the
intensity-difference is consistent with that of coherent
light. Here, we calibrate the laser power of each channel
using an oscilloscope to align with the coherent light
intensity. We converted the system into a conventional
magnetometer by blocking the optical pumping and
repumping beams of one sensor, while “turned on”,
the beams for both sensors configured it as a gradiometer.
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Stokes operators definition
The polarization state of light is described by Stokes
operators, which are defined as:

S = kjkm + k{ by = ELky + £ k-,

= gl — iy =Rl 4R
SF =kl kv + k) kg = i(kL k- — kL kL),

8% i o — by — KLy — R

where l;:H and l%v are the annihilation operators of
the H and V polarization modes, 12:+ and k_ are the
annihilation operators of the left and right circular
polarization modes, and k = a,b corresponds to the
signal and idler beams, respectively.

Quantum states rotation

For clarity, we provide an explicit description of the
rotation operations applied to the polarization states of
light. The rotation operators about the axes S, Sy, and

S, are given by the following matrices:

o 1 0 0
R.(7)=e2"s = [0 cosy sinvy |,

0 —siny cosvy

R o cosgp 0 —sing
Ry(p)=e2®v = 0 1 0 , (25)

sing 0 cos¢

cosf  sinf O

R.(0) =%’ = [ —sinf® cosf® 0

0 0 1

These operations correspond to rotations of the polar-
ization state around the respective axes on the Poincaré
sphere. The general Stokes operators introduced in
Eq. (6) of the main text are constructed based on
sequential applications of such rotations, specifically

-k &k -0k &k
L5y /2610155 /2 for each mode k.

Generation and quantum correlations of m-
CVPE lights
As shown in Fig. 2 (b), the output fields after the PAs
are:

&laj :GdO,j + gg(];,j’

) ) (26)
bi; =Gho,; + gal .

The Jones vector of the field of one beam F = Epéy +

Eyvéy is defined as:
. Ey
E=(7 27
(5. (27)

where Ey and Ey are the H and V polarized fields, re-
spectively, and €7 (y) are the horizontal and vertical di-
rection vectors. The new fields combined by the two
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PBSs are:

(28)

We spatially combine the beams dl’v(f)l,v) and
dl,H(lAn,H) using two PBSs, generating m-CVPE lights
as shown in Fig. 7. After the PBSs, the resultant beams
exhibit entanglement in both polarization modes, defin-
ing them as m-CVPE lights.

The Stokes operators are derived from Eq. (26) and



Eq. (28):

ot
a2 vaz,v

—WS-WMM@M+%M

- (Gdg + gbO v)(Gao,v + gbo v)

= G2(d$ w00,H — af) vaov)+g (b$ HBO H— 133 Vl;o V)
+ Gglad ybh 1 + do,mbo,ir — al +b) v — do,vbo,v),

Sb = bl yba, — by yboy
= (b + gio.ur)(Gho.rr + gaf 57)
— (Gb y + gao,v ) (Gbo,v + gif /)
= Gz(E(T),HBO,H - 8(];’\/80,‘/) + 92(d8,HdO,H - flav&o,v)

+ Gg(i?&H@g,H + bo,méo.u — B(TJ,vd(TLv — bo,vao,v),

S8 = a yany +abyasy
= (Gd(T),H + gbo,ir)(Gao,v + gi’g,v)
+(Ga v + gbo,v)(Gao,i + gb 1)
= G(a} o, + ab yao.u) + g2 (0 3 bo.r + b bo,v)
+ Gg(&:[),Hi)g,V + [}07H&0,V + &S,VI;EJ,H + i)o,V(AlO,H),
Sh = IA);HEZV + lA);VfA)z,H
= (GbY 1y + gio,1)(Ghov + g )
+ (GZA)&V + gdo7v)(GlA70,H + Q&E,H)
= G2(0) gybo.v + b}y bo, i) + 92 (@) o, rr + @b o,y

+ Gg(i)(]; H&g v o, HBO v+ ES,V&E[),H + &O,VEO,H),

—c—

SZ = ia2 v, o — zag a2 v
Z(Gao,v + gbO,V)(GGO,H + g?)g,H)
— i(Gaf g + gbo,u)(Gaoy + bl )

ZGQ(GO vao,H — ag; yo,v) +ig

2(by grbo,v — b 1bo.11)
+ zG’g(aO Vb0 g+ bo vao,H — aO l;g) - b07Ha07V),
Sz = /LbQ’Vb27H — /Lbz’HbQ’V

= i(Gb{ \ + gao,v)(Gho,u + ga )

—i(GbY 1y + gao, i) (Gho,v + gl )

= Z'(3'2(5(1;,v50,H - EILHI;O,V) + i92(&$7f1&07v - @(T),v&mH)
b b v — o, bo,v)-
(29)

+ iGg(lA)&V&&H + &O,VEO,H -

Furthermore, six combined Stokes operators can be de-
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rived as:

+
+ Gg(baHaO o+ bo,Hao " — b\ ya)y —bovaoyv)
gyy— = AZ - 35
= (dg) mloyv + ao véo,m) — (bg,le’O,H + EE,H{’O,V)a
Sy =S5+ S
=(G*+yg )[(ao 0o, v + % v@o,m)

/\

+ bg),vboyH + bo,HbO,V)]

+2Gyg(ab ybY v + bo.ov + ab ybh g + bovao m),
= i(G* + ¢°)[(a) yao,u — @} o)

+ i(bg,HbOV - bo,vbO,H)]

+2iGg(ab b} 5 + bo,vao.m — ab ybhy — bo,mao,y),
gz,+ = 5? + 5’2
= i(ay vao,ir — aj yao,v) —i(bd grbo.v — b bo.m)-
(30)

The mean-value of the combined Stokes operators can

— H-polarized beam
— V-polarized beam
----- H-polarized vacuum
----- V-polarized vacuum

FIG. 7. Schematic of polarization-entangled beam gen-
eration based on PBSs. Blue and red lines represent hor-
izontally (H)- and vertically (V)- polarized beams, respec-
tively. Dashed lines represent vacuum states. The beams
generated from the PAs are quadrature-squeezed beams in a
specific polarization mode, but are vacuum beams in the other
polarization mode. Two sets of perpendicularly-polarized
twin squeezed beams are mixed by PBSs, and the twin beams
in one output arm are entangled in both polarization modes.
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be calculated as: 1.5
3 1.0
S
R . %3’ 0.5
< z,—) - <Sa:,+> - O, <:_1 0
Sy_) = 2lal?, £
) =2l CONY:
(Sy+) =2lal* (G + ¢%), =3 .
& & 3-10 -
<Sz,f> = <Sz,+> = Q "
-1.5

0 50 100 150 200 250 300 350
Angles of magnetic field 6, (°)

We then analyze the noise of the six combined Stokes

Operators, yleldlng FIG. 8. Breaking magnetic field direction Eiegeneracy

via dual spin projections. The X output of (F,) (red) and

(E.) (blue) vary with 65 at Qp = Q,,. The data points are

experimentally measured, and the curves are fitted according

to sin(f) and sin(20).

AQS’&,* = ( §—> - <S'rﬁ>2 = 2‘042,
A8, =(S2 ) = (Sas)? =20 (G* + g* + 6G2¢?) i i irection is
z,+ o+ z,+ «a g 9°), In the main text, the magnetic field direction is ex-
A28 — (82 V_ (S )2 —9lql? tracted from the X output of the lock-in amplifier, whose
b= (85 = (8,00 = 2o, od fror utput of the lockn amplifier, whos
94 A2 N ) 9 A 5 o amplitude is proportional to the spin projection (F}). As
ASy + = (S, 1) — (Sy,+)” =2[a|*(G" + g" +6G7g7), shown in Eq. (1), scales as sin(fp). Since sin(fp) =
Azgzy_ _ <S’f ) <5~Z7_>2 = 2a2(G* + ¢ + 6G2¢?), sin (m — 0), a single measurement of cannot distin.guish
b A2’ N ) ) between field angles g and m — 6. To break this de-
A%S, = z,+> —(S,4)" =2[al”. generacy, we introduce a second spin projection measure-

(32)  ment. By measuring (F.) simultaneously with (F}), we

obtain an independent signal whose amplitude follows a

different angular dependence, specifically sin(20g), as de-

rived from the spin precession equations. Because sin(fg)

and sin(2605) have distinct symmetries in [0, 27], the pair

The methods of Resolve Magnetic Field Di- of measured amplitudes provides a one-to-one mapping
rection Degeneracy to the absolute field angle over the full range.



