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Supplementary Data
Derivation of Equation (3)
Equation (3) derived from the fundamental oscillatory shear relation (), where  is the shear-stress amplitude (Pa),  is the strain amplitude, and  is the complex shear modulus (pa) () (Malvern, 2016). 

Derivation of strain-energy density in shear (Equation 4)
Consider a rectangular elastic element of volume  subjected to a tangential (shear) force  applied to the top face (area ), producing a lateral displacement . The corresponding shear stress (and shear strain () are:
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Within the linear elastic regime, the force–displacement relation is linear, so the work done, and hence the strain energy () stored, during loading from 0 to  equals the area under the force–displacement curve:
	
	(S3)


The strain-energy density () (energy per unit volume) is therefore:
	
	(S4)


Using Hooke’s law in shear, , with  be the shear modulus, the same result can be written in equivalent forms:
	
	(S5)


This expression is the classical linear-elastic strain-energy density for simple shear and underpins our use of as a recoverable energy measure at the onset of flow in oscillatory tests, with  the plateau storage modulus in the LVER and  the flow strain identified at .
Ostwald-de Waele power-law model
	
	(S6)


where η is the apparent viscosity (mPa·s),  is the shear rate (s-1), k is the consistency index (mPa.sn), and n is the flow behaviour index (Yadav et al., 2021). 

Derivation of κ
From Fig. S2 and S3(a), the two oscillatory-yield fits are  and , considering , the  will be derived as:
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Supplementary Figures

Fig. S1 Sedimentation analysis of CNF suspensions: initial solid concentration (C0) vs. the sediment height ratio (hs/h0). The linear coefficient from the quadratic fit was used to estimate the critical gel point and fibril aspect ratio

Fig. S2 Steady and oscillatory yield stress of pure CNF suspension as a function of calculated crowding factor on log-log axes, showing a power-law dependence with exponent m≈2.5m



Fig. S3 Yield stress from oscillatory tests () of pure CNF suspensions (a) as a function of CNF concentration plotted on log–log axes. The fitted power-law relationship () yields m = 2.64 (R2 = 0.99), consistent with percolation theory for fibrillar gels, where yield stress scales with the square or cube of concentration, (b) as a function of steady yield stress, the fitted linear relationship yields a slope of 1.38.

Supplementary Tables
Table S1. Comparison of steady shear and oscillatory rheological tests (Mezger, 2014)
	Test
Feature
	Steady Shear (Rotational) Tests
	Oscillatory Tests

	Imposed shear force
	Constant, unidirectional rotation
	Small/Large amplitude, oscillating rotation

	Test results
	Shear stress; Viscosity
	Viscoelastic behaviour: Storage modulus (G') and loss modulus (G") 

	Purpose
	Measures viscosity (flow resistance); identifies flow behaviour
	Measures elastic and viscous components (viscoelasticity); identifies gel point 

	Deformation
	Large deformations and structural changes can occur 
	Small deformations within the linear viscoelastic region (LVR) with structure being preserved

	Typical use-case
	Predicting material behaviour during processing (e.g. pumping, mixing, and spreading)
	Analysing material structure, stability, curing or gelation processes (e.g. paints, gels)



Table S2. Viscosity at 0.1, 1, 10 and 100 s-1. Values are mean ± standard deviation, for a minimum of three replicates.
	Studied Parameter
	Sample Code
	Viscosity 
(0.1 s-1) (Pa.s)
	Viscosity 
(1 s-1) (Pa.s)
	Viscosity 
(10 s-1) (Pa.s)
	Viscosity 
(100 s-1) (Pa.s)

	CNF Concentration
	C2P0N0
	28.22 ± 5.50
	4.03 ± 0.45
	0.52 ± 0.03
	0.11 ± 0.01

	
	C4P0N0
	239.72 ± 39.44
	31.51 ± 4.38
	3.99 ± 0.69
	0.72 ± 0.15

	
	C6P0N0
	622.15 ± 55.21
	85.29 ± 8.29
	10.77 ± 0.96
	1.81 ± 0.13

	
	C7P0N0
	906.58 ± 64.82
	125.69 ± 11.06
	17.06 ± 1.06
	2.74 ± 0.10

	One-way ANOVA P-Value
	2.1×10-15 (*)
	1.1×10-14 (*)
	3.8×10-16 (*)
	3.1×10-17 (*)

	PEG Concentration
	C6P1N0
	497.35 ± 29.42
	69.52 ± 6.86
	9.87 ± 0.54
	1.75 ± 0.17

	
	C6P3N0
	375.39 ± 64.49
	52.40 ± 6.47
	8.04 ± 1.61
	1.44 ± 0.33

	
	C6P5N0
	374.51 ± 21.37
	52.22 ± 2.50
	7.98 ± 1.27
	1.48 ± 0.30

	
	C6P10N0
	373.27 ± 43.57
	59.11 ± 7.43
	7.42 ± 0.72
	1.27 ± 0.10

	One-way ANOVA P-Value
	0.0029 (*)
	0.0041 (*)
	0.0420 (*)
	0.1025

	NaOH Concentration
	C6P0N1
	443.30 ± 31.40
	43.93 ± 4.63
	5.68 ± 0.50
	0.91 ± 0.07

	
	C6P0N5
	269.52 ± 50.91
	32.38 ± 5.92
	4.64 ± 0.61
	0.76 ± 0.10

	
	C6P0N9
	111.58 ±14.62
	13.80 ± 2.92
	2.38 ± 0.59
	0.41 ± 0.08

	
	C6P0N10
	95.95 ± 10.16
	11.48 ± 0.47
	1.75 ± 0.13
	0.32 ± 0.03

	One-way ANOVA P-Value
	1.0×10-9 (*)
	4.9×10-8 (*)
	1.0×10-7 (*)
	1.0×10-7 (*)

	pH
	C6pH3
	765.74 ± 58.50
	78.53 ± 14.10
	8.70 ± 1.59
	1.32 ± 0.22

	
	C6pH5
	416.34 ± 99.43
	51.88 ± 10.32
	6.15 ± 0.46
	1.08 ± 0.03

	
	C6pH8
	371.77 ± 90.69
	48.99 ± 15.67
	7.82 ± 1.13
	1.30 ± 0.11

	
	C6pH10
	303.03 ± 24.43
	36.55 ± 5.36
	5.79 ± 0.73
	1.04 ± 0.08

	One-way ANOVA P-Value
	4.9×10-5 (*)
	0.0073 (*)
	0.0138 (*)
	0.0254 (*)

	Combined PEG NaOH
	C6P1N9
	113.01 ± 21.43
	15.18 ± 2.48
	2.57 ± 0.55
	0.43 ± 0.08

	One-way ANOVA P-Value
	NA
	NA
	NA
	NA


NA: Not Applicable.
P<0.05 denotes for significant result and is shown by *.









Table S3. HB model fit values for yield stress, consistency and flow indices. P-value < 0.05 is considered as significant, as noted by (*).
	Studied Parameter
	Sample Code
	Yield Stress () (Pa)
	Consistency Index (k) (Pa.sn)
	Flow Index (n)
	R2

	CNF Concentration
	C2P0N0
	3.05 ± 0.54
	0.71 ± 0.23
	0.52 ± 0.04
	0.9975

	
	C4P0N0
	22.16 ± 2.69
	8.48 ± 3.50
	0.39 ± 0.03
	0.9985

	
	C6P0N0
	54.41 ± 7.46
	26.75 ± 4.30
	0.34 ± 0.02
	0.9973

	
	C7P0N0
	70.96 ± 10.92
	51.15 ± 6.03
	0.30 ± 0.01
	0.9975

	One-way ANOVA P-Value
	1.1×10-10 (*)
	6.44×10-12 (*)
	1×10-8 (*)
	-

	PEG Concentration
	C6P1N0
	38.21 ± 8.15
	29.19 ± 6.07
	0.33 ± 0.02
	0.9983

	
	C6P3N0
	26.19 ± 2.63
	25.77 ± 8.28
	0.33 ± 0.01
	0.9985

	
	C6P5N0
	23.72 ± 8.42
	28.34 ± 11.19
	0.33 ± 0.03
	0.9985

	
	C6P10N0
	35.44 ± 5.07
	17.77 ± 0.99
	0.36 ± 0.00
	0.9963

	One-way ANOVA P-Value
	0.019 (*)
	0.024 (*)
	0.13
	-

	NaOH Concentration
	C6P0N1
	39.38 ± 5.15
	5.84 ± 1.33
	0.46 ± 0.03
	0.9864

	
	C6P0N5
	23.57 ± 4.79
	8.88 ± 1.10
	0.39 ± 0.01
	0.9985

	
	C6P0N9
	9.09 ± 2.30
	5.15 ± 2.91
	0.42 ± 0.06
	0.9946

	
	C6P0N10
	8.74 ± 1.38
	2.57 ± 0.87
	0.42 ± 0.05
	0.9975

	One-way ANOVA P-Value
	1.09×10-7 (*)
	3.4×10-3 (*)
	1.5×10-2 (*)
	-

	pH
	C6pH3
	73.43 ± 0.70
	6.31 ± 5.37
	0.51 ± 0.09
	0.9827

	
	C6pH5
	38.85 ± 13.10
	10.85 ±5.68
	0.41 ± 0.06
	0.9985

	
	C6pH8
	28.04 ± 13.28
	20.83 ± 2.15
	0.34 ± 0.01
	0.9976

	
	C6pH10
	21.59 ± 1.93
	15.74 ± 3.55
	0.36 ± 0.02
	0.9982

	One-way ANOVA P-Value
	1.03×10-3 (*)
	0.02 (*)
	0.02 (*)
	-

	Combined PEG NaOH
	C6P1N9
	10.08 ± 3.02
	5.62 ± 2.98
	0.42 ± 0.08
	0.9934










Table S4. Storage modulus (G') at 0.1, 1.17, 13.6 and 85.8 rad.s-1. Values are mean ± standard deviation, for a minimum of three replicates.
	Studied Parameter
	Sample Code
	G’ (Pa)
(0.1 rad.s-1) 
	G’ (Pa)
(1.17 rad.s-1) 
	G’ (Pa)
(13.6 rad.s-1) 
	G’ (Pa)
(85.8 s-1) 

	CNF Concentration
	C2P0N0
	49.69±3.99
	55.27±4.55
	66.83±5.12
	138.93±42.63

	
	C4P0N0
	530.40±17.49
	592.28±17.35
	695.97±19.05
	859.56±26.97

	
	C6P0N0
	1700.32±60.32
	1904.2±69.26
	2245.72±86.23
	2685.8±96.89

	
	C7P0N0
	2141.17±339.09
	2532.22±418.13
	3176.45±403.80
	3827.52±386.28

	PEG Concentration
	C6P1N0
	1490.87±184.08
	1679.05±187.18
	1984.45±214.23
	2305±255.74

	
	C6P3N0
	1456.92±115.76
	1646.65±113.00
	1955.55±127.97
	2405.72±226.01

	
	C6P5N0
	1232.98±348.82
	1391.45±386.24
	1648.7±464.89
	2037.62±561.31

	
	C6P10N0
	914.95±75.12
	1033.27±82.05
	1231.8±95.69
	1550.5±95.69

	NaOH Concentration
	C6P0N1
	623.39±81.60
	680.06±	87.45
	788.72±	99.65
	920.09±	128.16

	
	C6P0N5
	532.19±89.33
	544.41±113.16
	596.28±131.77
	741.13±146.35

	
	C6P0N9
	204.18±110.50
	194.79±109.63
	206.86±116.95
	309.83±178.70

	
	C6P0N10
	118.89±22.27
	114.28±19.89
	125.43±20.93
	287.5±48.99

	pH
	C6pH3
	1087.47±134.94
	1217.53±146.64
	1430.47±173.82
	1751.37±249.23

	
	C6pH5
	944.56±49.17
	1087.93±35.19
	1277.37±40.40
	1637.87±21.59

	
	C6pH8
	1229.90±50.30
	1382.07±61.58
	1629.77±74.72
	1930.63±151.30

	
	C6pH10
	887.47±46.85
	1030.13±15.32
	1221.20±13.71
	1517.37±91.35

	Combined PEG NaOH
	C6P1N9
	321.72±4.50
	300.50±3.97
	317.41±4.43
	424.95±63.03
















Table S5. Loss modulus (G") at 0.1, 1.17, 13.6 and 85.8 rad.s-1. Values are mean ± standard deviation, for a minimum of three replicates.
	Studied Parameter
	Sample Code
	G" (Pa)
(0.1 rad.s-1) 
	G"  (Pa)
(1.17 rad.s-1) 
	G" (Pa)
(13.6 rad.s-1) 
	G" (Pa)
(85.8 s-1) 

	CNF Concentration
	C2P0N0
	9.81±0.90
	11.23±1.08
	15.56±1.49
	63.24±3.21

	
	C4P0N0
	119.71±	3.50
	136.08±4.98
	172.26±6.43
	270.8±8.66

	
	C6P0N0
	433.02±50.29
	487.42±52.22
	600.79±57.70
	816.22±61.11

	
	C7P0N0
	918.43±61.79
	958.13±63.81
	1038.02±26.41
	1267.47±79.31

	PEG Concentration
	C6P1N0
	376.62±33.96
	408.47±39.35
	507.95±50.53
	713.02±68.56

	
	C6P3N0
	507.53±291.80
	579.18±341.40
	708.86±389.90
	946.93±442.69

	
	C6P5N0
	300.85±84.71
	338.11±99.74
	431.75±127.45
	623.57±172.90

	
	C6P10N0
	222.50±10.59
	252.71±16.30
	330.88±23.12
	501.27±31.00

	NaOH Concentration
	C6P0N1
	129.67±21.87
	144.18±23.08
	183.11±	26.22
	291.51±	32.19

	
	C6P0N5
	77.92±16.58
	84.52±20.01
	111.57±27.13
	203.61±41.16

	
	C6P0N9
	19.51±12.15
	21.22±12.92
	31.82±17.15
	94.89±25.42

	
	C6P0N10
	10.82±2.16
	12.21±2.58
	19.83±3.71
	75.78±6.34

	pH
	C6pH3
	265.11±35.91
	292.93±36.34
	356.44±43.47
	502.61±53.62

	
	C6pH5
	293.12±11.56
	311.46±31.26
	386.91±44.22
	526.32±53.34

	
	C6pH8
	305.62±25.07
	334.94±24.39
	410.67±26.31
	578.40±33.19

	
	C6pH10
	248.41±32.66
	266.09±19.90
	320.78±13.41
	454.93±9.67

	Combined PEG NaOH
	C6P1N9
	30.94±0.39
	33.55±0.78
	50.90±1.10
	122.89±2.21

















Table S6. One-way ANOVA results for parameters derived from frequency sweep
	Studied Parameter
	Parameter
	p-value
	Significance

	CNF Concentration
	 (Pa)
	1.9×10-7
	Significant

	
	 (rad/s)
	1.31×10-2
	Significant

	
	
	4.08×10-4
	Significant

	
	a exponent
	3.24×10-8
	Significant

	
	b exponent
	2.01×10-4
	Significant

	PEG Concentration
	 (Pa)
	3.29×10-2
	Significant

	
	 (rad/s)
	3.48×10-1
	Non-significant

	
	
	4.73×10-1
	Non-significant

	
	a exponent
	7.91×10-1
	Non-significant

	
	b exponent
	3.69×10-1
	Non-significant

	NaOH Concentration
	 (Pa)
	2.70×10-6
	Significant

	
	 (rad/s)
	1.13×10-2
	Significant

	
	
	2.12×10-11
	Significant

	
	a exponent
	5.61×10-6
	Significant

	
	b exponent
	3.63×10-5
	Significant

	pH
	 (Pa)
	3.12×10-3
	Significant

	
	 (rad/s)
	3.62×10-1
	Non-significant

	
	
	5.82×10-2
	Non-significant

	
	a exponent
	2.18×10-1
	Non-significant

	
	b exponent
	6.59×10-1
	Non-significant

	Combined PEG-NaOH
	-
	NA
	NA


P-value < 0.05 is considered as significant.











Table S7. One-way ANOVA results for parameters derived from amplitude sweep
	Studied Parameter
	Parameter
	p-value
	Significance

	CNF Concentration
	 (Pa)
	7.6×10-11
	Significant

	
	 (%)
	0.99
	Non-significant

	
	S'
	0.049
	Significant

	
	 (%)
	7.4×10-4
	Significant

	
	 (Pa)
	5.4×10-8
	Significant

	
	 (mJ/m3)
	8.4×10-7
	Significant

	
	Wd (mJ/m3)
	1×10-4
	Significant

	PEG Concentration
	 (Pa)
	2×10-3
	Significant

	
	 (%)
	0.94
	Non-significant

	
	S'
	0.70
	Non-significant

	
	 (%)
	3.5×10-4
	Significant

	
	 (Pa)
	3.5×10-4
	Significant

	
	 (mJ/m3)
	0.08
	Non-significant

	
	Wd (mJ/m3)
	1.4×10-4
	Significant

	NaOH Concentration
	 (Pa)
	9.2×10-12
	Significant

	
	 (%)
	1.3×10-6
	Significant

	
	S'
	0.047
	Significant

	
	 (%)
	2.3×10-6
	Significant

	
	 (Pa)
	1.5×10-6
	Significant

	
	 (mJ/m3)
	1.6×10-4
	Significant

	
	Wd (mJ/m3)
	0.14
	Non-significant

	pH
	 (Pa)
	1.5×10-4
	Significant

	
	 (%)
	2.9×10-2
	Significant

	
	S'
	1.6×10-4
	Significant

	
	 (%)
	3.8×10-2
	Significant

	
	 (Pa)
	5.1×10-3
	Significant

	
	 (mJ/m3)
	2.4×10-2
	Significant

	
	Wd (mJ/m3)
	3.8×10-2
	Significant

	Combined PEG-NaOH
	-
	NA
	NA


P-value < 0.05 is considered as significant.
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