Ayariga et al.    The Extreme Causal Network Model
A. Asymptotic Considerations
The following regularity conditions are required for the asymptotic analysis of the ECN estimator. Their verification in specific parametric families is part of the ongoing theoretical programme.
Assumption A.1 (Regularity Conditions).
(i) Threshold: Tₙ → ∞ and nₜₐᴵₗ = nP(‖X‖∞ > Tₙ) → ∞.
(ii) Parameter space: Θ_G is compact; Pickands functions Aᵢⱼ(·; θ) are uniformly Lipschitz with constant L and satisfy Aᵢⱼ(w; θ) ≥ max(w, 1 − w) + δ for some δ > 0.
(iii) Sparsity: G* has at most s* edges with s* = o(nₜₐᴵₗ / log p).
(iv) Identifiability margin: L*(G*, Θ*) − inf_Θ L*(G, Θ) ≥ κ > 0 for all G ≠ G*.
The following two results are stated as conjectures. They do not constitute established theorems, and asymptotic guarantees for the ECN estimator are not currently available. The supporting arguments identify the proof strategy and the key missing technical steps, so that the conditions under which the conjectures would hold are transparent.
Conjecture A.2 (Consistency of the ECN Estimator). Under Theorems A.1, 4.6, 4.8 and 4.12, with λₙ = C√(log p/nₜₐᴵₗ) for large enough C, it is conjectured that the ECN estimator satisfies P(Ĝₙ = G*) → 1 and ‖Θ̂ₙ − Θ*‖_F →ᵖ 0 as n → ∞.
Conjecture A.3 (Posterior Contraction of ECN-MCMC). Under the conditions of Conjecture A.2 with prior π(|E| = s) ≤ e^(−cs·log p) for s > s*, it is conjectured that for any Mₙ → ∞: Πₙ(d_H(P(G,Θ), P(G*,Θ*)) > Mₙ εₙ | D) →ᵖ 0, where εₙ = √(s* log p/nₜₐᴵₗ) and d_H denotes Hellinger distance.

* Corresponding author. Department of Mathematics, Kwame Nkrumah University of Science and Technology, Kumasi, Ghana. E-mail: silasalebikenaba@gmail.com

Page 2
