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S1 Structure and Magnetic Characterizations

As shown in Fig. Sla, the RHEED patterns of both CrTe; and CrSb films display stripe-like
features with a clear “1 x 17 periodicity, indicating the successful formation of two-dimensional
crystalline layers. When a monolayer of CrSb is deposited atop CrTe,, the first-order diffraction
spots shift closer together, reflecting the slightly larger in-plane lattice constant of CrSb relative to

CrTe,. From these diffraction data, the in-plane lattice constants are estimated to be 4.07 A for CrSb

and 3.91 A for CrTe,.
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FIG. S1 In-situ RHEED patterns of CrTe; and CrSb films on GaAs (0001).

The temperature-dependent magnetization of CrTe; is shown in Fig. S2, revealing a Curie

temperature of approximately 305 K.
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FIG. S2 Temperature dependence of the magnetization of CrTes.

The magnetic hysteresis loop of the Fe film is presented in Fig. S3, demonstrating that an in-

plane magnetic field of 1000 Oe is adequate to achieve its saturation.
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FIG. S3 Room-temperature magnetic hysteresis loop of the Fe film.
S2 Derivation of the Angular Dependence of Third-Order Hall Resistance

With an alternating current Eg = I, sin(wt) X, the Hall voltage can be expressed as

Vey = Ryyly sinwt

Ryy is the Hall resistance consists of mainly the AHE and PHE,

Ryy = Rym, + Rpm,m,,
= R, cos O + Rpsin2¢sin? 0

R, and Rp are AHE and PHE coefficients respectively. After Taylor expansion of A8 and Ag

related terms to the second-order small quantities, the Hall voltage is expressed as:

cosf

Vyz[RA(cose—sinB-AQ— -ABZ)
+ Rp(sin2¢ + 2cos2¢ - Ap — 2sin2¢ - Ap?)(sin?6 + sin 20 - A9
+ cos 26 - AGZ)] - Iy sin wt

In xy-plane, it can be simplified as
V, = [=Rs - A8 + Rp(sin2¢ + 2cos2¢ - Ap — 2sin2¢ - Ap?)(1 — A?)] - Iy sin wt
~ [—R, * AB + Rpsin2¢ + 2Rpcos2¢ - Ap — 2Rpsin2¢ - Ap? — Rp - sin2¢ - AG?] - [ysinwt

Here, ABand A¢can be obtained by solving the equilibrium equations under the effective field

induced by the spin torque, and are given by?!

5 _ &S 0 (AH, cos @ + AH, sing) — AH,sin @
B Hy,cos26 + H

—AH, sin¢@ + AH,, cos ¢
Ap = m

The effective field AH originates from the spin torque. For nonlinear systems, it can be expressed

as



HFL = (HFL sin wt + HNLFL Sinz (l)t) " 6-
HDL = (HDL sin wt + HDLFL Sin2 (,l)t) " (m X 6)

where Hpppry and Hypppvirry denote the linear and nonlinear damping-like (field-like) spin

torque effective fields, respectively. & = (a, b, ¢) denotes the spin polarization direction. The

total effective field is then given by
AH = Hpy + Hpy,

(Hpy sinwt + Hp, sin? wt)(sin@ sin@ - ¢ — cos 0 - b) + (Hp, sinwt + Hp, sin? wt) - a
= (Hpy sinwt + Hp, sin? wt)(cos 6 - a — cos @ sin B - ¢) + (Hpy sin wt + Hpy sin? wt) - b
(Hpy sinwt + Hp, sin? wt)(cos ¢ sin@ - b —sin@sin 6 - a) + (Hp, sinwt + Hp; sin? wt) - ¢

For & = (1,0,0), we have
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R
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For & = (0,0,1), we have

Ry , . .
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The derivation of the longitudinal third-order magnetoresistance follows a similar procedure.

S3 Thermal Effects on Third-Order Magnetoresistances

The thermal effect is mainly manifested as the influence of the Spin Seebeck Effect (SSE) and Spin
Nernst Effect (SNE) on the second-order resistance being transmitted to the third order. The second-

order resistance terms generated by SSE and SNE can be expressed as:
20 L ;
Ry® = kyr ; Iy sin @

R}® = kyrlycos @

kyr is the thermal resistance coefficient related to SSE and SNE, and % denotes the length-to-
width ratio of the core device.

V, = kyrly cos(@ + Ag) - I, cos(2wt) = kyrlo? cos(@ + Ap) — 2kyrly? cos(@ + Ap) sin?(wt)
Which can be further simplified as

cos
V, = kyrly” (cos<p —sing - Ap — 2<p -A<p2)

cos
— 2kyrly? (cos @ —sing - Ap — qu . A(pz) sin?(wt)

Extracted thermal effects on the third harmonic responses are summarized as Table S1.



Table S1 Thermal Effects on the Third-Harmonic Signals

Ry3w Rx3w
Ox Msinz —k lHlI cos @ sin
oH ¢ VT 5 H O (Y @
kvrlo “Hpy - Hyppr . [ Hgp, - Hyprr .
ip cos @ sin? ¢ + kyr PRTE Iy sin® ¢
o kyrly-H H
Y —%sin(pcosgo kwﬁlo cos? ¢
kyrlo  Hp, * Hyppy l-Hpy - Hyipr .
Vg cos3 ¢ + kyr TS I, sin ¢ cos? @
o, kyrly - Hpy l-Hp,
——p sing —kyr Swi Iycos
kyrly - Hpy - Hyppr k l-Hpp*Hyipy I si
1H? Cos @ + Ryr —awHz o sin ¢

S4 Extraction of Rx and Ry from First-Harmonic Hall Resistances

The parameters Rp and Ra can be independently extracted by fitting the angular dependence of

the first-harmonic Hall resistance measured in the xy- and yz-planes, respectively.

As shown in Fig. S4(a), in the xy-plane configuration, the first-harmonic Hall resistance

Ry follows
Ry = Rpsin2¢

from which a fitting yield Rp = 52.61 + 0.80 mQ.
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FIG. S4 (a) Angular dependence of the first-harmonic Hall resistance R}C;’measured with the

magnetic field rotated in the xy-plane. (b) Angular dependence of R,lc;’measured with the magnetic

field rotated in the yz-plane.



As shown in Fig. S4(b), when the magnetic field is rotated in the yz-plane, the angular

dependence of R}C;’can be described by

RYy = Ry cosf

Accordingly, the fitting yields R4, = 1219.17 + 5.03 mQ.

S5 Longitudinal magnetoresistance measured in the xy-Plane

The first- and third-harmonic longitudinal magnetoresistance measured in the xy-plane are shown
in Fig. S5(a) and (b), respectively. We attempted to fit the third-harmonic longitudinal resistance
R3® using the angular dependence expressions summarized in Table 1 and Table S1. However, it
was found that the contributions arising from nonlinear spin—orbit torques cannot be unambiguously

separated from those originating from thermoelectric effects in this configuration.
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FIG. S5 (a) First-harmonic longitudinal magnetoresistance Ri%measured with the magnetic field
rotated in the xy-plane. (b) Third-harmonic longitudinal magnetoresistance R3® measured under
the same rotation configuration. The solid line shows the fitting curve with the coexistence of

nonlinear spin-orbit torque and thermoelectric contributions.

S6 Third-Harmonic Hall Response of the Fe/Te Control Sample

Third-harmonic Hall measurements were performed on the control sample consisting of an 8-nm Fe
layer capped with Te, and the results are shown in Fig. S6. At current amplitudes comparable to
those applied to the CrTe,/CrSb/Fe samples, the third-harmonic Hall resistance is barely detectable.
Upon further increasing the current up to 2 mA, a finite Rf}“’signal emerges, which is dominated by
thermoelectric effects. Even at higher current levels, no discernible contribution attributable to

nonlinear spin-orbit torques can be identified.
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FIG. S6 Third-harmonic Hall resistance Rf,“’of the Fe/Te control sample measured under various
applied current amplitudes. The data indicate that the observed R33,“’ signal at higher currents is

dominated by thermoelectric effects.

S7 Third-Harmonic Hall Response of the CrTe,/Fe/Te Control Sample

Third-harmonic Hall measurements were also carried out on the CrTe,/Fe control sample capped
with Te, and the results are shown in Fig. S7(a). Measurements were performed for different
crystallographic orientations. At current amplitudes comparable to those applied to the
CrTe2/CrSb/Fe samples, the third-harmonic Hall signal is nearly absent. As the current is further
increased, a finite Rf,“’ signal emerges, which is dominated by thermoelectric effects. Similarly, no
discernible contribution from nonlinear spin—orbit torques is observed, as shown in Fig. S7(b) and

Fig. S7(c).
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FIG. S7 (a) Third-harmonic Hall resistance R;“’ of the CrTey/Fe/Te control sample measured at
2.5 mA. (b,c) Extracted R;“’ measured along two different crystallographic orientations,

decomposed into contributions from different sources.



S8 Comparisons of Spin Torque—Equivalent Fields in Conventional Linear Systems

Table S1 Spin torque—equivalent fields in linear systems

Structures Hpr,y (10° Oe-A'm?) Hp1.;(10° Oe-A'm?) Ref.
Pt/Co 1.7 - Ref. 2
PY[CO/Ni]> 4 - Ref. 3
Pt/Co 6.9 - Ref. 4
Pt/LSMO 2.5 - Ref. >
Ta/CoFeB 2 - Ref. ¢
Ta/CoFeB 4 - Ref.”’
W/CoFeB 3 - Ref. 8
W/CoFeB 1.25 - Ref.?
CuPt/CoPt 2.2 0.6 Ref. 10
CuPt/CoPt 0.9 0.4 Ref. !
Pt/Co/Ta 5 0.2 Ref. 12
WTe,/Fe, 73GeTe, - 8 Ref. 13

S9 Current-Induced Temperature Variation in the Device

We quantified the temperature rise of the device induced by the applied current. First, at 300 K,
the device resistance was measured as a function of current within the experimental range, as shown
in Fig. S8(a). In parallel, the temperature dependence of the device resistance was calibrated using
a small probing current of 40 pA (~2.4x10% A/m?), as shown in Fig. S8(b). By correlating the
resistance values obtained at different currents with the temperature calibration curve, the actual
device temperature as a function of applied current was determined, as presented in Fig. S8(c). These
measurements indicate that, under the experimental current conditions, the device temperature

increases by no more than ~2 K.
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FIG. S8 (a) Measured device resistance as a function of applied current at 300 K within the

experimental range used in this study. (b) Temperature dependence of the device resistance. (c)
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S10 Second-Harmonic Responses and Their Dependence on the Magnetic Field

Second-harmonic Hall and longitudinal resistance measurements were performed on the
CrTe,/CrSb/Fe sample. The angular dependencies of Rf,“’and RZ®are shown in Fig. S9(a) and (c),
respectively, while their variations with the applied magnetic field are presented in Fig. S9(b) and
(d). Both R3”and R7“increase in amplitude with increasing magnetic field, indicating that they

cannot be attributed to linear spin-current-induced spin-orbit torques, but instead arise from

nonlinear effects'*!3.
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FIG. S9 (a,c) Angular dependence of Rf,“’and R2% respectively. (b,d) Magnetic-field dependence

of the corresponding second-harmonic signals of Rj®“and RZ®, respectively.




S11 Third-Harmonic Hall Resistances Measured in the yz-Plane

The first-, second-, and third-harmonic Hall and longitudinal resistances of the CrTe,/CrSb/Fe
sample measured with the magnetic field rotated in the yz-plane are shown in Fig. S11. A clear

third-harmonic magnetoresistance response is also observed in this measurement configuration.
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FIG. S10 First-, second-, and third-harmonic (a) Hall and (b) longitudinal resistances measured

with the magnetic field rotated in the yz-plane.
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      R  y  3 𝜔 ≈ −  1 4 ∙     R  A   H  N L D L    − H  k + H  cos ⁡  𝜑 −  1 2 ∙     R  P   H  N L F L  H cos 2 𝜑  cos ⁡  𝜑 +  1 4 ∙  [   2   R  P     H  F L 2    H 2 +     R  P     H  D L 2     (   − H  k + H ) 2 ] sin 2 𝜑    cos 2 ⁡  𝜑


    𝜎 ^ =  ( 0 , 0 , 1 )


    V  y ≈  [     R  A    − H  k + H  (   H  F L  sin ⁡  𝜔 t +   H  N L F L    sin 2 ⁡  𝜔 t ) +   R  P sin 2 𝜑 −   2   R  P  H  (   H  D L  sin ⁡  𝜔 t +   H  N L D L    sin 2 ⁡  𝜔 t ) cos 2 𝜑 −   2   R  P    H 2    (   H  D L  sin ⁡  𝜔 t +   H  N L D L    sin 2 ⁡  𝜔 t ) 2 sin 2 𝜑 −     R  P    (   H  F L  sin ⁡  𝜔 t +   H  N L F L    sin 2 ⁡  𝜔 t ) 2     (   H  k − H ) 2 ∙ sin 2 𝜑 ] ∙   I 0  sin ⁡  𝜔 t


      R  y  3 𝜔 ≈ −  1 4 ∙     R  A   H  N L F L    − H  k + H +  1 2 ∙     R  P   H  N L D L  H cos 2 𝜑 +  1 4 ∙  [   2   R  P     H  D L 2    H 2 +     R  P     H  F L 2     (   H  k − H ) 2 ] sin 2 𝜑


    R  x  2 𝜔 =   k  ∇ T   l  w   I 0  sin ⁡  𝜑


    R  y  2 𝜔 =   k  ∇ T   I 0  cos ⁡  𝜑


    R  y  2 𝜔 =   k  ∇ T   I 0  cos ⁡  𝜑


    k  ∇ T


    l  w


    V  y =   k  ∇ T   I 0  cos ⁡   ( 𝜑 + ∆ 𝜑 ) ∙   I 0  cos ⁡   ( 2 𝜔 t ) =   k  ∇ T     I 0 2  cos ⁡   ( 𝜑 + ∆ 𝜑 ) − 2   k  ∇ T     I 0 2  cos ⁡   ( 𝜑 + ∆ 𝜑 )  sin 2  ( 𝜔 t )


    V  y =   k  ∇ T     I 0 2  (  cos ⁡  𝜑 −  sin ⁡  𝜑 ∙ ∆ 𝜑 −    cos ⁡  𝜑 2   ∙ ∆ 𝜑 2 ) − 2   k  ∇ T     I 0 2  (  cos ⁡  𝜑 −  sin ⁡  𝜑 ∙ ∆ 𝜑 −    cos ⁡  𝜑 2   ∙ ∆ 𝜑 2 )  sin 2  ( 𝜔 t )


      𝝈 ^  𝒙


        k  ∇ T   I 0 ∙ H  F L  2 H    sin 2 ⁡  𝜑 +     k  ∇ T   I 0 ∙   H  F L ∙   H  N L F L  4   H 2  cos ⁡  𝜑    sin 2 ⁡  𝜑


  −   k  ∇ T   l   H  F L  2 w H   I 0  cos ⁡  𝜑  sin ⁡  𝜑 +   k  ∇ T   l ∙   H  F L ∙   H  N L F L  4 w   H 2   I 0    sin 3 ⁡  𝜑


      𝝈 ^  𝒚


  −     k  ∇ T   I 0 ∙   H  F L  2 H  sin ⁡  𝜑  cos ⁡  𝜑 +     k  ∇ T   I 0 ∙   H  F L ∙   H  N L F L  4   H 2    cos 3 ⁡  𝜑


    k  ∇ T   l   H  F L  2 w H   I 0    cos 2 ⁡  𝜑 +   k  ∇ T   l ∙   H  F L ∙   H  N L F L  4 w   H 2   I 0  sin ⁡  𝜑    cos 2 ⁡  𝜑


      𝝈 ^  𝒛


      k  ∇ T   I 0 ∙   H  D L  2 H  sin ⁡  𝜑 +     k  ∇ T   I 0 ∙   H  D L ∙   H  N L D L  4   H 2  cos ⁡  𝜑


  −   k  ∇ T   l ∙   H  D L  2 w H   I 0  cos ⁡  𝜑 +   k  ∇ T   l ∙   H  D L ∙   H  N L D L  4 w   H 2   I 0  sin ⁡  𝜑


  x y


  y z


  x y


    R  x y  1 𝜔


    R  x y  1 𝜔 =   R  P  sin ⁡  2 𝜑


    R  P =


    R  x y  1 𝜔


  x y


    R  x y  1 𝜔


  y z


  y z


    R  x y  1 𝜔


    R  x y  1 𝜔 =   R  A  cos ⁡  𝜃


    R  A = 1219 . 17 ± 5 . 03   m Ω


  x y


    R  x  3 𝜔


    R  x x  1 𝜔


  x y


    R  x  3 𝜔


    R  y  3 𝜔


    R  y  3 𝜔


    R  y  3 𝜔


    R  y  3 𝜔


    R  y  3 𝜔


    R  y  3 𝜔


    R  y  2 𝜔


    R  x  2 𝜔


    R  y  2 𝜔


    R  x  2 𝜔


    R  y  2 𝜔


    R  x  2 𝜔


    R  y  2 𝜔


    R  x  2 𝜔


  y z


  y z

