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Abstract

This paper considers a variable order family of strongly regular second derivative
general linear methods (SR-SD-GLMs), which are employed for the numerical
integration of stiff initial value problems (IVPs) in ordinary differential equations
(ODEs). The new methods derived herein are characterized by abscissae vectors,
which are shown to achieve A-stability up to order eight accuracy for different
step values. Results of numerical experiments presented show that the proposed
SR-SD-GLMs preserve the asymptotic solution of the underlying differential
equations.

Keywords: SD-GLMs, Strong regularity, A-stability, Superconvergence, Equilibrium
solution.

1 Introduction

In Butcher and Hojjati [1], general linear methods that incorporate the second deriva-
tive functions as an extension of the traditional GLMs [2-5] were introduced for the
numerical solution of stiff IVPs in ODEs,

{y’ = [ @), @€ fso, X] "
y(wo) = yo € R™,

The second derivative GLMs (SD-GLMs) offer higher-order accuracy and improved
stability, details can be found in [1, 6-10], and the references therein. This paper



aims to introduce a new class of second-derivative general linear methods (SD-GLMs)
with regularity properties. Numerical methods possessing the inherent property that
preserves the asymptotic solution of ODEs are referred to as regular methods [11-14].
Hairer et al. in [13] consider the concept of essentially one stage RKM, to which [11]
gave a generalization to DIMSIMs following [15]. In particular, Jackiewicz et al. in
[11] derived an equivalent criterion for GLM regularity with a detailed discussion in
[12, 13, 16-20].

2 SD-GLMs

The compact form of the SD-GLM in [1] for problem (1) takes the form

(y}[;]):@gg) ih;%)} : 2)

where
. T
Y - [Y13Y27"-7Y3]Ta y[nil] = |:y£n_1]7y£n 1]a"'ay][gn 1]:| )

o= [l ] R = ), £,
FI(Y)=GY) = [f/(V1), f'(Ya),..., f/(¥s)]" = [g(V1), g(Ya), ..., g(Ye)]"

A= {aij} S RSXS, A = {CALZ]} € RSXS, B = {blj} € kas, B = {i)”} € kas, U=
{uij} € R* V = {v;;} € R¥*. The s stages V;, i = 1,---, s and the k outgoing

[n]

approximations at the end of step number n, y;, i =1,--- , k, are given by

s s k
Yi:hQZ&ijGj+hZaiij+Zuijy][-n_” iZl,Q,...,S
j=1 j=1 j=1
s s k (3)
y =2 bGy R by > vyt =12,k
Jj=1 j=1 Jj=1

The SD-GLM (3) requires an input value y!"=1 in order to compute an approxi-
mation to y(x,,) so as to move from step number n—1 to the next number n. The stage
and derivatives values in (3) are described by Y; = y(2,,—1 + h¢;), F; = ¢/ (xn—1 +he;),
and F! = G; = y'(xn—1 + hc;). Moreover, the stages YV; = y(z,—1 + ¢;h) +
O(hi*h), i =1,2,...,s,in (3) are of order ¢, while the components of the output
vector, yl[n] = >0 o qihFy™ (z,) + O(WPTY), i = 1,2,...,k, are of order p. The

coefficients of the method are a;j, @;;, bij,b:i5,u;; and v;;, and are defined by the
matrices A, A, B, B, U and V respectively, given by (s+7) x (25 +r) matrix in (2).

2.1 Preconsistency, consistency, stage-consistency, and
zero-stability of SD-GLMs

To develop SD-GLMs (2) for IVPs (1), certain algebraic conditions must be satisfied
to guarantee practical convergence and stability [1]. Suppose there exist vectors qo



and ¢ defined by
T T
do = [fh,o q2,0 " Qk,O] y  q1 = [Q1,1 q2,1 - Qk,l]

The components of the input vector, stage vector, and output vector of the SD-GLM
(2) satisfy

yl[nfl] = qi,0Y(Tn—1) + @1y (xn_1) + O(R?), i=1,... k, (4)
Y = (s + ch) + 002, i=1,....s, (5)
Y = qoy(en) + qiahy () + O(W?), i=1,... k. (6)

Substituting these expansions into the SD-GLM (2), we obtain
vl = pAR(Y!) 4 n2AG(Y!M) 4 Uyl

y"l = hBF(YI")) 4 n2BG(Y ) 4 vyl 1))

Collecting terms up to O(h), we obtain the following algebraic relations
k k
Zuijqj',o =1, Zvijqj,o =gio0, t=1,...,k, (7)
j=1 j=1

s k s k
> aip+Y uiggin=ci, Y bij+ Y vigin=gio+agi, i=1...k (8
j=1 j=1 j=1 j=1
Thus, the definitions follows from [1],

Definition 1 (Preconsistency) The SD-GLM (2) is preconsistent if there exists a vector gg
such that

Uqo =e, Vqo = qo,
where e = [1,...,1]7 e R®.

Definition 2 (Consistency) The SD-GLM (2) is consistent if it is preconsistent with vector
qo and there exists a vector q; such that

Be+Vq1 =qo+q1.

Definition 3 (Stage-consistency) The SD-GLM (2) is stage-consistent if
Ae+Uq =c.

Definition 4 (Zero-stability) The SD-GLM (2) is zero-stable if there exists a constant C
such that
v'i<c, vnez'



2.2 Convergence of SD-GLMs

Let a starting procedure S;, : R™ — R™" be used to generate the first input vector
Yl = Sj (o), satisfying limj,_,0 y1*) = (g0 ® I)y(x0), where y(zo) € R™ is the initial
data.

Definition 5 (Convergence) The SD-GLM (2) is convergent if for any initial value problem
satisfying a Lipschitz condition, there exists qp 7 0 and a starting procedure S}, such that
the sequence y[n] computed using n steps with h = (Z — xg)/n converges to qoy(T) for any
fixed z € [z, X].

Theorem 1 The SD-GLM (2) is convergent if and only if it is consistent and zero-stable.

2.3 Order and stage order conditions
We give the following order conditions for the SD-GLM (2)

Theorem 2 The SD-GLM (2) has stage order q and order of method p if and only if
€ = 24 + 2% Ae” + Uw + 0(z21T),

X )
e““w = 2Be* + 22 Be” + Vw + 0(zP1),
where €% = [e®1% ... ¢%*]T and wj =3 _qwimz™; j=1,2,- k.

Proof Assume that the components of the input vector satisfy
P
-1 .
= 3wy h ™y (@) + O, =12,k
m=0

The internal stages approximate the exact solution at the points z,,—1 + ¢;h with stage order
q,

Yi[n] =y(zn—1 —|—cih)—|—0(hq+1), i1=1,2,...,s.
Expanding the exact solution in Taylor series about x,_1,

q m
y(an—1+eih) = 30 A"y (1) + ORI,

m=0

Since the SD-GLM (2) contains both first and second derivatives, we expand

hf(Yi[ ]) = Z mh y( )(‘rn—l) +O(hq+1)7
m=1
2 ]y _ z 0?172 m,_ (m) q+1
hg(Y; ) = Z mh v (wn—1) + O(h"7).
m=2 ’

Substituting into the SD-GLM (2) stage relation
v — hAry !y 4?2 Aqy ™y + Uyln Y,



and collecting terms in powers of h, we obtain
q s s k hm
-1 o -2 +1
> (e e =3 e - ) ™ o) = 007
m=0 j=1 j=1 j=1
Similarly, the output relation
g = hBR(YIM) + B2BG (v + vyl

gives
s k

k)

m=0 [=0

moo X B
Z (Z T im—1 Z mblj ;n ! Z m b e 2 Z mlvuwjm) ml y(m) ("Enfl) = O(hp+l)'
Jj=1 )

Jj=1

(m)
Equating coefficients of hyiﬁ‘”"*l) to zero gives the algebraic order conditions. Multiplying

these relations by 2" /m! and éumming over m yields the generating function of the form:
€% — 2Ae% — 2% A’ — Uw = O(z7th,

e““w — 2Be®* — 2’ Be® — Vw = O(zPh.

T P
cz _ [,c1z .. Ccsz R
where e = [e“#, .-+ e%*]" and w; =),

wimz™; §=1,2,--- k.

2.4 Stability analysis of SD-GLMs

Applying the SD-GLM (2) to the test problem y”(z) = A2y(z), R(\) > 0 yields the
stage and output relations [1],

Yl = p2A2Ay I L p AY ™ gyl @), 2= Ah

i 10)
Y = R2X2BY I 4 pABY ] 4 pyln—1] (b) (

where Y™ is the stage vector and y[! is the output vector. Assuming that I —zA—z2A
is invertible, we solve (10)(a) for Y":

N -1
yn = (I —zA - 22A) Uy, (11)

Substituting (11) into (10)(b) gives
y = M)y, (12)

where )
M(z) =V + (zB + Z2B) (1 A ZZ‘A) U, Re(z) <0 (13)
The stability polynoimal can be obtained by computing

m(w, z) = det(wl — M (2)) (14)

Thus, we give the following definitions. See [1, 6, 7]



Definition 6 The SD-GLM (2) is said to be zero-stable if the matrix V has spectral radius
less or equals one with roots on the unit circle being simple.

Definition 7 The SD-GLM (2) is said to be absolutely stable at z if the stability polynomial
(14) has roots |{w; }§:0| < 1 with roots on the unit circle being simple.

Definition 8 The SD-GLM (2) is said to be A-stable if the absolute stability region of (14)
lies in the entire open left half of the z-plane.

Definition 9 The SD-GLM (2) is said to be L-stable if it is A-stable and if the stability
polynomial 7(w, z) in (14) has absolute vanishing roots as z — —oo.

Definition 10 The SD-GLM (2) is said to be A(a)-stable for some a € [0, §) if the wedge
Sa ={z:|Arg(—2)| < a, z # 0} (15)

is contained in its region of absolute stability.

Definition 11 The SD-GLM (2) is said to be L(«)-stable if it is A(«)-stable and if the
stability polynomial 7(w, z) in (14) has absolute vanishing roots as z — —o0.

The largest angle « is regarded as the angle of absolute stability of the method
and a stiffly-stable method is also A(«)-stable (see [7]), and the references therein.

3 New strongly regular SD-GLM

Consider the methods with stage values,

k—1
Yn+tv, = Z ag'vl)ynJrj +h (Bm(;fl)fn+v1 + Bi()zl)fnJrvz) + h25‘£)11}1)frl1+v1’ (16)
=0

k—1
Yntvy, = Z O‘§‘U2)yn+j +h (Bz(;?)fn-i-m + 61(112)2)]0714-1)2) + h'2 (;\5112).]“7/1-"-1)1 + 5\5)11]2)f1{7,+112) ’
j=0

(17)
and an output approximation,

k—1
k
Yn+k = Zag )yn+j+h (Bz()]f)fn-i-m + 51()’;)fn+112)+h2 (Av()lf)fr/z—&-m + Agzlf)f;l-ﬁ-vz) . (18)
j=0

The representation of (16), (17) and (18) in SD-GLM (2) formalism we obtain



i i '61511)1) Bq()’;)l) )\1()11)1) 0 Olév_li agvl) a(()'Ul)_ Z§n+v1
s | A B |G A [al) el el |
v B Al BN RO VA P AR O Sl B TP
Yntk—-1| 0 0 0 0 Lo 0 0 Yntk-1 19)
. 0 0 0 0 0O --- 0 0 Yn+k—2
Ynt1 . . . . .
B - .| 0 0 0 0 o --- 1 0 | Un

where ¥y, 4+, is the numerical approximation of the solution y(x,, +v;h), i = 1,2, yntk
is the output numerical solution to the analytical solution y(x, 1), and h = x, —z,—1
is the step-size. Here, the abscissae vector is chosen according to the generalization,

(k) = (k - ;Mql, k— ;)T (20)

where 0k; = 1 if k = 1, else zero.
The stability polynomial of the SD-GLM (2) is determined by computing (14) from
which we obtain the boundary locus of the stability region of the method (19).

3.1 Regularity and strong regularity condition of the SD-GLM

The extention of strong regularity to SD-GLMs is analogous to regularity theory devel-
oped for GLMs in [11, 21]. Suppose I" denote the set of all bounded asymptotic values
of (1):
I'={yeR™: f(y)=0,f(y) =0}.
Also define
I= {(y,...,y) e R™F9) .y EI‘}.

Now consider the system where Yi[”] - Y, yl[»"} — 97 m — oo; in (19),
R S R S . T
Y;‘:hzaijf(Y})+h22dijf/(}/})+Zuij]jj7 1=1,...,8, s=2,

j=1 j=1 j=1
Ui = hzbijf(%)+h2zgijf/(ffj)+Zvij?jja i=1,...,m
Jj=1 j=1 j=1

Here, Y; and §j; are fixed points of the discrete dynamics in (21) and (19) . Define

ry = Zvlj@j (1, N T ,YS) satisfies(21) p, s=2,
j=1



and

fh = {(gh 7@7‘71713}}27"’ 7?5) : (gla"' ,gr,?l,f@,"' 7?@) satisﬁes(?l)}, s=2.

Here, I' C T'j, and I C Ty, for any h > 0, but the differences I'j, — I" and I, — I need
not be empty as noted by Jackiewicz [21]. Hence, the SD-GLM (21) is regular if, for
every h > 0, I'j, =T, and strongly regular if, for every h > 0, ', =T

Thus, this follows that if Y[n] — Y; as n — oo, then y[ "] — ¢ and yz[nfl] — g as
n — oo. Also, we know that ijl w; =1,1 = 1( sand 327 vy = 1,4 = 1(1L)r.
Therefore, (21) can now take the form

V=02 aif (V) + 0> ai (V) + 4
Jj=1 Jj=1

. . (22)
G = by by f'(V3) + by bii (V) + By
=1 Jj=1
Here, (21) becomes
Y =9+ h? Zawf/(i/j) + hZa”f(f/]),
=t 7=t (23)
B2 i f (V) + by bi f(Y5) =0,
j=1 j=1

This implies by regularity that

(" ") () - () .

The V; means the first row of V. ¢ € R, e = (1,1,...,1)T € R® with solutions
(91,92, - - -+ v, Y1, Ya, ..., Yy) such that f(4;) = f'(§;) = 0. Here, we consider a GLM
structure with a fixed s = 2, so that we have solutions (g1, g2, . - - ,g},ﬂ,)}l,ffg). The
SD-GLM (21) is regular on the condition of (24), giving the criterion that admits the
attraction of the asymptotic values of §; of (23). Thus, we have the following lemmas
and theorems.

Lemma 1 The SD-GLM (21) is regular if and only if for every n > 1 and for every step size

h > 0, every solution of (23), satisfying f(V1) = f(Ya) = F(Ys): f ( ) ( Q) ==
f’(li/s) whenever Yl Yy = --- =Yg, admits the fact that f( ) fYa)=---= f(f/) =0;
) =) =-=f (Ys) =0and §; =Y =Yo=--- =

Proof By regularity from (23), the continuous function f is constructed such that

FV)=f, i=1,2,...,s



P =f, i=12....s

if and only if Yz,fl,fl7 i=1,2,...,s satlsfy f( 1) = ( 5) =--- = f(Ys) and that f'(¥7)

f'(Yo) = = f/(Vs) whenever Y] = Yo = ... = Y.

ol

Lemma 2 The SD-GLM (21) is strongly regular if and only if for every n > 1 and for every

step size h > 0, every solution of (23) adlpits i=Yo=---= f/sAand for all such solutions,
we have §; = 95,4, = 1,2,...,r and f(Y1) = f(Y2) = --- = f(Ys) = 0, together with the
fact that f/(Y1) = f/(Y2) = --- = f'(Vs) = 0.

Following the idea in [11, 13, 21], the SD-GLM (21) is EOS if there exists an index
ve{l,2,---,s} such that

r,(U)B=ViB = e,:f, r(A) = cl,ef,p

r,(U)B=ViB =el, r,(A) = c el
for some ¢, € R, where r,(U) and 7, (A), r,(A) represent the vth rows of matrices U
and A, A respectively, and V; is the first row of V.

Theorem 3 Assume that the SD-GLM (21) is strongly reqular and non-EOS, then

(1) R
(m)y (m)y _ AViB o m=1,
(@) = r2(@) {A(2)V13 . om=2 AM™eRr

where Q(l) = A+UB, Q(Q) = A+ UB. Here, 1 (Q(m)) and ro (Q(m)) are the first and second
row of Q(m) respectively and Vi is the first row of the matriz V.

Proof Consider the system (21) with s = 2, which solution is given by
(I —V)j=hBF +h*BF’ (25)
where I and F' satisfy F = F()A/) =0and F' = F'()A/) = 0, respectively. Also, consider the
folded method which is the system corresponding to (21) given by
: rojal bl roalLlrou
[A | A" | U] el 1

A TR

€1 €1

Thus,
Y* = hA F* + B2 A F* + U
(I—V*§* —hB*F* —h’B*F* =0
Assuming Vi = €e; € € R, then the second equation of (26) takes the form
j* = hB*F* + h’B*F* + €*e.
Then substituting for §* in the first equation of (26), and also multiplying by V7,
WAB*F* + B*ViB*F" =0,



WA+ U*BYEF* + h2(A* + U*B)F" = hQW*F* + n2Q@ ™ = v* — ¢¥e,
r(QM) —r2(QW) = XV B; AW € R and r1(QP) — r2(QP) = APV B; A®) € R. This
implies that there can be only one solution, Y7 = Y. Therefore, the SD-GLM (21) is strongly
regular. O

Next, we give the following theorem to establish the order and stage order condition
of the strongly regular SD-GLM (19). This is analogous to a similar one in Jackiewicz
[21].

Theorem 4 Assumfe that p,q > 1 being the order and stage order of (19) respectively, and
that (A+UB)v + (A+ UB)u = &e, £ € R where v,u € R®, and e = (1,1,--- ,1)T, for any
v,u € S where S = {v,u: ViBv+ Vi Bu = 0}. Then the SD-GLM (19) is strongly regular

This is seen from (24) by letting v = hf(Y), u = h2f'(Y), so that

A—&-UBA—F([B vy (Y —¢e (27)
B ViB w) 0

Then at equilibrium point of (1), f(Y) =0, f(Y) =0 = Y =y = €e. The
following Corollary is a direct consequence of Theorem 2

Corollary 1 For the step number £ = 1,2, --- | the conditions for stage order ¢ and output
order p of (19) are

s s k
' =m Z aijcg.”*l +m(m—1) Z alvjc;.”*Q + Z(k — )™
Jj=1 Jj=1 J=1
i=1,2,---s; m=0,1,---q and
s s k
KT = mZbljc;n*l +m(m —1) Zlﬂﬁ?iZ + Z(k — )M m=0,1,---,p
Jj=1 Jj=1 Jj=1
respectively.

3.2 Construction of strongly regular SD-GLMs

In this section, we apply the strong regularity conditions established in Theorem 3,
together with the order and stage order conditions derived in Corollary 1 to construct
variable order strongly regular SD-GLMs (19).

3.2.1 2-stage 1-value strongly regular SD-GLM (¢ = p = 3)

Setting k =1 in (19), and transforming to (2) we obtain,

hfnJrvl
Yntur air a2 | @11 0 |wir| | Afotos
= = 2 1 o T
Yn+vy | = |A21 G22 | A21 A22 | U21 h fn+v1 ; C=UV = [Uh U2] . (28)

Ynt1 | |b11 biz | D11 biz [ vir| | PP S,
Yn

10



Using the order condition in Corollary 1, with ¢ = p = 3, we obtain
urp =1,
a1 + a2 = v1,
2a11v1 + 2a12v2 + 2a11 = 07,

2 2 —
3a11v] + 3a12v5 + 6a v = vy,

ug; = 1,

a21 + G22 = Vo2,

(29)
202101 + 2a20v2 + 221 + 22 = V3,
3&21’0% + 3&22@5 + 6@211}1 + 6&227)2 = ’Ug,
v11 = ]-7
bi1 + b1z =1,
2b11v1 + 2b1202 + 2b11 + 2b12 = 1,
3b111}% + 31)12’[}% + 61_)111)1 + 6612’02 = 1,
For strong regularity, Theorem 3 must be satisfied. Thus, we obtain
(a11 — ag1) bigv11 = (a12 — agz) bi1vi,
(30)

—022b11v11-

(@11 — a@21) biav11

Solving (29) and (30) simultaneously, we obtain

11



U1 (211% — 6vovy + 31}%)

ai] = ; U1l = u21 =011 = 1,
3(vy — v2)?
3
V1
a2 = ——— 5>
3 (v — v)?
- 2v§’ - 41;21;‘1l - 31/1l - 4v%v% + 91}2@% + v% — 31):231;% — 31}20% + 61}5’1}1 — 31}%1}1 + 31}5’ - 61)‘21 + 31):23
3 (v1 —1/2)2 (v% + 4vov1 — 31 +v% — 32 +2) ’
a —211? + 71}21/11 + 31}‘11 + 101}%1}% - 181121)% — v‘i’ — 15115’1}% + 91}%1}% + 91}21}% + 61}%1}1 + 31}%1}1 - 91)%1}1 - 31}‘21 + SUS’
22 = )
3 ('Ul — U2)2 (v% + 4vovy — 3v1 + ’U% — 3vg + 2)
I 31}%1}2 - vif
11 = 6(111—’[12)’
T 721){’ + 41)21);l + 31/11 + 41)%1){’ - 91)21){’ - vi” + 41)%1)% + 31@0% + 4v§v1 - 91)%1)1 + 31)%1)1 - 21)3 + 31}% - vg’
2 6 (v:l)’ + 31)21)% — 31)% — 31)51)1 + 2v1 — 1):23 + 3115 — 2v2) '
B (v1 — v2)2 (21}% + 2uov1 — 3v1 — v% + 1)
G2 = — ,
= 6 (v% + dvovy — 3v1 + U% — 3vg + 2)
biy = ’U% + 2vive — 2v9 — v + 1
v% + 4vov1 — 3v1 —l—v% —3vy+2’
biy = ’U% + 2v9vy — 2v1 — v + 1
11% + 4dvov1 — 3v1 —|—v§ —3ug +2’
byy = 761)21)% + 31){’ + 121}51}% - 31}21)% — 21)% + 12@%1}1 - 301)%1;1 + 19v9v1 — 3v1 — 6v§’ + 131)% — v + 2
6 (v:l3 + 3v2vf — 3v% — 31)%1;1 + 2vy — vg’ + 3'0% — 21)2) ’
bro — —121}21}1 + 61}1 - 121}21)1 + 301}21}1 - 131}1 + 6v2v1 + 31}21}1 — 19v2v1 + 9v1 — 3112 + 21}2 + 3vg — 2
6 (”1 + 31}21}1 — 31}1 — 3v2v1 + 2vy — 112 + 31}2 — 21)2)
(31)
Choosing v = [f%, %]T, according to (20), we obtain the A-stable strongly regular
SD-GLM,

Yn—1
yn+12 =
Yn+1

2(2°+62+32)+48

with stability function R(z) = GGG s —i6)5as- Lhe boundary locus plot is given
in Figure 1. The A-stability region is exterior of the closed curve. The corresponding

error constants of the stages and the output method are Cy(—3) = 1357y @ (2,),
04(%) = 1?22 Ry (zn), and Cy(1) = 1i4h4y(4 (), respectively.

12



Fig. 1: Boundary locus plot of the strongly regular SD-GLM (32). The stability region
is outside the closed curve.

3.2.2 2-stage 2-value strongly regular SD-GLM (¢ = p = 4)
Similarly, setting k = 2 in (19), and transforming to (2),

i hfn+v1 1
[yn-s-ul-‘ [011 aiz | a1 0 |unp U12-‘ B frtv,
Yntos | | @21 Q22 | G21 G20 | usy ua| [h2 . (33)
Unt2 | V?n biz | bi1 b1z | vi1 via | | P2 s,
Ynt1 0 0,0 O0]1 O Yn+1
L Yn |

13



Using the order condition in Corollary 1, with ¢ = p = 4, together with the strong
regularity condition in Theorem 3 we obtain

u11 + uge = 1,
ail + a2 +unn = v,
2a11v1 + 2a12v2 + 2411 + u11 = vy,
3a11vf + 3a12v§ + 6a11v1 + U1 = 7,
4allvi’ + 4a12v§’ + 1201111% + up =7,

ug1 + uge = 1,
a21 + Q22 + U21 = V2,
2a21v1 + 2a22v2 + 2421 + 2422 + u21 = 03,
3a21v% =+ 3a22v§ + 6a21v1 + 6ag2v2 + U2 = V3,
4a21vi’ + 12&211)% + 4aggv§ + 12&22@% + ug1 = vy,
v11 +v12 =1,
bi1 + b2 +v11 =2,
2b11v1 + 2b1202 + 2b11 + 2b12 + V11 = 2,
3b1107 + 3b1ov3 + 61101 + 6b1avs + V11 = 8,
4by103 + 4byovs + 12b110% 4 12b1502 +vyp = 4,

For strong regularity from Theorem 3,

bia (@11 — a21 — biiugr + briuir) = bir (a12 — a2 — biaugr + biguin),

bia (&11 — Go1 — biyugr + l_)llull) = b (*522 — bioug + 1_712’&11) .

(34)

(35)

Solving (34) and (35) simultaneously, we obtain the required unknowns. Similarly,
from (20), we obtain the abscissae characterized by v = [2, %], which yields the A-stable
strongly regular SD-GLM given by

[ hfn+v1 1
Yn+vy hfn+vz
Yntvs | _ h? r’H—vl
Yn+2 N h2 T,H—'u2
Yn+1 Yn+1

L Y

N _ 2945 o) 1565

"~ 5888’ 2044
The stability polynomial is

m(w, 2) = w? (4902 + 20702 — 207952 + 81240z — 133920)

14



+ w(=504z" 4+ 11762° + 57962 + 51792z + 136896)
+ (142" — 842 + 1192% — 2088z — 2976).

and the stability region is given in Figure 2 for k£ = 2. The corresponding error

constants of the stages are C5(2) = —52:h°%y®) (z,,), and C5(2) = — 52259 p5y ) (z,,),
respectively while for the output method we have C5(2) = —125:h%y®) ().
20 ! ! ! ! ! !
15_ ......... .......... ......... .
10 . -
5 L. -
ol _
E
5| 4
10k 2
3
4
A5f- 5
6
20 !
2 18

Fig. 2: Stability region of the strongly regular SD-GLM (19) for k& = 2(2)7. Stability
lies outside the boundary locus.

3.2.3 2-stage 3-value strongly regular SD-GLM (¢ = p = 5)
Again, setting k = 3, we obtain

15



hfn+v1
F/nﬂ;l-‘ [011 arz |a11 0 |u1r uiz Ulg-‘ h frtv,
Yntv, g1 gy | Gg1 Gga | Uoy ugy Uz | |h? -
Ynts | = [b11 biz | bi1 bia | vi1 vi2 viz| [ A2 fiie, (37)
Yn+2 0 0jo0o 01 0 O Yn+2
Yn+1 0 0jJ0 O0]0 1 O Yn+1
Yn

Using the order condition in Corollary 1, with ¢ = p = 5, together with the strong
regularity condition in Theorem 3 we obtain the strongly regular A-stable SD-GLM,

characterized by the abscissa vector v = [3, 2]7

)

114
s

3456

e

3996  _ 243

530007 455

20

1558

18
o

0
0

0
0

0

0 1 0

) _ 1533601

3068768’
The stability polynomial is given by

(2) 541253 (o e m)
- 598784’ 1 = (8967 8967 8967/ °

m(w, 2) = w? (1767782* + 7045502° — 101188632 + 44237200z — 77331408)
+ w? (—1863002" + 7079402% 4 40750022 + 31919760z + 80686144)
+ w(103502" — 772802° + 124432% — 2079920z — 3630704)
+ (—828z" + 69002 — 538222 + 1756002 + 275968).

while the corresponding boundary locus plot is given in Figure 2 for k = 3. The error

constants are Cs(3) = —ﬁh%(ﬁ)(:ﬂn), Cs(3) = —9f8330226940h6y(6) (xn), and Cs(3) =
1321

— 522l hSy©) (), respectively.

3.2.4 2-stage 4-value strongly regular SD-GLM (q = p = 6)

In like manner, setting k = 4,

~ _ ~ _ hfn-l-vl
Yntor ayp arz |11 0 | uir ure w1z via| | Bfpgoe,
Yntvs a91 Qg2 | @21 Go2 | U2y U2e Usg uzg| | AP 7',+U1
Yn+4 _ bi1 bia | bi1 bi2 | vi1 vi2 Vi3 Vig h? 7Iz+v2 (39)
Yn+3 o 00 01 0 0 O Yn+3
Ynt2 o 00 00 1 0 O Yn+2
[ arr] LO 00 00 0 1 0] yup
Yn

Using the order condition in Corollary 1, with ¢ = p = 6, toéether wi_th the strong
regularity condition in Theorem 3 we obtain the A-stable SR-SD-GLM, characterized
by the abscissa vector v = [4, 2|7

)
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— 4 4 4
A= _ 89160193%334467 1305681913133439 4169676923831421 _ 2675841
35476390775936 277159302937 35476390775936 34147112

5124 55296 _ 1224 0
A =

865900 3166720 _ 19312 _ 213248
4268389 4268389 1268389 ~ 4268389
= 0 0
B = B =
0 0 0 0
0 0 0 0
3
70272 _ 6264 1024 _9
- 1o : R -
U = | 18858birs00003 _ 5212637184405  20141558b220 6008798421
17738195387968  70952781551872 17738105387968 6450252868352
and
13632496 _ 320412 49264 _ _ 13885
12805167 4268389 4268389 12805167
V =
0 1 0 0
0 0 1 0
_ _ (13632496 _ 320412 49264 _ _ 13885 (1) _ 4313200427583
(2)V1 _697(;175(;3/5291; (12805167 4268389 4268389 12805167)’ A= S631059516621
A = — T osos0m36 - Lhe stability polynomial is given by

m(w, 2) = 179928(w — 1) (w(54609w* — 4191w + 709) — 75) 2*
+ 1260 (w(w(38600841w? + 40903632w — 5974276) + 1052912) — 104958) 2*
+ 120 (7Tw(w(4355781105w? + 3347537496w — 259637170) + 41770088) — 28137741) 2
— 3(w(w(3w(87271051415w — 48425683152) + 4722922036) — 487589200) + 35110215) 2>
— 519464 (w — 1) (w(w(12805167w — 827329) + 133907) — 13885).

and the corresponding boundary locus plot is given in Figure 2 for £ = 4. The method’s

error constants are C7(4) = f%lﬂym (zn), C7(%) = f%iﬂym (Tn),
and Cr(4) = —%gg?)%lﬁym(xn), respectively.

3.2.5 2-stage 5-value strongly regular SD-GLM (¢ =p =7)

Similarly, for k& = 5, choosing the abscissae vector v = [5, g]T, we obtain the A-stable

strongly regular SD-GLM whose coefficient matrices are defined by

1234860 9216000 B 120600 0
. 37 = c 1
A= 2312%%%48847‘53625 9721&3’;?288&%7580 s A= 2202]';336799404423625 _ 464598175
161904619326519872 22767837092791857 80952309663259936 5335616616
40859140 1494277120 _ 664640 _ 22040320
222317359 2000856231 222317359 666952077
B = 0 0 B = 0 0
0 0 0 0
0 0 0 0

17



12546000 1461000 356000 68625 6672

U= 208337]3]3%779001487897875 _ 7773_5%%85236567125 6455%}35??658869 359_5%62538361875 6157&15%:%1883%4375

1942855431918238464 8742849443632073088 323809238653039744 971427715959119232 17485698887264146176

724501060 _ 642211660 5550440 _ 3145735 _ 2720548
666952077 ~ 6002568693 222317359 666952077 6002568693
1 0 0 0 0
V= 0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
A\(1) — 483154886087881 (2) — _ 47674711017347 . 4
- ) - )
Vi _96;36%%3262_26 994501060 _ 6a2b1T000° “Sba(A40 3145735 2720548 ) The stabil-
1="n — 666952077 ~ 6002568693 222317359 666952077 6002568693/ °

ity polynomial is given by

m(w, z) = 1394739000 (w — 1) (361555w* — 388890w® + 40690w? — 3778w + 196) z*
+ 8100 (480847987285w" + 390635399700w? — 71247056300w> + 93393789720w?
— 371155450w + 366902452) 2
— 45 (1350815808448805w® — 972160890579900w* + 71676419595100w?
— 76223002313480w? + 2748878315775w — 256820806236) 2>
+ 3360 (435436243488580w° + 342948648516975w? — 26594440676650w>
+ 5910815811830w? — 218992381245w + 20826449247) =
— 91032376 (w — 1)(5999568693w* — 6087614574w? + 1118437317w?* — 25591067w + 2720548).

and the corresponding boundary locus plot is given in Figure 2 for &k = 5. The error con-

_ 14325 78 (8) 9\ _ _ _ 521434495900057975 18, (8)
stants are Cg(5) = —zgge53550°y" (2n), Cs(3) = — s303305400006224001233 " Y (Tn)s

and Cs(5) = — 221027 1,8¢/(8)(z,,), respectively.

3.2.6 2-stage 6-value strongly regular SD-GLM (q = p = 8)

Also, choosing the abscissae v = [6, 12—1]T, we obtain the A-stable strongly regular

SD-GLM whose coefficient matrices are defined by

9093780 55296000 B 379800 0
— — 7
A= 1990297§08056006181]336125 29462§8§gg§§664880 ) A= _ 469363%8556026482]5935985 _ 15890930865
47441672909401422784 741276139209397231 1518133533100845529088 167400200816

22964342940 101798645760 _ 231146280 _ 2596008960
136012663163 136012663163 136012663163 136012663163
0 0 0 0
0 0 _ 0 0
B= B= U=[U, U
0 0 0 0 ' [0 U5
0 0 0 0
0 0 0 0
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79401600 _ 11344500 3664000
70850681 70850681 70850681

lfl - 1635647092455228646671 _ 604070670399687179295 21642407136051951759
1518133533100845529088 6072534132403382116352 759066766550422764544
_ 1056375 205056 ___ 19100
U, — 70850681 70850681 70850681
A __23587492549207877505 2214923690306892635 _ _ 807533769072720639
3036267066201691058176 1518133533100845529088 6072534132403382116352
150779000448 _ 19447521240 6119371840 1743004845 335967168 _ 31150208 1
136012663163 136012663163 136012663163 136012663163 136012663163 136012663163
1 0 0 0
v 0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
A(l) __ 4065889694915231053 A(Z) _ 2318207132315465833 and

V_2121%%330936?%89%600448  1044953230625%84T8870840 1743004845 335067168 31150208 )
1= = 136012663163 ~ 136012663163 136012663163 _ 136012663163 136012663163 136012663163/ *
The corresponding boundary locus plot is given in Figure 2 for k£ =

6. The error constants are Co(6) = —%hgy(g)(xn), Cg(%)

_ 14797895503041912089 7,9, (9) 620140233 79, (9)
340061.911414589398515712hy (zn), and  Cy(6) = =s15700137195 1 Y" ) (Tn),
respectively.

3.2.7 2-stage T-value strongly regular SD-GLM (¢ = p = 9)

Similarly, choosing the abscissae values v = [7, 22]7, we obtain the A(88%)-stable

strongly regular SD-GLM whose coefficient matrices are defined by

11362839%gg2§83g8§§g45872625 3341214%%%%%%%%%%%&401365
18150214226887513499703031808 8862409290472418701026871

14254502220 75866112000
A= ;

B 178252200 0
A= { 32287319003096%348 10054125 280536537145275 }
1537553556721878374925757952  2835112888640288

13880310984540 66263116308480 7 r 54779447520 628751531520
88507277770009 88597277770009 88597277770000  88597277770009
0 0 0 0
0 0 0 0
B = 0 0 B = 0 0 , U= [Ul Ug}
0 0 0 0
0 0 0 0
0 0 0 0
with
113738662800 10164404700 7693490000 2049242625
100030266319 100030266319 100030266319 100030266319

78340461614200674144331558875 _ 7622149341098994833160246525 2581948317929605526804632107 _ 113652907181349417223504875
72600856907550053998812127232 72600856907550053998812127232 72600856907550053998812127232 9075107113443756749851515904
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857296944 159529300 13993200

U, — 100030266319 " 100030266319 100030266319
2= 251106601450380077641003625  _ _ 45151219651752217845184875 3864192170936638828403025
72600856907550053998812127232 72600856907550053998812127232 72600856907550053998812127232
[100248496342974 _ 16234420579944 6452466761510 _ 2462050052595 713755142394 _ 132585234124 _ 11615389794 1
88597277770009 ~ 88597277770009 88597277770009  88597277770009 88597277770009  88597277770009 88597277770009
0
0 1 0 0 0 0 0
V= 0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
)\(1) __ 135709399336775279443523 /\(2) _ _42046269742472557563235

~ 270361325719361745985536 ° 3319434626812321038336 )
The corresponding boundary locus plot is given in Figure 2 for

k= 7. The error constants are Ci(7) — ToorB5585 - p10y(10) (z,,),
13 _ _175371556490848078869581005 110, (10) _

Cio(5) = 53059006841664069T 1847032285696 ©*  ¥'  (#n), and  C1o(7) =
1520536650503

10,.(10 .
~ 38351123886402580 " y" (2,), respectively.

4 Numerical Experiments and Discussion

In this section, consider the implementation of the proposed strongly regular second
derivative general linear methods (SR-SD-GLMs) in (19). The new SR-SD-GLMs have
the advantage of high order, with a special superconvergence property in which all
the stage methods and the output method have uniform order of accuracy, which
is known to improve the numerical order of convergence when solving highly stiff
problems without suffering from order reduction. The order three SR-SD-GLM (32)
is used to illustrate the equilibrium preserving property of the proposed methods in
(19), and then compared with the strongly regular GLMs of the same order in [14]
and MATLAB ODE solutions.Consider the following problems

Problem 1 [22]

' (z) = - (y(z) — 1)3 + =, y(0) = 3.5, x> 0. (40)

At the critical point y'(z) = f(g(x)) = 0, this problem has an asymptotic solution
of §(x) = /204 1. We apply the strongly regular SD-GLM (32) to examine the critical
solutions using the step size h = 0.1. The results obtained are given in Table 1, while
the graphical equilibrium solution is given in Figure 3. From Table 1, observe that the
result of the strongly regular SD-GLM (32) gives the equilibrium solution at = 4. In
contrast, that of [14] achieved equilibrum solution at = 5 and they both remained
the same (i.e., preserving the asymptotic solution) for higher values of x. However, we
observe that the MATLAB ode15s and ode23tb only gave an approximate solution to
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the exact asymptotic solution, this appear to be so because their underlying methods
are not regular or strongly regular.

Table 1: Numerical results for Problem (1) using the strongly regular SD-GLM(32)

T SRSDGLM (32) SRGLM MATLAB odel5s  MATLAB ode23tb  Asymptotic solution
[14] g(z) = vV20+ 1

0.0  3.500000000000000  3.500000000000000  3.500000000000000  3.500000000000000 3.714417616594907
1.0 3.714266091311190  3.714200832269977  3.712097378424792  3.711616440433633 3.714417616594907
2.0 3.714417516821356  3.714417477879577  3.714067688036725  3.713908504395139 3.714417616594907
3.0  3.714417616529213  3.714417616506191  3.714373750822739  3.714384893718052 3.714417616594907
4.0  3.714417616594907  3.714417616594851  3.714412904399998  3.714410950668706 3.714417616594907
5.0  3.714417616594907  3.714417616594907  3.714417359979546  3.714416507461680 3.714417616594907
6.0  3.714417616594907  3.714417616594907  3.714412802123729  3.714417436298515 3.714417616594907
7.0  3.714417616594907  3.714417616594907  3.714422889525964  3.714417586728544  3.714417616594907
8.0  3.714417616594907  3.714417616594907  3.714416397844337  3.714417610996349 3.714417616594907
9.0  3.714417616594907  3.714417616594907  3.714418420249741  3.714417652792995 3.714417616594907
10.0  3.714417616594907  3.714417616594907  3.714417917987803  3.714417616422044  3.714417616594907

375 T

y(x)

355

R

i —8— SRGLM

| —&— SREDGLM

i —&— MATLAR odel5s
| —&— MATLAB ode23th

Fig. 3: Graphical solution of the strongly regular SD-GLM (32)
SRGLM [14] and MATLAB ode solutions

comparing with

Problem 2 [22]

V@) = — gy () + (@), 1(0) =04, "
y2(z) = y1(z) — 2y2(z), 32(0) =08, = >0.
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Here, the solution at equilibrium point is §1(z) = 2g2(x). Again, we solve the
problem using a step size h = 0.1. The results are shown in Table 2, and the graphical
solutions are given in Figure 4. The result presented in Table 2 shows that the strongly
regular SD-GLM(32) yields the asymptotic solution ¢ (z) = 0.64 and g2(x) = 0.32 at
2 = 12.90, while, that of [14] yields the asymtotic solution at = 20 (both preserving
the asymptotic solution), whereas, the solution of MATLAB ode15s and ode23tb
yields an approximate solution to the solution. Hence, the strongly regular SD-GLM
(32) outperforms the existing methods. Note that MATLAB odel5s and ode23t are
not regular methods hence they exhibit some difficulties in tracing the asymptotic
solution of (2) compare to the results from (32) and [14].

Table 2: Numerical results for Problem (2).

SRSDGLM (32)

SRGLM
[14]

MATLAB odelbs

MATLAB ode23tb

X yi(x)
0.0  yi(x)
y2(x)

50  yi(z)
y2(x)

10.0  y1 (@)
y2(z)

12.90  yi(x)
y2 ()

15.0  yi(z)
y2(x)

20.0  yi(x)
y2(w)

25.0  yi(x)
y2(x)

30.0  yi(z)
y2(x)

0.400000000000000
0.800000000000000
0.639999654450529
0.320000691098941
0.639999999999502
0.320000000000995
0.640000000000000
0.320000000000000
0.640000000000000
0.320000000000000
0.640000000000000
0.320000000000000
0.640000000000000
0.320000000000000
0.640000000000000
0.320000000000000

0.400000000000000
0.800000000000000
0.639985939390262
0.320028121219476
0.639999999176247
0.320000001647506
0.639999999997982
0.320000000006739
0.639999999999952
0.320000000000097
0.640000000000000
0.320000000000000
0.640000000000000
0.320000000000000
0.640000000000000
0.320000000000000

0.400000000000000
0.800000000000000
0.639998690321396
0.320002619357209
0.639999998841049
0.320000002317903
0.639999999932315
0.320000000005231
0.639999999920585
0.320000000158831
0.640000000014899
0.319999999970202
0.640000000004578
0.319999999990844
0.640000000001209
0.319999999975830

0.400000000000000
0.800000000000000
0.639994623851967
0.320010752296067
0.640001191864220
0.319997616263157
0.640000091865420
0.319997649576284
0.640000138911277
0.319999722177445
0.640000020015470
0.319999995996905
0.639999995562660
0.320000000874680
0.639999999977057
0.320000000045886

—e— SRSDGLM

¥,%)

045

—O— ode2ith

¥,5)

—e— SRSDGLM
—&—SROLM
—a— odelSs
——ode23th

\

5

Fig. 4: Graphical solution of the strongly
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SRGLM [14] and MATLAB ode solutions
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Problem 3 [7] Consider the system

!
Yy = —
yo = 42y1 — 43y2,

8y1 + Ty2,

y1(0) =1,
y2(0) =8,

on the interval z € [0,40]. The exact solutions are given by

y1(z) =2 —

67501

, ya2(z) = 2~ + 6e

—50x

(42)

Problem 3 has eigenvalues Ay = —1, Ay = —50 and the stiffness ratio is 50. The
critical solution is g1 (z) = §2(z) = 0, whenever ¢} = g5 = 0. The asymptotic solution
obtained using the SR-SD-GLM (32), comparing with existing methods is given in
Table 3. The SR-SD-GLM (32) converged to the asymptotic solution at = 16.0, thus
outperforming the SRGLM [14], MATLAB odel5s and ode23tb. The SR-SD-GLM
(32) converged to the critical solution faster because of its inherent second derivative
terms, unlike the traditional SRGLM. It is obvious (See Figures 3, 4, 5) that the

proposed SR-SD-GLMs preserve the asymptotic solutions of the ODEs.

Table 3: Numerical results for Problem (3)

SRSDGLM (32)

SRGLM
[14]

MATLAB odelbs

MATLAB ode23tb

0.0

4.0

8.0

12.0

16.0

20.0

22.0

24.0

26.0

28.0

30.0

1.000000000000000
8.000000000000000
0.000000006445659
0.000000006445659
0.000000130524592
0.000000130524592
0.000000000000172
0.000000000000172
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000

1.000000000000000
8.000000000000000
0.000697478955399
0.000697482666973
0.000000208696623
0.000000208697734
0.000000000062445
0.000000000062446
0.000000000000019
0.000000000000019
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000
0.000000000000000

1.000000000000000
8.000000000000000
0.036122540945214
0.036122496186881
0.000675282527846
0.000675282523005
0.000012579998275
0.000012579998275
0.000000214532768
0.000000214532768
0.000000006624386
0.000000006624386
0.000000004508323
0.000000004508323
0.000000002227672
0.000000002227672
0.000000000842687
0.000000000842687
0.000000000298933
0.000000000298933
0.000000000034583
0.000000000034583

1.000000000000000
8.000000000000000
0.035289220442850
0.035289220433127
0.000619952350109
0.000619952350109
0.000010833934458
0.000010833934458
0.000000127823373
0.000000127823373
—0.000000001897195
—0.000000001897195
0.0000000000084505
0.0000000000084505
0.000000000040075
0.000000000040075
—0.000000000008967
—0.000000000008967
0.000000000000399
0.000000000000399
0.000000000000198
0.000000000000198
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Fig. 5: Graphical solution of the strongly regular SD-GLM (32) comparing with
SRGLM [14] and MATLAB ode solutions

5 Conclusion

Regularity ensures that the external stages of GLMs are stable and mimic the asymp-
totic behaviour of the ODE (1). In contrast, strong regularity ensures that both the
external and internal dynamics remain controlled under stiffness, while the method
converges to the asymptotic values of the ODE (1). This paper considers a new family
of A-stable SD-GLMs (19) derived under regularity and strong regularity conditions in
Theorem 3. The results of some numerical experiments presented show that the pro-
posed SD-GLMs are strongly regular. The methods preserve the asymptotic behaviour
of the solution of the ODE (1) considered in the numerical experiments.
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