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Abstract

This paper considers a variable order family of strongly regular second derivative
general linear methods (SR-SD-GLMs), which are employed for the numerical
integration of stiff initial value problems (IVPs) in ordinary differential equations
(ODEs). The new methods derived herein are characterized by abscissae vectors,
which are shown to achieve A-stability up to order eight accuracy for different
step values. Results of numerical experiments presented show that the proposed
SR-SD-GLMs preserve the asymptotic solution of the underlying differential
equations.

Keywords: SD-GLMs, Strong regularity, A-stability, Superconvergence, Equilibrium
solution.

1 Introduction

In Butcher and Hojjati [1], general linear methods that incorporate the second deriva-
tive functions as an extension of the traditional GLMs [2–5] were introduced for the
numerical solution of stiff IVPs in ODEs,

{

y′ = f (y(x)) , x ∈ [x0, X]

y(x0) = y0 ∈ R
m,

(1)

The second derivative GLMs (SD-GLMs) offer higher-order accuracy and improved
stability, details can be found in [1, 6–10], and the references therein. This paper
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aims to introduce a new class of second-derivative general linear methods (SD-GLMs)
with regularity properties. Numerical methods possessing the inherent property that
preserves the asymptotic solution of ODEs are referred to as regular methods [11–14].
Hairer et al. in [13] consider the concept of essentially one stage RKM, to which [11]
gave a generalization to DIMSIMs following [15]. In particular, Jackiewicz et al. in
[11] derived an equivalent criterion for GLM regularity with a detailed discussion in
[12, 13, 16–20].

2 SD-GLMs

The compact form of the SD-GLM in [1] for problem (1) takes the form

(

Y

y[n]

)

=

(

A Â U

B B̂ V

)





hF (Y )
h2G(Y )

y[n−1]



 . (2)

where

Y = [Y1, Y2, . . . , Ys]
T
, y[n−1] =

[

y
[n−1]
1 , y

[n−1]
2 , . . . , y

[n−1]
k

]T

,

y[n] =
[

y
[n]
1 , y

[n]
2 , . . . , y

[n]
k

]T

, F (Y ) = [f(Y1), f(Y2), . . . , f(Ys)]
T

F ′(Y ) = G(Y ) = [f ′(Y1), f
′(Y2), . . . , f

′(Ys)]
T
= [g(Y1), g(Y2), . . . , g(Ys)]

T

A = {aij} ∈ R
s×s, Â = {âij} ∈ R

s×s, B = {bij} ∈ R
k×s, B̂ = {b̂ij} ∈ R

k×s, U =
{uij} ∈ R

s×k, V = {vij} ∈ R
k×k. The s stages Yi, i = 1, · · · , s and the k outgoing

approximations at the end of step number n, y
[n]
i , i = 1, · · · , k, are given by



























Yi = h2
s

∑

j=1

âijGj + h

s
∑

j=1

aijFj +

k
∑

j=1

uijy
[n−1]
j i = 1, 2, . . . , s

y
[n]
i = h2

s
∑

j=1

b̂ijGj + h

s
∑

j=1

bijFj +

k
∑

j=1

vijy
[n−1]
j i = 1, 2, . . . , k

(3)

The SD-GLM (3) requires an input value y[n−1] in order to compute an approxi-
mation to y(xn) so as to move from step number n−1 to the next number n. The stage
and derivatives values in (3) are described by Yi = y(xn−1+hci), Fi = y′(xn−1+hci),
and F ′

i = Gi = y′′(xn−1 + hci). Moreover, the stages Yi = y(xn−1 + cih) +
O(hq+1), i = 1, 2, . . . , s, in (3) are of order q, while the components of the output

vector, y
[n]
i =

∑p

k=0 qikh
ky(k)(xn) + O(hp+1), i = 1, 2, . . . , k, are of order p. The

coefficients of the method are aij , âij , bij , b̂ij , uij and vij , and are defined by the

matrices A, Â, B, B̂, U and V respectively, given by (s+ r)× (2s+ r) matrix in (2).

2.1 Preconsistency, consistency, stage-consistency, and

zero-stability of SD-GLMs

To develop SD-GLMs (2) for IVPs (1), certain algebraic conditions must be satisfied
to guarantee practical convergence and stability [1]. Suppose there exist vectors q0
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and q1 defined by

q0 =
[

q1,0 q2,0 · · · qk,0
]T

, q1 =
[

q1,1 q2,1 · · · qk,1
]T

.

The components of the input vector, stage vector, and output vector of the SD-GLM
(2) satisfy

y
[n−1]
i = qi,0y(xn−1) + qi,1hy

′(xn−1) +O(h2), i = 1, . . . , k, (4)

Y
[n]
i = y(xn−1 + cih) +O(h2), i = 1, . . . , s, (5)

y
[n]
i = qi,0y(xn) + qi,1hy

′(xn) +O(h2), i = 1, . . . , k. (6)

Substituting these expansions into the SD-GLM (2), we obtain

Y [n] = hAF (Y [n]) + h2ÂG(Y [n]) + Uy[n−1],

y[n] = hBF (Y [n]) + h2B̂G(Y [n]) + V y[n−1],

Collecting terms up to O(h), we obtain the following algebraic relations

k
∑

j=1

uijqj,0 = 1,

k
∑

j=1

vijqj,0 = qi,0, i = 1, . . . , k, (7)

s
∑

j=1

aij +

k
∑

j=1

uijqj,1 = ci,

s
∑

j=1

bij +

k
∑

j=1

vijqj,1 = qi,0 + qi,1, i = 1, . . . , k. (8)

Thus, the definitions follows from [1],

Definition 1 (Preconsistency) The SD-GLM (2) is preconsistent if there exists a vector q0
such that

Uq0 = e, V q0 = q0,

where e = [1, . . . , 1]T ∈ R
s.

Definition 2 (Consistency) The SD-GLM (2) is consistent if it is preconsistent with vector
q0 and there exists a vector q1 such that

Be+ V q1 = q0 + q1.

Definition 3 (Stage-consistency) The SD-GLM (2) is stage-consistent if

Ae+ Uq1 = c.

Definition 4 (Zero-stability) The SD-GLM (2) is zero-stable if there exists a constant C
such that

∥V n∥ ≤ C, ∀n ∈ Z
+.
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2.2 Convergence of SD-GLMs

Let a starting procedure Sh : Rm → R
mr be used to generate the first input vector

y[0] = Sh(y0), satisfying limh→0 y
[0] = (q0 ⊗ I)y(x0), where y(x0) ∈ R

m is the initial
data.

Definition 5 (Convergence) The SD-GLM (2) is convergent if for any initial value problem
satisfying a Lipschitz condition, there exists q0 ̸= 0 and a starting procedure Sh such that
the sequence y[n] computed using n steps with h = (x̄ − x0)/n converges to q0y(x̄) for any
fixed x̄ ∈ [x0, X].

Theorem 1 The SD-GLM (2) is convergent if and only if it is consistent and zero-stable.

2.3 Order and stage order conditions

We give the following order conditions for the SD-GLM (2)

Theorem 2 The SD-GLM (2) has stage order q and order of method p if and only if

ecz = zAecz + z2Âecz + Uw +O(zq+1),

eczw = zBecz + z2B̂ecz + V w +O(zp+1),
(9)

where ecz = [ec1z, · · · , ecsz]T and wj =
∑p

m=0 wjmzm; j = 1, 2, · · · , k.
Proof Assume that the components of the input vector satisfy

y
[n−1]
j =

p
∑

m=0

wjmhmy(m)(xn−1) +O(hp+1), j = 1, 2, . . . , k.

The internal stages approximate the exact solution at the points xn−1+ cih with stage order
q,

Y
[n]
i = y(xn−1 + cih) +O(hq+1), i = 1, 2, . . . , s.

Expanding the exact solution in Taylor series about xn−1,

y(xn−1 + cih) =

q
∑

m=0

cmi
m!

hmy(m)(xn−1) +O(hq+1).

Since the SD-GLM (2) contains both first and second derivatives, we expand

hf(Y
[n]
i ) =

q
∑

m=1

cm−1
i

(m− 1)!
hmy(m)(xn−1) +O(hq+1),

h2g(Y
[n]
i ) =

q
∑

m=2

cm−2
i

(m− 2)!
hmy(m)(xn−1) +O(hq+1).

Substituting into the SD-GLM (2) stage relation

Y [n] = hAF (Y [n]) + h2ÂG(Y [n]) + Uy[n−1],
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and collecting terms in powers of h, we obtain

q
∑

m=0

(

cmi −
s

∑

j=1

maijc
m−1
j −

s
∑

j=1

m(m−1)âijc
m−2
j −

k
∑

j=1

m!uijwjm

)hm

m!
y(m)(xn−1) = O(hq+1).

Similarly, the output relation

y[n] = hBF (Y [n]) + h2B̂G(Y [n]) + V y[n−1],

gives

p
∑

m=0

(

m
∑

l=0

m!

l!
wi,m−l−

s
∑

j=1

mbijc
m−1
j −

s
∑

j=1

m(m−1)b̂ijc
m−2
j −

k
∑

j=1

m!vijwjm

)hm

m!
y(m)(xn−1) = O(hp+1).

Equating coefficients of
hmy(m)(xn−1)

m! to zero gives the algebraic order conditions. Multiplying
these relations by zm/m! and summing over m yields the generating function of the form:

ecz − zAecz − z2Âecz − Uw = O(zq+1),

eczw − zBecz − z2B̂ecz − V w = O(zp+1).

□

where ecz = [ec1z, · · · , ecsz]T and wj =
∑p

m=0 wjmzm; j = 1, 2, · · · , k.

2.4 Stability analysis of SD-GLMs

Applying the SD-GLM (2) to the test problem y′′(x) = λ2y(x), R(λ) > 0 yields the
stage and output relations [1],

Y [n] = h2λ2ÂY [n] + hλAY [n] + Uy[n−1], (a), z = λh

y[n] = h2λ2B̂Y [n] + hλBY [n] + V y[n−1], (b)
(10)

where Y [n] is the stage vector and y[n] is the output vector. Assuming that I−zA−z2Â

is invertible, we solve (10)(a) for Y [n]:

Y [n] =
(

I − zA− z2Â
)

−1

Uy[n−1]. (11)

Substituting (11) into (10)(b) gives

y[n] = M(z)y[n−1], (12)

where

M(z) = V +
(

zB + z2B̂
)(

I − zA− z2Â
)

−1

U, Re(z) < 0 (13)

The stability polynoimal can be obtained by computing

π(w, z) = det(wI −M(z)) (14)

Thus, we give the following definitions. See [1, 6, 7]
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Definition 6 The SD-GLM (2) is said to be zero-stable if the matrix V has spectral radius
less or equals one with roots on the unit circle being simple.

Definition 7 The SD-GLM (2) is said to be absolutely stable at z if the stability polynomial
(14) has roots |{wj}

k
j=0| ≤ 1 with roots on the unit circle being simple.

Definition 8 The SD-GLM (2) is said to be A-stable if the absolute stability region of (14)
lies in the entire open left half of the z-plane.

Definition 9 The SD-GLM (2) is said to be L-stable if it is A-stable and if the stability
polynomial π(w, z) in (14) has absolute vanishing roots as z → −∞.

Definition 10 The SD-GLM (2) is said to be A(α)-stable for some α ∈
[

0, π2
)

if the wedge

Sα = {z : |Arg(−z)| < α, z ̸= 0} (15)

is contained in its region of absolute stability.

Definition 11 The SD-GLM (2) is said to be L(α)-stable if it is A(α)-stable and if the
stability polynomial π(w, z) in (14) has absolute vanishing roots as z → −∞.

The largest angle α is regarded as the angle of absolute stability of the method
and a stiffly-stable method is also A(α)-stable (see [7]), and the references therein.

3 New strongly regular SD-GLM

Consider the methods with stage values,

yn+v1 =

k−1
∑

j=0

α
(v1)
j yn+j + h

(

β̄(v1)
v1

fn+v1 + β̄(v1)
v2

fn+v2

)

+ h2λ̄(v1)
v1

f ′

n+v1
, (16)

yn+v2 =

k−1
∑

j=0

α
(v2)
j yn+j + h

(

β̄(v2)
v1

fn+v1 + β̄(v2)
v2

fn+v2

)

+ h2
(

λ̄(v2)
v1

f ′

n+v1
+ λ̄(v2)

v1
f ′

n+v2

)

,

(17)
and an output approximation,

yn+k =

k−1
∑

j=0

α
(k)
j yn+j+h

(

β(k)
v1

fn+v1 + β(k)
v2

fn+v2

)

+h2
(

λ(k)
v1

f ′

n+v1
+ λ(k)

v1
f ′

n+v2

)

. (18)

The representation of (16), (17) and (18) in SD-GLM (2) formalism we obtain
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

















yn+v1

yn+v2

yn+k

yn+k−1

...
yn+1



















=

























β̄
(v1)
v1 β̄

(v1)
v2 λ

(v1)
v1 0 α

(v1)
k−1 · · · α(v1)

1 α
(v1)
0

β̄
(v2)
v1 β̄

(v2)
v2 λ

(v2)
v1 λ

(v2)
v2 α

(v2)
k−1 · · · α(v2)

1 α
(v2)
0

β
(k)
v1 β

(k)
v2 λ

(k)
v1 λ

(k)
v2 α

(k)
k−1 · · · α

(k)
1 α

(k)
0

0 0 0 0 1 · · · 0 0
0 0 0 0 0 · · · 0 0
...

...
...

...
...

0 0 0 0 0 · · · 1 0



















































hfn+v1

hfn+v2

h2f ′

n+v1

h2f ′

n+v2

yn+k−1

yn+k−2

...
yn



























(19)

where yn+vi
is the numerical approximation of the solution y(xn+ vih), i = 1, 2, yn+k

is the output numerical solution to the analytical solution y(xn+k), and h = xn−xn−1

is the step-size. Here, the abscissae vector is chosen according to the generalization,

v(k) =

(

k − 3

2
δk1, k − 1

2

)T

(20)

where δk1 = 1 if k = 1, else zero.
The stability polynomial of the SD-GLM (2) is determined by computing (14) from

which we obtain the boundary locus of the stability region of the method (19).

3.1 Regularity and strong regularity condition of the SD-GLM

The extention of strong regularity to SD-GLMs is analogous to regularity theory devel-
oped for GLMs in [11, 21]. Suppose Γ denote the set of all bounded asymptotic values
of (1):

Γ = {y ∈ R
m : f(y) = 0, f ′(y) = 0} .

Also define
Γ̂ =

{

(y, . . . , y) ∈ R
m(r+s) : y ∈ Γ

}

.

Now consider the system where Y
[n]
i → Ŷi, y

[n]
i → ŷi; n → ∞; in (19),

Ŷi = h

s
∑

j=1

aijf(Ŷj) + h2
s

∑

j=1

āijf
′(Ŷj) +

r
∑

j=1

uij ŷj , i = 1, . . . , s, s = 2,

ŷi = h

s
∑

j=1

bijf(Ŷj) + h2
s

∑

j=1

b̄ijf
′(Ŷj) +

r
∑

j=1

vij ŷj , i = 1, . . . , r,

(21)

Here, Ŷi and ŷi are fixed points of the discrete dynamics in (21) and (19) . Define

Γh =







r
∑

j=1

v1j ŷj : (ŷ1, . . . , ŷr, Ŷ1, . . . , Ŷs) satisfies(21)







, s = 2,
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and

Γ̂h =
{

(ŷ1, · · · , ŷr, Ŷ1, Ŷ2, · · · , Ŷs) : (ŷ1, · · · , ŷr, Ŷ1, Ŷ2, · · · , Ŷs) satisfies(21)
}

, s = 2.

Here, Γ ⊆ Γh and Γ̂ ⊆ Γ̂h for any h > 0, but the differences Γh − Γ and Γ̂h − Γ̂ need
not be empty as noted by Jackiewicz [21]. Hence, the SD-GLM (21) is regular if, for
every h > 0, Γh = Γ, and strongly regular if, for every h > 0, Γ̂h = Γ̂.

Thus, this follows that if Y
[n]
i → Ŷi as n → ∞, then y

[n]
i → ŷ and y

[n−1]
i → ŷ as

n → ∞. Also, we know that
∑r

j=1 uij = 1, i = 1(1)s and
∑r

j=1 v1j = 1, i = 1(1)r.
Therefore, (21) can now take the form

Ŷi = h2
s

∑

j=1

āijf
′(Ŷj) + h

s
∑

j=1

aijf(Ŷj) + ŷi

ŷi = h2
s

∑

j=1

b̄ijf
′(Ŷj) + h

s
∑

j=1

bijf(Ŷj) + ŷi,

(22)

Here, (21) becomes

Ŷi = ŷi + h2
s

∑

j=1

āijf
′(Ŷj) + h

s
∑

j=1

aijf(Ŷj),

h2
s

∑

j=1

b̄ijf
′(Ŷj) + h

s
∑

j=1

bijf(Ŷj) = 0,

(23)

This implies by regularity that

(

A+ UB Ā+ UB̄

V1B V1B̄

)(

hf(Y )
h2f ′(Y )

)

=

(

Y − ξe

0

)

(24)

The V1 means the first row of V . ξ ∈ R, e = (1, 1, . . . , 1)T ∈ R
s with solutions

(ŷ1, ŷ2, . . . , ŷr, Ŷ1, Ŷ2, . . . , Ŷs) such that f(ŷi) = f ′(ŷi) = 0. Here, we consider a GLM
structure with a fixed s = 2, so that we have solutions (ŷ1, ŷ2, . . . , ŷr, Ŷ1, Ŷ2). The
SD-GLM (21) is regular on the condition of (24), giving the criterion that admits the
attraction of the asymptotic values of ŷi of (23). Thus, we have the following lemmas
and theorems.

Lemma 1 The SD-GLM (21) is regular if and only if for every n ≥ 1 and for every step size
h > 0, every solution of (23), satisfying f(Ŷ1) = f(Ŷ2) = · · · = f(Ŷs); f

′(Ŷ1) = f ′(Ŷ2) = · · · =
f ′(Ŷs) whenever Ŷ1 = Ŷ2 = · · · = Ŷs, admits the fact that f(Ŷ1) = f(Ŷ2) = · · · = f(Ŷs) = 0;
f ′(Ŷ1) = f ′(Ŷ2) = · · · = f ′(Ŷs) = 0 and ŷi = Ŷ1 = Ŷ2 = · · · = Ŷs.

Proof By regularity from (23), the continuous function f is constructed such that

f(Ŷi) = fi, i = 1, 2, . . . , s

8



f ′(Ŷi) = f ′i , i = 1, 2, . . . , s

if and only if Yi, fi, f
′

i , i = 1, 2, . . . , s satisfy f(Ŷ1) = f(Ŷ2) = · · · = f(Ŷs) and that f ′(Ŷ1) =
f ′(Ŷ2) = · · · = f ′(Ŷs) whenever Ŷ1 = Ŷ2 = · · · = Ŷs. □

Lemma 2 The SD-GLM (21) is strongly regular if and only if for every n ≥ 1 and for every
step size h > 0, every solution of (23) admits Ŷ1 = Ŷ2 = · · · = Ŷs and for all such solutions,
we have ŷi = ŷj , i, j = 1, 2, . . . , r and f(Ŷ1) = f(Ŷ2) = · · · = f(Ŷs) = 0, together with the

fact that f ′(Ŷ1) = f ′(Ŷ2) = · · · = f ′(Ŷs) = 0.

Following the idea in [11, 13, 21], the SD-GLM (21) is EOS if there exists an index
ν ∈ {1, 2, · · · , s} such that

rν(U)B = V1B = eTν , rν(A) = cνe
T
ν

rν(U)B̄ = V1B̄ = eTν , rν(Ā) = cνe
T
ν

for some cν ∈ R, where rν(U) and rν(A), rν(Ā) represent the νth rows of matrices U
and A, Ā respectively, and V1 is the first row of V .

Theorem 3 Assume that the SD-GLM (21) is strongly regular and non-EOS, then

r1(Q
(m))− r2(Q

(m)) =

{

λ(1)V1B ; m = 1,

λ(2)V1B̄ ; m = 2, λ(m) ∈ R

where Q(1) = A+UB, Q(2) = Ā+UB̄. Here, r1(Q
(m)) and r2(Q

(m)) are the first and second

row of Q(m) respectively and V1 is the first row of the matrix V.

Proof Consider the system (21) with s = 2, which solution is given by

(I − V )ŷ = hBF̂ + h2B̄F̂ ′ (25)

where F̂ and F̂ ′ satisfy F̂ = F (Ŷ ) = 0 and F̂ ′ = F ′(Ŷ ) = 0, respectively. Also, consider the
folded method which is the system corresponding to (21) given by

[

A∗ Ā∗ U∗

B∗ B̄∗ V ∗

]

=









[

I 0
]

A

[

I

eT1

]

[

I 0
]

Ā

[

I

eT1

]

[

I 0
]

U

B

[

I

eT1

]

B̄

[

I

eT1

]

V









Thus,

Ŷ ∗ = hA∗F̂ ∗ + h2Ā∗F̂ ∗ + U∗ŷ∗

(I − V ∗)ŷ∗ − hB∗F̂ ∗ − h2B̄∗F̂ ∗ = 0
(26)

Assuming V ŷ = ξe; ξ ∈ R, then the second equation of (26) takes the form

ŷ∗ = hB∗F̂ ∗ + h2B̄∗F̂ ∗ + ξ∗e.

Then substituting for ŷ∗ in the first equation of (26), and also multiplying by V1,

hV1B̄
∗F̂ ∗ + h2V1B̄

∗F̂ ′
∗

= 0,
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h(A∗ + U∗B∗)F̂ ∗ + h2(Ā∗ + U∗B̄∗)F̂ ′
∗

= hQ(1)∗F̂ ∗ + h2Q(2)∗F̂ ′
∗

= Ŷ ∗ − ξ∗e,

r1(Q
(1))− r2(Q

(1)) = λ(1)V1B; λ(1) ∈ R and r1(Q
(2))− r2(Q

(2)) = λ(2)V1B̄; λ(2) ∈ R. This
implies that there can be only one solution, Ŷ1 = Ŷ2. Therefore, the SD-GLM (21) is strongly
regular. □

Next, we give the following theorem to establish the order and stage order condition
of the strongly regular SD-GLM (19). This is analogous to a similar one in Jackiewicz
[21].

Theorem 4 Assume that p, q ≥ 1 being the order and stage order of (19) respectively, and

that (A+ UB)v + (Ā+ UB̄)u = ξe, ξ ∈ R where v, u ∈ R
s, and e = (1, 1, · · · , 1)T , for any

v, u ∈ S where S = {v, u : V1Bv + V1B̄u = 0}. Then the SD-GLM (19) is strongly regular

This is seen from (24) by letting v = hf(Y ), u = h2f ′(Y ), so that

(

A+ UB Ā+ UB̄

V1B V1B̄

)(

v

u

)

=

(

Y − ξe

0

)

(27)

Then at equilibrium point of (1), f(Y ) = 0, f ′(Y ) = 0 =⇒ Y = y = ξe. The
following Corollary is a direct consequence of Theorem 2

Corollary 1 For the step number k = 1, 2, · · · , the conditions for stage order q and output
order p of (19) are

cmi = m

s
∑

j=1

aijc
m−1
j +m(m− 1)

s
∑

j=1

āijc
m−2
j +

k
∑

j=1

(k − j)muij ;

i = 1, 2, · · · s; m = 0, 1, · · · q and

km = m

s
∑

j=1

b1jc
m−1
j +m(m− 1)

s
∑

j=1

b̄1jc
m−2
j +

k
∑

j=1

(k − j)mv1j ; m = 0, 1, · · · , p

respectively.

3.2 Construction of strongly regular SD-GLMs

In this section, we apply the strong regularity conditions established in Theorem 3,
together with the order and stage order conditions derived in Corollary 1 to construct
variable order strongly regular SD-GLMs (19).

3.2.1 2-stage 1-value strongly regular SD-GLM (q = p = 3)

Setting k = 1 in (19), and transforming to (2) we obtain,





yn+v1

yn+v2

yn+1



 =





a11 a12 ā11 0 u11

a21 a22 ā21 ā22 u21

b11 b12 b̄11 b̄12 v11

















hfn+v1

hfn+v2

h2f ′

n+v1

h2f ′

n+v2

yn













; c = v = [v1, v2]
T . (28)
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Using the order condition in Corollary 1, with q = p = 3, we obtain











































































































































u11 = 1,

a11 + a12 = v1,

2a11v1 + 2a12v2 + 2ā11 = v21 ,

3a11v
2
1 + 3a12v

2
2 + 6ā11v1 = v31 ,

u21 = 1,

a21 + a22 = v2,

2a21v1 + 2a22v2 + 2ā21 + 2ā22 = v22 ,

3a21v
2
1 + 3a22v

2
2 + 6ā21v1 + 6ā22v2 = v32 ,

v11 = 1,

b11 + b12 = 1,

2b11v1 + 2b12v2 + 2b̄11 + 2b̄12 = 1,

3b11v
2
1 + 3b12v

2
2 + 6b̄11v1 + 6b̄12v2 = 1,

(29)

For strong regularity, Theorem 3 must be satisfied. Thus, we obtain

(a11 − a21) b12v11 = (a12 − a22) b11v11,

(ā11 − ā21) b̄12v11 = −ā22b̄11v11.
(30)

Solving (29) and (30) simultaneously, we obtain

11



a11 =
v1

(

2v21 − 6v2v1 + 3v22

)

3 (v1 − v2)
2

, u11 = u21 = v11 = 1,

a12 =
v31

3 (v1 − v2)
2
,

a21 =
2v51 − 4v2v

4
1 − 3v41 − 4v22v

3
1 + 9v2v

3
1 + v31 − 3v32v

2
1 − 3v2v

2
1 + 6v32v1 − 3v22v1 + 3v52 − 6v42 + 3v32

3 (v1 − v2)
2 (v21 + 4v2v1 − 3v1 + v22 − 3v2 + 2

)
,

a22 =
−2v51 + 7v2v

4
1 + 3v41 + 10v22v

3
1 − 18v2v

3
1 − v31 − 15v32v

2
1 + 9v22v

2
1 + 9v2v

2
1 + 6v42v1 + 3v32v1 − 9v22v1 − 3v42 + 3v32

3 (v1 − v2)
2 (v21 + 4v2v1 − 3v1 + v22 − 3v2 + 2

)
,

ā11 =
3v21v2 − v31
6 (v1 − v2)

,

ā21 =
−2v51 + 4v2v

4
1 + 3v41 + 4v22v

3
1 − 9v2v

3
1 − v31 + 4v32v

2
1 + 3v2v

2
1 + 4v42v1 − 9v32v1 + 3v22v1 − 2v52 + 3v42 − v32

6
(

v31 + 3v2v
2
1 − 3v21 − 3v22v1 + 2v1 − v32 + 3v22 − 2v2

) ,

ā22 = −
(v1 − v2)

2
(

2v21 + 2v2v1 − 3v1 − v22 + 1
)

6
(

v21 + 4v2v1 − 3v1 + v22 − 3v2 + 2
) ,

b11 =
v22 + 2v1v2 − 2v2 − v1 + 1

v21 + 4v2v1 − 3v1 + v22 − 3v2 + 2
,

b12 =
v21 + 2v2v1 − 2v1 − v2 + 1

v21 + 4v2v1 − 3v1 + v22 − 3v2 + 2
,

b̄11 =
−6v2v

3
1 + 3v31 + 12v22v

2
1 − 3v2v

2
1 − 2v21 + 12v32v1 − 30v22v1 + 19v2v1 − 3v1 − 6v32 + 13v22 − 9v2 + 2

6
(

v31 + 3v2v
2
1 − 3v21 − 3v22v1 + 2v1 − v32 + 3v22 − 2v2

) ,

b̄12 =
−12v2v

3
1 + 6v31 − 12v22v

2
1 + 30v2v

2
1 − 13v21 + 6v32v1 + 3v22v1 − 19v2v1 + 9v1 − 3v32 + 2v22 + 3v2 − 2

6
(

v31 + 3v2v
2
1 − 3v21 − 3v22v1 + 2v1 − v32 + 3v22 − 2v2

) .

(31)

Choosing v = [− 1
2 ,

1
2 ]

T , according to (20), we obtain the A-stable strongly regular
SD-GLM,





yn− 1
2

yn+ 1
2

yn+1



 =





− 11
24 − 1

24 − 1
12 0 1

− 7
24

19
24 − 1

6 − 1
4 1

1
6

5
6

1
24

1
8 1



















hfn− 1
2

hfn+ 1
2

h2f ′

n− 1
2

h2f ′

n+ 1
2

yn















λ(1) = −1, λ(2) = 2, (32)

with stability function R(z) =
z(z3+6z+32)+48

z(z(z(z+2)−2)−16)+48 . The boundary locus plot is given

in Figure 1. The A-stability region is exterior of the closed curve. The corresponding
error constants of the stages and the output method are C4(− 1

2 ) = 5
1152h

4y(4)(xn),

C4(
1
2 ) =

37
1152h

4y(4)(xn), and C4(1) =
1

144h
4y(4)(xn), respectively.
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Fig. 1: Boundary locus plot of the strongly regular SD-GLM (32). The stability region
is outside the closed curve.

3.2.2 2-stage 2-value strongly regular SD-GLM (q = p = 4)

Similarly, setting k = 2 in (19), and transforming to (2),









yn+v1

yn+v2

yn+2

yn+1









=









a11 a12 ā11 0 u11 u12

a21 a22 ā21 ā22 u21 u22

b11 b12 b̄11 b̄12 v11 v12
0 0 0 0 1 0

























hfn+v1

hfn+v2

h2f ′

n+v1

h2f ′

n+v2

yn+1

yn

















(33)
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Using the order condition in Corollary 1, with q = p = 4, together with the strong
regularity condition in Theorem 3 we obtain































































































































































u11 + u12 = 1,

a11 + a12 + u11 = v1,

2a11v1 + 2a12v2 + 2ā11 + u11 = v21 ,

3a11v
2
1 + 3a12v

2
2 + 6ā11v1 + u11 = v31 ,

4a11v
3
1 + 4a12v

3
2 + 12c11v

2
1 + u11 = v41 ,

u21 + u22 = 1,

a21 + a22 + u21 = v2,

2a21v1 + 2a22v2 + 2ā21 + 2ā22 + u21 = v22 ,

3a21v
2
1 + 3a22v

2
2 + 6ā21v1 + 6ā22v2 + u21 = v32 ,

4a21v
3
1 + 12ā21v

2
1 + 4a22v

3
2 + 12ā22v

2
2 + u21 = v42 ,

v11 + v12 = 1,

b11 + b12 + v11 = 2,

2b11v1 + 2b12v2 + 2b̄11 + 2b̄12 + v11 = 2,

3b11v
2
1 + 3b12v

2
2 + 6b̄11v1 + 6b̄12v2 + v11 = 8,

4b11v
3
1 + 4b12v

3
2 + 12b̄11v

2
1 + 12b̄12v

2
2 + v11 = 4,

(34)

For strong regularity from Theorem 3,

b12 (a11 − a21 − b11u21 + b11u11) = b11 (a12 − a22 − b12u21 + b12u11) ,

b̄12
(

ā11 − ā21 − b̄11u21 + b̄11u11

)

= b̄11
(

−ā22 − b̄12u21 + b̄12u11

)

.
(35)

Solving (34) and (35) simultaneously, we obtain the required unknowns. Similarly,
from (20), we obtain the abscissae characterized by v = [2, 3

2 ], which yields the A-stable
strongly regular SD-GLM given by









yn+v1

yn+v2

yn+2

yn+1









=









− 2
31

32
31

2
31 0 32

31 − 1
31

− 595
2976

749
1116

3239
53568 − 49

864
9185
8928 − 257

8928
4
15

32
45 − 1

135 − 14
135

46
45 − 1

45
0 0 0 0 1 0

























hfn+v1

hfn+v2

h2f ′

n+v1

h2f ′

n+v2

yn+1

yn

















(36)

λ(1) =
2945

5888
, λ(2) = −1565

2944
, V1 =

(

46
45 − 1

45

)

The stability polynomial is

π(w, z) = w2
(

490z4 + 2070z3 − 20795z2 + 81240z − 133920
)
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+ w
(

−504z4 + 1176z3 + 5796z2 + 51792z + 136896
)

+
(

14z4 − 84z3 + 119z2 − 2088z − 2976
)

.

and the stability region is given in Figure 2 for k = 2. The corresponding error
constants of the stages are C5(2) = − 1

372h
5y(5)(xn), and C5(

3
2 ) = − 7369

3214080h
5y(5)(xn),

respectively while for the output method we have C5(2) = − 23
16200h

5y(5)(xn).

Fig. 2: Stability region of the strongly regular SD-GLM (19) for k = 2(2)7. Stability
lies outside the boundary locus.

3.2.3 2-stage 3-value strongly regular SD-GLM (q = p = 5)

Again, setting k = 3, we obtain

15















yn+v1

yn+v2

yn+3

yn+2

yn+1













=













a11 a12 ā11 0 u11 u12 u13

a21 a22 ā21 ā22 u21 u22 u23

b11 b12 b̄11 b̄12 v11 v12 v13
0 0 0 0 1 0 0
0 0 0 0 0 1 0

































hfn+v1

hfn+v2

h2f ′

n+v1

h2f ′

n+v2

yn+2

yn+1

yn





















(37)

Using the order condition in Corollary 1, with q = p = 5, together with the strong
regularity condition in Theorem 3 we obtain the strongly regular A-stable SD-GLM,
characterized by the abscissa vector v = [3, 5

2 ]
T ,













114
3773

3456
3773

18
539 0 3996

3773 − 243
3773

20
3773

− 15703
181104

6133
11319

355
12936 − 23

336
379997
362208 − 4831

90552
1535

362208
2050
8967

6560
8967 − 8

1281 − 92
1281

9356
8967 − 421

8967
32

8967
0 0 0 0 1 0 0
0 0 0 0 0 1 0













(38)

λ(1) =
1533601

3068768
, λ(2) = −541253

598784
, V1 =

(

9356
8967 − 421

8967
32

8967

)

.

The stability polynomial is given by

π(w, z) = w3
(

176778z4 + 704550z3 − 10118863z2 + 44237200z − 77331408
)

+ w2
(

−186300z4 + 707940z3 + 4075002z2 + 31919760z + 80686144
)

+ w
(

10350z4 − 77280z3 + 12443z2 − 2079920z − 3630704
)

+
(

−828z4 + 6900z3 − 5382z2 + 175600z + 275968
)

.

while the corresponding boundary locus plot is given in Figure 2 for k = 3. The error
constants are C6(3) = − 3

3430h
6y(6)(xn), C6(

5
2 ) = − 63029

94832640h
6y(6)(xn), and C6(3) =

− 1321
2582496h

6y(6)(xn), respectively.

3.2.4 2-stage 4-value strongly regular SD-GLM (q = p = 6)

In like manner, setting k = 4,

















yn+v1

yn+v2

yn+4

yn+3

yn+2

yn+1

















=

















a11 a12 ā11 0 u11 u12 u13 u14

a21 a22 ā21 ā22 u21 u22 u23 u24

b11 b12 b̄11 b̄12 v11 v12 v13 v14
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0









































hfn+v1

hfn+v2

h2f ′

n+v1

h2f ′

n+v2

yn+3

yn+2

yn+1

yn

























(39)

Using the order condition in Corollary 1, with q = p = 6, together with the strong
regularity condition in Theorem 3 we obtain the A-stable SR-SD-GLM, characterized
by the abscissa vector v = [4, 7

2 ]
T ,
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A =

[

5124
64933

55296
64933

− 891013534467
35476390775936

130581113439
277159302937

]

Ā =

[

1224
64933 0

416976281421
35476390775936 − 2675841

34147112

]

,

B =









865900
4268389

3166720
4268389

0 0
0 0
0 0









B̄ =









− 19312
4268389 − 213248

4268389
0 0
0 0
0 0









,

U =

[

70272
64933 − 6264

64933
1024
64933 − 9

5903
18859017509003
17738195387968 − 5212931484425

70952781551872
201412580229

17738195387968 − 6909756421
6450252868352

]

and

V =









13632496
12805167 − 320412

4268389
49264

4268389 − 13885
12805167

1 0 0 0
0 1 0 0
0 0 1 0









V1 = r1(V ) =
(

13632496
12805167 − 320412

4268389
49264

4268389 − 13885
12805167

)

, λ(1) = 4313209427583
8634059546624 ,

λ(2) = − 690790519167
474628980736 . The stability polynomial is given by

π(w, z) = 179928(w − 1)
(

w(54609w2 − 4191w + 709)− 75
)

z4

+ 1260
(

w(w(38600841w2 + 40903632w − 5974276) + 1052912)− 104958
)

z3

+ 120
(

7w(w(4355781105w2 + 3347537496w − 259637170) + 41770088)− 28137741
)

z

− 3
(

w(w(3w(87271051415w − 48425683152) + 4722922036)− 487589200) + 35110215
)

z2

− 519464(w − 1)
(

w(w(12805167w − 827329) + 133907)− 13885
)

.

and the corresponding boundary locus plot is given in Figure 2 for k = 4. The method’s
error constants are C7(4) = − 834

2272655h
7y(7)(xn), C7(

7
2 ) = − 128979100061

532145861639040h
7y(7)(xn),

and C7(4) = − 648133
2689085070h

7y(7)(xn), respectively.

3.2.5 2-stage 5-value strongly regular SD-GLM (q = p = 7)

Similarly, for k = 5, choosing the abscissae vector v = [5, 9
2 ]

T , we obtain the A-stable
strongly regular SD-GLM whose coefficient matrices are defined by

A =

[

1234860
11379047

9216000
11379047

2312678409723625
161904619326519872

9721437492267580
22767837092791857

]

, Ā =

[

120600
11379047 0

220273694449625
80952309663259936 − 464598175

5335616616

]

B =













40859140
222317359

1494277120
2000856231

0 0
0 0
0 0
0 0













B̄ =













− 664640
222317359 − 22040320

666952077
0 0
0 0
0 0
0 0












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U =

[

12546000
11379047 − 1461000

11379047
356000

11379047 − 68625
11379047

6672
11379047

2083373357018897875
1942855431918238464 − 777352165530867125

8742849443632073088
6455532911028869

323809238653039744 − 3595204639401875
971427715959119232

6157911469474375
17485698887264146176

]

V =













724501060
666952077 − 642211660

6002568693
5550440

222317359 − 3145735
666952077

2720548
6002568693

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0













λ(1) = 483154886087881
966611926226560 , λ(2) = − 47674711917347

19882627489792 , and
V1 = r1(V ) =

(

724501060
666952077 − 642211660

6002568693
5550440

222317359 − 3145735
666952077

2720548
6002568693

)

. The stabil-
ity polynomial is given by

π(w, z) = 1394739000 (w − 1)
(

361555w4 − 388890w3 + 40690w2 − 3778w + 196
)

z4

+ 8100
(

480847987285w5 + 390635399700w4 − 71247056300w3 + 93393789720w2

− 371155450w + 366902452
)

z3

− 45
(

1350815808448805w5 − 972160890579900w4 + 71676419595100w3

− 76223002313480w2 + 2748878315775w − 256820806236
)

z2

+ 3360
(

435436243488580w5 + 342948648516975w4 − 26594440676650w3

+ 5910815811830w2 − 218992381245w + 20826449247
)

z

− 91032376 (w − 1)
(

5999568693w4 − 6087614574w3 + 1118437317w2 − 25591067w + 2720548
)

.

and the corresponding boundary locus plot is given in Figure 2 for k = 5. The error con-
stants are C8(5) = − 14325

79653329h
8y(8)(xn), C8(

9
2 ) = − 521434495900057975

5222395400996224991232h
8y(8)(xn),

and C8(5) = − 7451027
56023974468h

8y(8)(xn), respectively.

3.2.6 2-stage 6-value strongly regular SD-GLM (q = p = 8)

Also, choosing the abscissae v = [6, 11
2 ]T , we obtain the A-stable strongly regular

SD-GLM whose coefficient matrices are defined by

A =

[

9093780
70850681

55296000
70850681

1990295006011336125
47441672909401422784

294628088881064880
741276139209397231

]

, Ā =

[

379800
70850681 0

− 4693635562425935985
1518133533100845529088 − 15890930865

167400200816

]

B =

















22964342940
136012663163

101798645760
136012663163

0 0
0 0
0 0
0 0
0 0

















B̄ =

















− 231146280
136012663163 − 2596008960

136012663163
0 0
0 0
0 0
0 0
0 0

















, U =
[

U1 U2

]
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U1 =

[

79401600
70850681 − 11344500

70850681
3664000
70850681

1635647092455228646671
1518133533100845529088 − 604070670399687179295

6072534132403382116352
21642407136051951759
759066766550422764544

]

U2 =

[

− 1056375
70850681

205056
70850681 − 19100

70850681

− 23587492549207877505
3036267066201691058176

2214923690306892635
1518133533100845529088 − 807533769072720639

6072534132403382116352

]

V =

















150779000448
136012663163 − 19447521240

136012663163
6119371840

136012663163 − 1743004845
136012663163

335967168
136012663163 − 31150208

136012663163
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0

















λ(1) = 4065889694915231053
8121215901932716032 , λ(2) = − 2318207132315465833

521246623244746752 , and
V1 = r1(V ) =

(

150779000448
136012663163 − 19447521240

136012663163
6119371840

136012663163 − 1743004845
136012663163

335967168
136012663163 − 31150208

136012663163

)

.

The corresponding boundary locus plot is given in Figure 2 for k =
6. The error constants are C9(6) = − 97175

991909534h
9y(9)(xn), C9(

11
2 ) =

− 14797895503041912089
340061911414589398515712h

9y(9)(xn), and C9(6) = − 620140233
7616709137128h

9y(9)(xn),
respectively.

3.2.7 2-stage 7-value strongly regular SD-GLM (q = p = 9)

Similarly, choosing the abscissae values v = [7, 13
2 ]T , we obtain the A(880)-stable

strongly regular SD-GLM whose coefficient matrices are defined by

A =

[

14254502220
100030266319

75866112000
100030266319

1136283913848968623545872625
18150214226887513499703031808

3341214084638105684401365
8862409290472418701026871

]

,

Ā =

[

178252200
100030266319 0

− 32287377062179357219954125
4537553556721878374925757952 − 289536537145275

2835112888640288

]

B =





















13880310984540
88597277770009

66263116308480
88597277770009

0 0
0 0
0 0
0 0
0 0
0 0





















B̄ =





















− 54779447520
88597277770009 − 628751531520

88597277770009
0 0
0 0
0 0
0 0
0 0
0 0





















, U =
[

U1 U2

]

with

U1 =

[

113738662800
100030266319 − 19164404700

100030266319
7693490000

100030266319 − 2949242625
100030266319

78340461614200674144331558875
72600856907550053998812127232 − 7622149341098994833160246525

72600856907550053998812127232
2581948317929605526804632107
72600856907550053998812127232 − 113652907181349417223504875

9075107113443756749851515904

]
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U2 =

[

857296944
100030266319 − 159529300

100030266319
13993200

100030266319

251106601450380077641003625
72600856907550053998812127232 − 45151219651752217845184875

72600856907550053998812127232
3864192170936638828403025

72600856907550053998812127232

]

V =





















100248496342974
88597277770009 − 16234420579944

88597277770009
6452466761510
88597277770009 − 2462050052595

88597277770009
713755142394

88597277770009 − 132585234124
88597277770009

11615389794
88597277770009

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0





















λ(1) = 135709399336775279443523
270361325719361745985536 , λ(2) = − 42046269742472557563235

3319434626812321038336
The corresponding boundary locus plot is given in Figure 2 for

k = 7. The error constants are C10(7) = − 5765585
100030266319h

10y(10)(xn),

C10(
13
2 ) = − 175371556490848078869581005

9292909684166406911847952285696h
10y(10)(xn), and C10(7) =

− 1520536650503
28351128886402880h

10y(10)(xn), respectively.

4 Numerical Experiments and Discussion

In this section, consider the implementation of the proposed strongly regular second
derivative general linear methods (SR-SD-GLMs) in (19). The new SR-SD-GLMs have
the advantage of high order, with a special superconvergence property in which all
the stage methods and the output method have uniform order of accuracy, which
is known to improve the numerical order of convergence when solving highly stiff
problems without suffering from order reduction. The order three SR-SD-GLM (32)
is used to illustrate the equilibrium preserving property of the proposed methods in
(19), and then compared with the strongly regular GLMs of the same order in [14]
and MATLAB ODE solutions.Consider the following problems

Problem 1 [22]

y′(x) = −
1

3

(

y(x)− 1
)3

+
20

3
, y(0) = 3.5, x ≥ 0. (40)

At the critical point y′(x) = f(ŷ(x)) = 0, this problem has an asymptotic solution
of ŷ(x) = 3

√
20+1. We apply the strongly regular SD-GLM (32) to examine the critical

solutions using the step size h = 0.1. The results obtained are given in Table 1, while
the graphical equilibrium solution is given in Figure 3. From Table 1, observe that the
result of the strongly regular SD-GLM (32) gives the equilibrium solution at x = 4. In
contrast, that of [14] achieved equilibrum solution at x = 5 and they both remained
the same (i.e., preserving the asymptotic solution) for higher values of x. However, we
observe that the MATLAB ode15s and ode23tb only gave an approximate solution to
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the exact asymptotic solution, this appear to be so because their underlying methods
are not regular or strongly regular.

Table 1: Numerical results for Problem (1) using the strongly regular SD-GLM(32)

x SRSDGLM (32) SRGLM MATLAB ode15s MATLAB ode23tb Asymptotic solution

[14] ŷ(x) = 3
√

20 + 1
0.0 3.500000000000000 3.500000000000000 3.500000000000000 3.500000000000000 3.714417616594907
1.0 3.714266091311190 3.714200832269977 3.712097378424792 3.711616440433633 3.714417616594907
2.0 3.714417516821356 3.714417477879577 3.714067688036725 3.713908504395139 3.714417616594907
3.0 3.714417616529213 3.714417616506191 3.714373750822739 3.714384893718052 3.714417616594907
4.0 3.714417616594907 3.714417616594851 3.714412904399998 3.714410950668706 3.714417616594907
5.0 3.714417616594907 3.714417616594907 3.714417359979546 3.714416507461680 3.714417616594907
6.0 3.714417616594907 3.714417616594907 3.714412802123729 3.714417436298515 3.714417616594907
7.0 3.714417616594907 3.714417616594907 3.714422889525964 3.714417586728544 3.714417616594907
8.0 3.714417616594907 3.714417616594907 3.714416397844337 3.714417610996349 3.714417616594907
9.0 3.714417616594907 3.714417616594907 3.714418420249741 3.714417652792995 3.714417616594907
10.0 3.714417616594907 3.714417616594907 3.714417917987803 3.714417616422044 3.714417616594907

Fig. 3: Graphical solution of the strongly regular SD-GLM (32) comparing with
SRGLM [14] and MATLAB ode solutions

Problem 2 [22]

y′1(x) = −
1

2
y1(x) + y2(x), y1(0) = 0.4,

y′2(x) = y1(x)− 2y2(x), y2(0) = 0.8, x ≥ 0.
(41)
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Here, the solution at equilibrium point is ŷ1(x) = 2ŷ2(x). Again, we solve the
problem using a step size h = 0.1. The results are shown in Table 2, and the graphical
solutions are given in Figure 4. The result presented in Table 2 shows that the strongly
regular SD-GLM(32) yields the asymptotic solution ŷ1(x) = 0.64 and ŷ2(x) = 0.32 at
x = 12.90, while, that of [14] yields the asymtotic solution at x = 20 (both preserving
the asymptotic solution), whereas, the solution of MATLAB ode15s and ode23tb

yields an approximate solution to the solution. Hence, the strongly regular SD-GLM
(32) outperforms the existing methods. Note that MATLAB ode15s and ode23t are
not regular methods hence they exhibit some difficulties in tracing the asymptotic
solution of (2) compare to the results from (32) and [14].

Table 2: Numerical results for Problem (2).

x yi(x) SRSDGLM (32) SRGLM MATLAB ode15s MATLAB ode23tb
[14]

0.0 y1(x) 0.400000000000000 0.400000000000000 0.400000000000000 0.400000000000000
y2(x) 0.800000000000000 0.800000000000000 0.800000000000000 0.800000000000000

5.0 y1(x) 0.639999654450529 0.639985939390262 0.639998690321396 0.639994623851967
y2(x) 0.320000691098941 0.320028121219476 0.320002619357209 0.320010752296067

10.0 y1(x) 0.639999999999502 0.639999999176247 0.639999998841049 0.640001191864220
y2(x) 0.320000000000995 0.320000001647506 0.320000002317903 0.319997616263157

12.90 y1(x) 0.640000000000000 0.639999999997982 0.639999999932315 0.640000091865420
y2(x) 0.320000000000000 0.320000000006739 0.320000000005231 0.319997649576284

15.0 y1(x) 0.640000000000000 0.639999999999952 0.639999999920585 0.640000138911277
y2(x) 0.320000000000000 0.320000000000097 0.320000000158831 0.319999722177445

20.0 y1(x) 0.640000000000000 0.640000000000000 0.640000000014899 0.640000020015470
y2(x) 0.320000000000000 0.320000000000000 0.319999999970202 0.319999995996905

25.0 y1(x) 0.640000000000000 0.640000000000000 0.640000000004578 0.639999995562660
y2(x) 0.320000000000000 0.320000000000000 0.319999999990844 0.320000000874680

30.0 y1(x) 0.640000000000000 0.640000000000000 0.640000000001209 0.639999999977057
y2(x) 0.320000000000000 0.320000000000000 0.319999999975830 0.320000000045886

Fig. 4: Graphical solution of the strongly regular SD-GLM (32) comparing with
SRGLM [14] and MATLAB ode solutions
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Problem 3 [7] Consider the system

y′1 = −8y1 + 7y2, y1(0) = 1,

y′2 = 42y1 − 43y2, y2(0) = 8,
(42)

on the interval x ∈ [0, 40]. The exact solutions are given by

y1(x) = 2e−x − e−50x, y2(x) = 2e−x + 6e−50x.

Problem 3 has eigenvalues λ1 = −1, λ2 = −50 and the stiffness ratio is 50. The
critical solution is ŷ1(x) = ŷ2(x) = 0, whenever ŷ′1 = ŷ′2 = 0. The asymptotic solution
obtained using the SR-SD-GLM (32), comparing with existing methods is given in
Table 3. The SR-SD-GLM (32) converged to the asymptotic solution at x = 16.0, thus
outperforming the SRGLM [14], MATLAB ode15s and ode23tb. The SR-SD-GLM
(32) converged to the critical solution faster because of its inherent second derivative
terms, unlike the traditional SRGLM. It is obvious (See Figures 3, 4, 5) that the
proposed SR-SD-GLMs preserve the asymptotic solutions of the ODEs.

Table 3: Numerical results for Problem (3)

x yi(x) SRSDGLM (32) SRGLM MATLAB ode15s MATLAB ode23tb
[14]

0.0 y1(x) 1.000000000000000 1.000000000000000 1.000000000000000 1.000000000000000
y2(x) 8.000000000000000 8.000000000000000 8.000000000000000 8.000000000000000

4.0 y1(x) 0.000000006445659 0.000697478955399 0.036122540945214 0.035289220442850
y2(x) 0.000000006445659 0.000697482666973 0.036122496186881 0.035289220433127

8.0 y1(x) 0.000000130524592 0.000000208696623 0.000675282527846 0.000619952350109
y2(x) 0.000000130524592 0.000000208697734 0.000675282523005 0.000619952350109

12.0 y1(x) 0.000000000000172 0.000000000062445 0.000012579998275 0.000010833934458
y2(x) 0.000000000000172 0.000000000062446 0.000012579998275 0.000010833934458

16.0 y1(x) 0.000000000000000 0.000000000000019 0.000000214532768 0.000000127823373
y2(x) 0.000000000000000 0.000000000000019 0.000000214532768 0.000000127823373

20.0 y1(x) 0.000000000000000 0.000000000000000 0.000000006624386 −0.000000001897195
y2(x) 0.000000000000000 0.000000000000000 0.000000006624386 −0.000000001897195

22.0 y1(x) 0.000000000000000 0.000000000000000 0.000000004508323 0.0000000000084505
y2(x) 0.000000000000000 0.000000000000000 0.000000004508323 0.0000000000084505

24.0 y1(x) 0.000000000000000 0.000000000000000 0.000000002227672 0.000000000040075
y2(x) 0.000000000000000 0.000000000000000 0.000000002227672 0.000000000040075

26.0 y1(x) 0.000000000000000 0.000000000000000 0.000000000842687 −0.000000000008967
y2(x) 0.000000000000000 0.000000000000000 0.000000000842687 −0.000000000008967

28.0 y1(x) 0.000000000000000 0.000000000000000 0.000000000298933 0.000000000000399
y2(x) 0.000000000000000 0.000000000000000 0.000000000298933 0.000000000000399

30.0 y1(x) 0.000000000000000 0.000000000000000 0.000000000034583 0.000000000000198
y2(x) 0.000000000000000 0.000000000000000 0.000000000034583 0.000000000000198
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Fig. 5: Graphical solution of the strongly regular SD-GLM (32) comparing with
SRGLM [14] and MATLAB ode solutions

5 Conclusion

Regularity ensures that the external stages of GLMs are stable and mimic the asymp-
totic behaviour of the ODE (1). In contrast, strong regularity ensures that both the
external and internal dynamics remain controlled under stiffness, while the method
converges to the asymptotic values of the ODE (1). This paper considers a new family
of A-stable SD-GLMs (19) derived under regularity and strong regularity conditions in
Theorem 3. The results of some numerical experiments presented show that the pro-
posed SD-GLMs are strongly regular. The methods preserve the asymptotic behaviour
of the solution of the ODE (1) considered in the numerical experiments.
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